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1 Introduction

Lie theory originates from the pioneer work of Sophus Lie. Underlying the
theory there are three basic results known as Lie’s theorems. These theo-
rems indicate that there is a one-to-one correspondence between isomorphism
classes of finite-dimensional Lie algebras and isomorphism classes of simply
connected Lie groups. Formal statements and a simple proofs of the first two
theorems can be found in Warner ([1]). Lie’s third theorem, stating that ev-
ery finite-dimensional Lie algebra integrates to a Lie group, is a much deeper
result. There are various proofs of this theorem. An algebraic proof can be
given using the result of Ado ([2]), which states that every finite-dimensional
Lie algebra has a faithful representation in gl(n,R) for some n. A geometric
proof was given by Van Est ([3],[4]) in 1962. Another geometric proof can
be found in Duistermaat and Kolk ([5]).

This paper will focus on and interpret the proof given by Van Est. We first
show that the second Lie algebra cohomology classifies the abelian exten-
sion of Lie algebras. Then we introduce the Van Est theorem, which relates
Lie group cohomology and Lie algebra cohomology. Finally, we identify any
given finite-dimensional Lie algebra with the semi-direct product of its center
and its adjoint Lie algebra and use the previous results to prove Lie’s third

theorem.

2 Lie Algebra Cohomology and Lie Group Cohomology

In this section, we will discuss Lie algebra cohomology and Lie group coho-
mology. In §2.1, we give the definition of Lie algebra cohomology and Lie
group cohomology ([6]). We have a closer look at the second cohomology
group of Lie algebras in §2.2 and show how it classifies the abelian extension
of Lie algebras in §2.3. Finally we look at a similar assertion for Lie groups
in §2.4.



2.1 Lie Algebra Cohomology And Lie Group Cohomology

Given a Lie algebra h with a representation p : h — gl(V'). Let
QF(h; V) = {w : b" — V|multilinear and skew-symmetric}.

We can define § : C*(h; V) — C*1(h; V) by

(06w) (ho, hi, ..., hy,) = Z(—l)ip(hi)(w(ho, By )

=0
+ > (=0 Mw([hi B] ho, s By g ey B,

0<i<j<k
We can check that 2 = 0. This allows us define the Lie algebra cohomology.

Definition (Lie Algebra Cohomology). Given a Lie algebra b with a repre-
sentation p : b — gl(V), define Q*(h; V) and § as above, its k-th cohomology

group with coefficients in V is

Ker (5 : QF(h: V) — Q1 (ph: V)
Im(6 : QF1(h; V) — Qk(h; V)

H*(h; V) =

It’s easy to check this is a group under addition. When V' = R and p is
the trivial representation, we write Q¥(g) = QF(g;R) and H*(g) = H*(g; R).

The construction of Lie group cohomology is similar to Lie algebra cohomol-

ogy. Given a Lie group H with a representation p : H — GI(V), let
C*(H;V) = {c: H" — V|smooth}.

Define 0 : C*(H; V) — C*1(H;V) by

(90)<907 g1y -+ gk) - p(g())C(gb ceey gk) + (_1)i+1c<907 0 9i9i4+1, -+ gk)

7=

+ (_1)/6-‘,—10(90’ vy Gk—1)-

kol
—_

[e=]

We can also check that 62 = 0, thus we can define the Lie group cohomology.



Definition (Lie Group Cohomology). Given a Lie group H with a represen-
tation p: H — GI(V), define C*(H; V') and 6 as above, its k-th cohomology

group with coefficients in V is

Ker(f : C*(H; V) — C*(H;V))

HHY) = S O (V) = O )

It’s easy to check this is also a group under addition. When V = R and
p is the trivial representation, we write C*(G) = C*(G;R) and H*(G) =
HY(G;R).

2.2 The Second Cohomology Group of Lie Algebras

Given a Lie algebra h with a representation p : h — gl(V), for each w €
02(h; V) such that dw = 0, we can construct g, = b x V with a bracket| , ].:

(Y1, 01), (Ya, 02)) = ([Y2, Yoy, (Y1) (v2) — p(Y2)(01) + w(¥1, ¥2)).
Claim 1. g, is a Lie algebra.

Proof. Clearly [, |, is bilinear. And it is also skew-symmetric by construction
and noticing that both [, ] and w are skew-symmetric. We only need to
check the Jacobi identity:

Il
=((
+ [([Ya2, Ya]g, p(Y2) (v3) — p(Y3
+ [([Y3, Yalo, p(Y3)(01) — p(Yi
=([[(Y1,v1), (Y2, v2)]5, (Y3, v3)]s

(Y1, v1), (Ya, 02)]w, (Y3, v3)]w + [[(Y2, 02), (Y3, v3)w, (Y1, 01) |0 + [[(Ya, v3), (Y1, 01)]w, (Y2, v2)]0
(Y1, Yaly, p(Y1)(v2) — p(Yo)(v1) + w(Y1,Y2)), (Y3, 03)]
(v2) + w (Y2, ¥3)), (Y1, 1)L
(v3) + w(Y3, 1)), (Yo, v2)]0
)y + [[(Ya, 02), (Y3, 03)]g, (Y1, 01)]p + [[(V3, 03), (Y1, 01)]g, (Y2, v2)]p,
+ (p([Y1, Y2]) = p(Y1)p(Y2) + (p(Y2)p(Y1))(vs) + (p([Y2, Y3]) + p(Y3)p(Y2) — p(Y2)p(Y3))(v1)
+ (p([Y3, Y1]) = p(Y3)p(Y1) + (p(Y1)p(Y3))(v2) — p(Y3)w (Y1, Y2) — p(Y1)w (Y2, Y3) — p(Ya)w (Y3, Y1)
w(w(th@) Y;) +w(w(Y27Yé),Y1) +w(w(Ys, Y1), Y2))
=(0,0 — (dw)(¥1,Y2,Y3)) =

)(v2) +
)(v3) +

+
+

Claim 2. If fw;/=ws] in H?(h; V), then g) = g2 as Lie algebra.



Proof. 1f [w;] = [wy], then T € Q(h; V) such that w; — wy = dv. Define:

Qg = Guns
(y,v) = (y,v+v(y)).

Clearly it’s a linear bijection, we only need to check whether it is a homo-

morphism:

(@Y1, 01), DY, 02)]u, =[(Y1, 01 +v(Y1))), (Y2, v2 4+ v(¥2))

=([Y1, Yaly, p(Y1) (02 + v(Y2)) — p(Y2) (01 + v(V1)) + wa (Y1, Y2))

Y1, Yaly, p(Y1) (02 + v(Y2)) = p(Y2) (01 + v(Y1)) + (w1 = (0v)) (Y1, ¥2))
=([Y1, Yaly, p(Y1)(02) — p(Y2)(01) + w1(Y1, Y2) — p(YV1) + v([Y1, Y2]))

:(I)([(Yl, U1), <Y27 UQ)]WI)'

2.3 Abelian extension of Lie Algebras

Given any short exact sequence of Lie algebras:
05V -5 g-28—0,

where V' € g is abelian, let o : h — g be any linear map such that ¢ oo = id.
We can define:

b:g—-bHhxV,
X = (o(X), X — o(6(X)).



It’s easy to see that @ is a linear isomorphism with ®~1(Y,v) = o(Y) + v as

its inverse. To make this a Lie algebra isomorphism, we define:

ps i b — gl(V),
Y — PoY s
Poy (V) = [o(Y), V],
we:hxh—=V,

(Y1, Y2) = [0(Y1),0(Y2)]g — o([Y1, Yay)-
Then define the bracket [, |, on h x V by:
[()/17U1)7 ()/272]2)]0 - ([YL YV?]‘]?ﬂUYl (U2) - p0'7Y2(U1) + w(}/h}/?))

We can check that:

[D(X1), 2(Xa)]o =[((X1), X1 — o (6(X1)), (6(X2), X2 — 0(d(X2))]o
=([0(X1), 9(X2)]p; pop(x1) (X2 — 0(6(X2)) = pop(x) (X1 — 0(9(X1))
+ we (9(X1), 9(X2)))
=(¢([X1, Xalg), [0(6(X1), Xo — 0(9(X2)]g — [0(d(X2), X1 — 0(9(X1)]g
+ [0(0(X1)), 0(0(X2))]g) — o ([¢(X1), B(X2)]s))
=(o([X1, Xolg), = [X1 — 0(8(X1), X2 — 0(9(X2)]g + [ X1, Xofg — o([0(X1), 9(X2)]p)
=(([X1, Xalg), [X1, Xo]g — o ([0(X1), #(X2)]p))
=P ([X1, Xaly).

Thus @ is a Lie algebra isomorphism.
The following statements show that for fixed ¢, our choice of ¢ does not

affect the result. First, Vo’ such that ¢ o 0/ = id, we have

(Ps=po)(Y)(v) = (poy—por.y)(v) = ([0(Y),v]=[o(Y), v]) = ([(¢(Y)=0"(Y)), v]).

Recall that ¢(c — ') = 0, we have (¢ — o’)(Y) € Ker(¢) =V, thus p, = pl,

we can denote p, as p.



Then can check that:

0(wo)) (Y1, Y2, Y3) =p(Y1)wo ([Y2, Ya]y) — p(Y2)wo ([Y1, Yaly) + p(Ys)ws ([Y1, Yalp)
— we([[Y1, Yaly, Y3) + o ([[Y2, Y3]y, Y1) — o([[Y1, Y3]p, Y2)

=2([[o(Y2), o (Ys)lg, 0 (Y1)]y — [[o (Y1), 0 (¥s)lg, o(Y2)lg + [[0(Y1), 0(Y2)]g, o (Vs)la)
=0.

Thus w, € Ker(Q2%(h; V) — Q3(h; V).
Finally, Vo' such that ¢ o ¢/ = id, we have:

(Wo = wor)(Y1,Y2) =[o0(Y1),0(Y2)]g — o([Y1, Ya]y) — ([0'(Y1), 0" (Y2)]g — o'([Y1, Yaly))
(0" = o) ([V1,Ya]y) + [0(Y1), 0 (Y2)]g — [0'(V1), 0" (Y2)]
—[e(M), ' (Y2)lg + [0'(Y2), 0 (V)]
=[lo(M1), (0 =0’ (Y2))] = [0'(Y2), (0 = 0")(Y1)] = (0 — o")([¥1, Yaly)
p(V1)(0 = 0")(Y2) — p(Ya) (0 — 0')(V1) — (o — o)([Y1, Y2]y)
(0 —0')(V1,Y2).

Thus [w,] = [w,] in H2(h, V).
Then by §2.2, we can conclude that H?(h,V) classifies the isomorphism

classes of abelian extensions of fh by V.

2.4  The Second Cohomology Group of Lie Groups

Similarly, for a given Lie group H and its representation p: H — GI(V'), we
can construct G. = H x V for each ¢ € C*(H;V) with a multiplication-.:

(h1,v1) v¢ (ha,va) = (hiha, v1 + p(h1)(va) + c(ha, ha)).

Claim 3. G. is a Lie group.

Proof. Clearly we have (1,0) as the identity and (h™!, —v) as the inverse of



(h,v). It remains for us to check -. is associative:

((h1,v1) e (h2,v2)) - (h3,v3) = (hihg,v1 + p(h1)(v2) + c(hy, ha)) -c (h3, v3)
= (hlhghg, V1 + p(hl)(vg) + C(hl, hz) + p(hlhg)(v3) + C(hlhg, hg))

(h1,v1) e ((ho, v2) «c (h3,v3)) = (h1,v1) -c (hahs, v + p(ha)(vs) + c(he, h3))
= (hlhghg, V1 + p(h1)(’02 + p(hg)(vg,) + C(hg, hg)) + C(hl, hghg))

((hr,v1) e (h2,02)) ¢ (ha, va) = (ha, 1) ¢ ((h2,v2) - (g, v3))
= (0, c(h1h2) + c(hihg, hs) + p(hy1)c(hy, ha) — c(hy, hohs) — p(hy)c(he, hs))
= (0, =(d¢)(ha, ha, h3)) = 0.

]

Claim 4. If [¢1] = [co] in H*(H; V), then G., = G., is a Lie group isomor-
phism.

Proof. 1f [c1] = [cs], then 3f € H?(H; V) such that ¢; — ¢y = §f. Define:

b: G, — Gy,
(h,v) = (hyv + f(h)).

Clearly this is a diffeomorphism, we only need to check whether it’s also a

homomorphism:

D(h1,v1) e, Plh2,v2) = (ha,v1 + f(h1)) ey (h2,v2 + f(h2))

hiha, vy 4 f(h1) + p(h1)(va + f(h2)) + ca(hi, ho))

hiha,v1 + f(h1) 4+ p(ha)(v2 + f(h2)) + (c1 — (6f))(h1, ha))
= (hihe,v1 + p(h1)(va) + c1(h1, he) + f(h1ho)

= O((h1,v1) -, (h2,v2)).

= (
= (

O

A claim similar to what we saw above for abelian extensions of Lie algebras
can be made for Lie groups. Its second cohomology group H?(H; V) classifies

the isomorphism classes of abelian extensions of H by V.
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3  The Van Est Theorem

In this section, we will introduce the Van Est Theorem and its corollary
regarding simply connected Lie groups ([7],[8]). Then we will give some

examples to illustrate it.

Theorem (Van Est). Let G be an m-connected Lie group with Lie algebra g,
p: G —V arepresentation of G, then H'(G; V) is isomorphic with H'(g; V)
fori=0,1,....m

By a result from Hopf ([9]), every simply connected Lie group is 2-connected,

so we have the following corollary.
Corollary 1. Let G be a simply connected Lie group with Lie algebra g, then
H(G;V) is isomorphic with H'(g; V') fori=0,1,2.

The following examples illustrate these results.

Example 1. SU(2).

Let G = SU(2), then g = su(2).
Since SU(2) = S% and the cohomology group of a compact Lie group is
always trivial, we have H*(SU(2)) = 0.
Since Yw € Q' (su(2)), (6w)(Xo, X1) = 0 implies —w([Xo, X1]) =0, [g,9] = g
then implies w = 0. Thus we have H'(su(2)) = 0.
To compute the cohomology group of higher degree, we use the following

basis for su(2):

0 i 0 —1 i 0
U = Uy = , U3 = .
i)\ 0 )7 \o

Notice that [uy, us| = 2us, [ug, us] = 2uq, [us, u1] = 2us.

Let
1, it =i
oi(u;) = L
0, ifj=#1
Then the basis for Q' (su(2)) is {01, 02,03}
Since

92, ifi=2j=3
(601)(us, uj) = —or([ug, ui]) = 92,  ifi=3,j=2,

0, else



the basis of the image of Q*~!(su(2)) under § is {o) A 09,02 A 3,03 Aoy} by
symmetricity, which is also a basis of Q?(su(2)), thus the map J is surjective.
Thus we have H?(su(2)) = 0.

For H?(su(2)), consider w = Tr([ X1, X3 X3), it’s easy to check that dw = 0.
Now suppose Jw’ € Q?(su(2)) such that dw’ = w, then we must have

w(ug, ug, uz) = —w'([ur, usl, us) + ' ([ur, us), uz) — w'([uz, us), ur)
= —2(w'(u3,u3) + W' (ug, uz) + w'(uy, uy))

=0.

However, w(uy, uz, uz) = Tr(2u?) = —2 # 0. Thus such w’ does not exist, i.e.
[w] # 0 in H3(su). So H3(su(2)) is not isomorphic with H3(SU(2)), which
agrees with the fact that m3(SU(2)) = m3(S%) = R # 0.

Example 2. T"

Let G =T", g = R". then m(T") # 0.
By compactness of T", we still have H*(T") = 0.

Since w is multilinear and R™ is abelian, Vw' € QF1(T"):

(6w) (X0, X1, oo Xi) = 3 (=)™ (X5, X, Xos ooy Xy ooy Xy oy Xpp) = 0.

0<i<j<k

However, let {e;}i—1. ., be the basis of R", define o; by
1, ifj=i
oile) =4
0, ifj#1
We have w = 0y Ao A ... Aoy € QFL(R™) nontrivial for (k+1) < n. Thus
H™(R™) is not isomorphic with H™(T") for m < n. This does not contradict

Van Est since 1 (T") # 0.

4 Proof of Lie’s Third Theorem

In this section, we will prove the main theorem. First, for any given finite-
dimensional Lie algebra g, using the results in §2, we can identify it with the

semi-direct product of its center and its adjoint Lie algebra, both of which



can be integrated into simply connected Lie groups. Then we use the Van
Est Theorem to conclude that there is a semi-direct product of these two Lie

groups which has a Lie group structure making g its Lie algebra.

Theorem (Lie’s Third Theorem). Given any finite-dimensional Lie algebra

g, there is a Lie group G such that g is the Lie algebra of G.

Proof. Let g be an arbitary finite-dimensional Lie algebra. Consider the

adjoint representation:

ad : g — End(g),
X — adx,
ady(Y) = [X,Y].

The kernel of ad is the center of g, denoted as Z(g). Thus we have the

following short exact sequence:
0— Z(g) — g % ad(g) — 0.

Using the results of §2.3, let o : ad(g) — g be any linear map such that

ad oo = id, and define:

w : ad(g) x ad(g) — Z(g),
(}/17 }/2) = O-(D/b}/?]ad(G)) - [O-(}/l)ﬂ 00/2)]&(1(9)‘

we have the following isomorphism:

®: g — ad(g) x Z(g),
X~ (ad(X), X —o(ad X)).

The Lie bracket [, ], on ad(g) x Z(g) is
[(3/17 Zl)) (}/27 Z?)]l’] — ([}/17 E]ad(g% W(}/l, }/2))

There exists a simply connected Lie group A/d® whose Lie algebra is ad(g).

—

Let p: H — GI(Z(g)) = e. Then by corollary 1, 3¢ € C?(Ad(g);Z(g)) and

10



—

[de] = [wy]. Now let G = Ad(g) x Z(g) with the multiplication:
(hy,v1) - (ha,v2) = (hihg, v1 +v2 + c(hy, hy)).

Then G is a Lie group with Lie algebra g.

11
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