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Abstract Identifying differentially expressed (DE) genes across conditions or treatments is a typical problem in microarray experiments. In time course microarray
experiments (under two or more conditions/treatments), it is sometimes of interest to
identify two classes of DE genes: those with no time-condition interactions (called
parallel DE genes, or PDE), and those with time-condition interactions (nonparallel
DE genes, NPDE). Although many methods have been proposed for identifying DE
genes in time course experiments, methods for discerning NPDE genes from the general DE genes are still lacking. We propose a functional ANOVA mixed-effect model
to model time course gene expression observations. The fixed effect of (the mean
curve) of the model decomposes bivariate functions of time and treatments (or experimental conditions) as in the classic ANOVA method and provides the associated
notions of main effects and interactions. Random effects capture time-dependent correlation structures. In this model, identifying NPDE genes is equivalent to testing the
significance of the time-condition interaction, for which an approximate F -test is suggested. We examined the performance of the proposed method on simulated datasets
in comparison with some existing methods, and applied the method to a study of human reaction to the endotoxin stimulation, as well as to a cell cycle expression data
set.
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1 Introduction
To study the dynamics of genome-wide mRNA expression levels during a biological process, researchers often conduct time course microarray experiments during
the process. Genes with different “expression profiles” across different conditions or
treatments are called differentially expressed (DE) genes. Identifying differentially
expressed genes in time course microarray experiments has some interesting challenges. For example, the need to account for intrinsic time dependence of gene expression measurements of the same gene at different time points renders classical
hypothesis testing methods used in static microarray data (array taken irrespective
of time), such as SAM [30], invalid. Moreover, it is often of biological interest to
classify and detect different types of DE genes in such settings.
It is possible to cast the gene expression observations as multivariate data with
a certain correlation structure, but in this case the same time points across conditions since multivariate approach ignores the time interval and time order of the sampling [29]. As evidenced in our analysis of mutant vs wild-type cell cycle data [24],
time interval is key to properly aligning the mutant and wild-type data and to interpreting the results. Alternatively, hidden Markov models have been employed to
model time course gene expressions in Yuan and Kendziorski [32]. Unfortunately,
such models require the Markov property, which is unlikely to hold for most time
course microarray data. Recently, modeling time course microarray data in the form
of curves, i.e., functional data, is subject to active research. To identify time course
DE genes, Storey et al. [28] introduce a curve-based method, implemented in EDGE,
in which the mean gene expressions under two conditions were modeled as two
curves, and the two curves were compared using a likelihood ratio test. A refined
functional data approach was developed in Hong and Li [14]. In these two curvebased methods, smoothing parameters, e.g., knots and effective degrees of freedom,
are the same across all genes and must be specified a priori. Therefore, it would be
difficult for the methods to handle drastically different expression patterns among
different genes, which could lead to high false discovery rate. An improvement was
developed in Ma et al. [21].
An important limitation of aforementioned methods is that they are direct generalizations of the methods designed to analyze time course microarray data in a single
condition. Issues such as the condition-time interaction that are unique to time course
array taken at two or more conditions have not been well studied. With emergence
of multi-factor time course microarray, e.g., factorial designed time course microarray experiment [18], interactions among the factors and/or between factors and time
become essential for understanding the source of variation of gene expressions and
navigating new biological discovery. However, aforementioned methods identify DE
genes including a significant number of DE genes with parallel expression profiles
under different conditions (henceforth, PDE genes), i.e., insignificant condition-time
interaction, as illustrated in the center panel in Fig. 1. Compared with PDE genes,
in many scientific investigations, DE genes with nonparallel expression profiles over
time (henceforth, NPDE genes; Center panel in Fig. 1), i.e., significant condition-time
interaction, are of primary interest. Focused study of the NPDE genes may provide
more information on how cell responds differently to different stimulus or treatments.
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Fig. 1 Simulated longitudinal expression profiles at five time points with four replicates under two biological conditions (solid and dashed lines, respectively). Left: a DE gene with nonparallel expression profiles;
Center: a DE gene with parallel expression profiles; Right: a non-DE gene

For example, in the cell cycle study reported by Orlando et al. [24], the primary interest is to identify cell cycle regulated genes (in wild-type cells) that drastically change
expression patterns in the mutant experiment. Moreover, longitudinal time course microarray experiments are commonly used in case-control study and in clinical trials.
In such experiments, mRNA samples are taken from a small number of subjects over
time in the treatment group and from another small number of subjects in the control
group. Because each group only consists of a small number of subjects, one subject
with high baseline gene expression can cause a high average gene expression of the
whole group. Thus, there are many PDE genes between groups, but they are biologically uninteresting.
To define and identify PDE and NPDE genes, we use a functional ANOVA mixedeffect model to model time course gene expressions. The general framework was introduced in Ma and Zhong [22] to cluster multifactor time course microarray data.
A distinguishing feature of functional ANOVA analysis is that it decomposes bivariate functions of time and treatments (experiment conditions) similarly as in the
classical ANOVA analysis and provides the associated notions of main effects and
interactions, see Wahba [31] and Gu [8] for an introduction. Moreover, the nonparametric function has a great flexibility in modeling expression taken at a variety of
sampling time points, and the parametric random effects are used to capture time dependent correlation structures. In this general framework, identifying NPDE genes
is equivalent to testing whether the interaction term is significant in the functional
ANOVA mixed-effect model. We develop a new test for such a purpose and examine
the performance of the proposed method on simulated datasets and on the data obtained in a study of human reaction to the endotoxin stimulation, as well as on a cell
cycle expression data.
The remainder of the article is organized as follows. In Sect. 2, we present a functional ANOVA mixed-effect model representation for time course gene expression
data. A statistical test is considered in Sect. 3 and tested by simulations in Sect. 4.
The applications of the method to a study of human reaction to the endotoxin stimulation and to a cell cycle expression data are presented in Sect. 5. A few remarks in
Sect. 6 conclude the article. The details of estimation of functional ANOVA mixedeffect model is given in the Appendix.
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2 Functional ANOVA Mixed-effect Model for Modeling Time Course Gene
Expressions
In this section, we describe the functional ANOVA mixed-effect models for modeling
longitudinal replicated time course expression data developed in Ma and Zhong [22].
The cross-sectional replicated time course gene expression data can be analyzed using
functional ANOVA models without random effects and is illustrated in the real data
analysis.
2.1 The Model
The expression profile of a gene at time tki of subject k in condition (treatment group)
g(k) can be modeled with a nonparametric mixed-effect model as
Yki = η(tki , g) + zTk bk + ki ,

(1)

where i = 1, . . . , nk , k = 1, . . . , K, g = 1, . . . , G (for convenience of description, k is
suppressed from g), population mean time course profile is described by the bivariate
function η, which is assumed to be a smooth function of time t for each group g, the
smoothness of η is quantified through a quadratic functional J (the details are given
in the Appendix), bk are the subject specific random intercepts to model intra-subject
variation with bk ∼ N (0, B), zk are the corresponding design vectors for random
effect, and random errors ki ∼ N (0, σ 2 ) are independent of bk and of each other. To
be applicable in a wide range of settings, we allow that η has isolated discontinuities,
i.e., jump points. Thus η is only required to be piecewise smooth. The random effect
covariance matrix B and random error variance σ 2 are to be estimated from the data.
By using different specifications of b and associated design vector z, model (1) can
accommodate various correlation structures. A simple example is to set bk = bk and
zTk bk = bk ; we have B = σb2 and the same correlation across time.
In model (1), the bivariate function η may be further decomposed as
η(t, g) = η∅ + η1 (t) + η2 (g) + η1,2 (t, g),

(2)

where η∅ is the overall mean, η1 (t) is the time effect at time t, η2 (g) is the treatment
effect of gth group, and η1,2 (t, g) is the effect of the interaction between time and
treatment. Both time
 T effect and treatment
 effect are defined as deviation from the
overall mean, so 0 η1 (t) dt = 0 and G
g=1 η2 (g) = 0. Similarly, the time-treatment
T

interaction are defined as 0 η1,2 (t, g) dt = 0 for all g, and G
g=1 η1,2 (t, g) = 0 for
all t. Such decomposition extends the classical ANOVA decomposition on discrete
domains to generic domains and is referred to as functional ANOVA decomposition
[8, 31]. When the time-treatment interaction term η1,2 (t, g) is significant, we have
different trajectory for population mean time course profiles in different treatment
groups , i.e., η(t, g1 ) − η(t, g2 ) = η2 (g1 ) − η2 (g2 ) + η1,2 (t, g1 ) − η1,2 (t, g2 ) for every
t, where the first two terms in the right-hand side of the equation are constants, and
the last two terms the right-hand side of the equation vary with t.
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If the treatment-time interaction η1,2 (t, g) is not significant in functional ANOVA
model (2), one may adequately fit the additive model
η(t, g) = η∅ + η1 (t) + η2 (g),

(3)

which yields parallel population mean time course profiles in different treatment
groups, i.e., η(t, g1 ) − η(t, g2 ) = η2 (g1 ) − η2 (g2 ) for every t, where the right-hand
side of the equation is a constant.
To compare the expression profiles, we refer to the genes with significant timetreatment interaction term in (2), i.e., η1,2 (t, g) = 0, as NPDE genes; the genes with
significant main effect in treatment g but no time-treatment interaction in (3), i.e.,
η2 (g) = 0 and η1,2 (t, g) = 0, is referred to as PDE genes. The methods to distinguish
NPDE genes from PDE genes are still lacking.
2.2 Estimation
Model (1) is estimated using the penalized Henderson’s likelihood [10, 25] through
minimizing
nk
K 
K


2 
Yki − η(tki , g) − zTk b +
σ 2 bTk B −1 bk + N λJ (η),
k=1 i=1

(4)

k=1


where N = K
k=1 nk , the quadratic functional J (η) quantifies the roughness of η, and
the smoothing parameter λ controls the trade-off between the goodness-of-fit and the
smoothness of η.
qPiecewise smooth η can be estimated using (4) through replacing η by η̃ =
l=1 βl ψl + η in the first term in (4), where the ψl are basis functions representing jump points, and βl are unknown parameters.
Let Y = (Y11 , . . . , YKnK )T , Z be the matrix stacked by zTi , and Ω = σ 2 B −1 . The
fitted values Ŷ = η̂ + Z b̂ of (4) can be written as Ŷ = A(λ, Ω)Y, where A(λ, Ω) is
a so-called smoothing matrix.
Treating the correlation parameters Ω as extra smoothing parameters, we adopt the
approach of Gu and Ma [10] to estimate λ and the correlation parameters Ω simultaneously through generalized cross-validation (GCV). The details of the estimation
can be found in the Appendix.

3 Significance Testing
To identify NPDE genes, we can test
H0 : η1,2 (t, g) = 0 against H1 : η1,2 (t, g) = 0

(5)

in the nonparametric model (1) with functional ANOVA (2). In classic ANOVA and
linear regression model, the likelihood ratio tests are popular tools for the purpose.
In linear mixed-effect models, Self and Liang [26] show that asymptotic sampling
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distributions of likelihood ratio statistics are mixture chi-square distributions under
standard conditions. Since penalized least squares estimation of smoothing spline
model is equivalent to fitting a linear mixed-effect model, Guo [11] developed a likelihood ratio test in nonparametric settings and showed that the asymptotic sampling
distribution of this likelihood ratio statistic is still a mixture chi-squared distribution.
However, it was pointed out in Crainiceanu and Ruppert [4] that such an approximation does not work very well in finite sample and bootstrap may be used to better
approximate the null distribution. Some diagnostic tool was developed in Gu [9] for
smoothing spline ANOVA model, whereas test statistics were not available.
Define


2
S R = Y T I − AR λ R , Ω R ) Y
and
2

SF = YT I − AF (λF , ΩF ) Y,
where AR (λR , ΩR ) is the smoothing matrix for estimating (1) with additive ANOVA
decomposition (3), and smoothing parameters λR and ΩR are chosen by GCV.
AF (λF , ΩF ) is the smoothing matrix for estimating (1) with full ANOVA decomposition (2), and smoothing parameters λF and ΩF are chosen by GCV. SR and SF
are the corresponding residual sums of squares in two ANOVA decompositions. They
are quadratic forms in normal variable Y. When smoothing parameters λ and Ω are
fixed, the sampling distribution of SR and SF are linear combinations of noncentral
χ 2 variables under the null hypothesis. The methods and algorithms are available to
calculate the relevant probabilities of linear combinations of χ 2 variables [6].
Since we can approximate a linear combination of χ 2 variables by a χ 2 distribution adequately [2], we consider a generalization of the standard F statistic
F=

(SR − SF )/(pF − pR )
,
SF /(N − pF )

(6)

where pR and pF quantify the “number of parameters” in the additive model and
full model, respectively. Since the numerator and denominator in (6) are correlated,
the sampling distribution of F does not belong to any known distribution family. To
make it practical, we approximate the sampling distribution of (6) by the F distribution with degrees of freedom of pF − pR and N − pF , where pR = [tr(AR (λR , ΩR ))]
and pF = [tr(AF (λF , ΩF ))], and [x] denotes the rounding integer of x. The trace
of the smoothing matrix is also referred to as effective degrees of freedom, which
provides an intuitive analog to the degrees of freedom in parametric models. The approximation we provide here was developed by Hastie and Tibshirani [12] in simple
smoothing spline regression. Further careful calibrations of degrees of freedom can
be found in Zhang [33] and Liu and Wang [20], which become impractical due to their
high computational cost. Furthermore, they fixed the smoothing parameters to derive
the calibrations in simple smoothing spline model, which makes the calibrations less
appealing in our setting.
Given that the genes are not significantly NPDE, we may further investigate
whether they are significant PDE genes. That is, in model (1) with functional ANOVA
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(3), we are also interested in testing
H0 : η2 (g) = 0;

H1 : η2 (g) = 0.

(7)

We can easily generalize test (6) with proper degrees of freedom for that purpose.
For comparison, we can also model the data simply using a two-way ANOVA
model, i.e., disregarding the time dependence at all and only testing for timetreatment interactions. That is, we consider the simple linear two-factor model
Yki = μ + αi + βg + (αβ)ig + ki with ki ∼ N (0, σ 2 ) and test for the significance of
the interaction term. This gives rise to the classic F -test of the form,
F=

SS(time × condition)/(n − 1)(G − 1)
,
SSE/(N − nG)

(8)

where we assume that nk = n, SS(time × condition) is the sum of squares of the
interaction, and SSE is the sum of squares of the error.

4 Simulation Study
To assess the performance of the proposed method, we carried out extensive analysis
on simulated datasets. We report some of them in this section.
In the first setting, one hundred NPDE time course gene expressions are generated
from the following model:
Yki = 2.5 sin(3πti )(1 − ti ) + δI[ti >0.5] I[g=1] + bk + ki ,

(9)

where ti = (i − 1)/14, i = 1, . . . , 15, and k = 1, . . . , 6, g = 0, 1, the subject random
effect bk has standard normal distribution, and the random error ki is also standard
normal distributed. We set δ = 0, 0.5, 1, 1.5, 2.
In the second setting, we generated time course gene expressions of two hundred
genes. We first generated one hundred PDE time course gene expressions from the
following model:
Yki = 2.5 sin(3πti )(1 − ti ) − 4I[g=1] + bk + ki .

(10)

We then generated one hundred nondifferentially expressed time course gene expression from
Yki = 2.5 sin(3πti )(1 − ti ) + bk + ki .

(11)

We repeated each setting 100 times and applied the proposed test (6) to the each
dataset and identified the NPDE genes at the significance level 0.05.
In the third setting, one hundred NPDE time course gene expressions are generated
from the following model:
Yki = (1 + 2δI[g=1] )ti + bk + ki ,

(12)

where ti = (i − 1)/14, i = 1, . . . , 15, and k = 1, . . . , 6, g = 0, 1, the subject random
effect bk has standard normal distribution, and the random error ki is also standard
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Table 1 Comparison of the proposed method, EDGE, and ANOVA in identifying NPDE genes in simulated datasets. The power is averaged over 100 independent and identically simulated datasets. Note: the
standard deviation of each result can be calculated using a binomial distribution where the mean is the
proportion of rejections
Method

First Setting
δ=0

δ = 0.5

Second Setting
δ=1

δ = 1.5

δ=2

Third Setting
δ = 0.5

δ=1

Proposed

0.046

0.192

0.342

0.653

0.944

0.046

0.064

0.234

EDGE

0.049

0.191

0.304

0.612

0.904

0.343

0.079

0.299

ANOVA

0.042

0.084

0.213

0.494

0.801

0.042

0.095

0.322

normal distributed. We set δ = 0.5, 1. The power of the proposed F -test for all genes
were calculated. For comparison, we also applied EDGE (Storey et al. [28]) and the
standard two-way ANOVA F -test (8) to the same data and calculated power. The
result is summarized in Table 1.
Through the range of δ > 0 in the first setting, the powers of the proposed method
are consistently higher than those of EDGE and ANOVA. For δ = 0, the type-I
error rate of the proposed method is very close to 0.05, which indicates that the
F -distribution approximation works well for the proposed test statistics. Since the
two-way ANOVA did not take into account the correlation presented in the data, its
type-I error rate was lower than its nominal level when δ = 0. In the second setting,
both the proposed method and ANOVA have consistent performances as in the first
setting, whereas the type-I error rate of EDGE is much higher since it cannot distinguish parallel and nonparallel differentially expressed genes. In the third setting, the
data was generated form a linear ANOVA model. The power of the proposed method
is slightly smaller than that of ANOVA and EDGE.
In all three settings, we also noticed that the numbers of NPDE genes identified
by EDGE were different in different runs of the EDGE software even for the same
dataset. The fluctuation is caused by the fact that the null distribution of EDGE’s
statistics is calculated through a resampling method.

5 Real Data Analysis
5.1 Human Reaction to Endotoxin Stimulation Gene Expression
To study the genome-wide response to acute inflammation, a time course gene
expression experiment was reported in Calvano et al. [1]. Among eight human
subjects involved in the study, four randomly selected subjects were treated with
LypoPolySacharide (LPS) endotoxin, which induces inflammation, and the remaining four were assigned placebo. Blood samples were obtained from all subjects in the
study prior to the treatment, and at 2, 4, 6, 9, and 24 hours after the LPS or placebo infusion was administered. From the collected blood samples RNA was extracted and
hybridized to Affymetrix HG-U133A microarrays. For one of the control subjects,
two samples (namely, those collected at 4 and 6 hours) were missing. The data was
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processed using dChip software Li and Wang [19]. For one of the LPS treated subjects, two of the microarrays were detected as outliers (namely, those corresponding
to 2 and 24 hours) and were removed from further analysis.
Using the criteria that the coefficient of variation has to be in (0.1, 1000) for prescreening, we kept 15642 genes for further analysis. We applied our method using
model (1) with penalty (15) and identified 1875 NPDE genes at false discovery rate
corrected significance level 0.05, i.e., q-value [27] less than 0.05. Medical Subject
Headings (MeSH) analysis and pathway analysis were performed to test their biological significance.
MeSH is the National Library Medicine’s controlled vocabulary for indexing articles in the PubMed database. Using Hypergeometric test, we test the significance
of the hypothesis that a particular MeSH term occurs in the nonparallel differentially
expressed gene set by chance [3]. At the significance level 0.05, the significant MeSH
terms are “Ribosomal Proteins”, “Cell Nucleolus”, “Regulatory Sequences”, “Ribonucleic Acid”, “RNA”, “Viral”, “Proteome”, “Proteomics”, “Ribosomes”, “RNA”,
“Messenger”, “Evolution”, “RNA-Binding Proteins”, “Proteins”, “RNA”, “Small Nuclear”, “Cell Nucleus”. These significant MesSH terms suggest that many biological
processes are enriched in the in the NPDE gene set.
Interestingly, nine pathways are statistically significantly over-represented at level
0.05 in the selected gene sets when identified using Pathway-Express [15]. They are:
Amyotrophic lateral sclerosis (ALS, P -value = 0.0122), Antigen processing and presentation (P -value = 0.0165), mammalian TOR (mTOR, P -value = 0.0229), TGFbeta signaling pathway (P -value = 0.0468), Axon guidance (P -value = 0.0090),
neurodegenerative Disorders (P -value = 0.0283), Dentatorubropallidoluysian atrophy (P -value = 0.0365), long-term potentiation (P -value = 0.04298), Huntington’s
disease (P -value = 0.0230). These pathways can be classified into three categories:
(1) inflammation disease associated pathway: ALS is a common adult-onset inflammatory disease, which will typically lead to paralysis and death [17]; (2) neural network associated pathways: neurodegenerative disorders, Huntington’s disease, and
Dentatorubropallidoluysian atrophy are three neuron diseases. Moreover, long-term
potentiation and axon guidance are important processes for the action of a neuronal
network; immune-response-associated pathways: antigen processing and presentation cell process which coordinates the immune response to inflammation. In addition, TGF-beta signaling pathway regulates many cellular processes including the
immune response.
The gene expression profiles and cubic spline fits of three represented genes,
SOD1, TAPBP, and CAMK2G, are given in Fig. 2. For all three genes, the expressions
in the placebo group did not change significantly. SOD1 is the well-known ALSassociated gene, which modulates the ALS progression [17]. The estimated expression of SOD1 in LPS treated group drops immediately after time zero and increases
slowly after 4 hours. Since the primary function of SOD1 is to detoxify superoxide,
making oxygen and hydrogen peroxide, we infer from the estimated expression that
these functions were weakened at the beginning and went back to normal function
gradually after 4 hours.
The expression of TAPBP (TAP binding protein) in the LPS treatment group increases after 2 hours of treatment and drops slowly after 6 hours. This suggests that
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Fig. 2 Cubic spline fits of log-transformed gene expressions. From top to bottom: the SOD1 (ALS pathway), TAPBP (Antigen processing and presentation), and CAMK2G (Long-term potentiation). The fitted
η(t, g), with g = LPS or placebo, are in solid and dashed lines, respectively, with the corresponding data
superimposed as faded solid and faded dashed lines

TAPBP encodes more transmembrane glycoprotein to mediate interaction between
newly assembled molecules and the transporter associated with antigen processing,
which is essential for the transport of antigenic peptides across the endoplasmic reticulum membrane [23].
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It is very interesting to examine the gene expression changes of CAMK2G, which
is a calcium/calmodulin-dependent protein kinase (CaM kinase) gene in the longterm potentiation pathway. The expression of CAMK2G in the LPS treatment group
had a sharp peak at 4 hours, dropped significantly after 4 hours, and then increased
slowly afterwards. Once treated, we hypothesize that it is necessary for CaMK2G to
be quickly activated so as to induce long-term potentiation. After that, CaMK2G was
suppressed and returned to its normal state [23].
5.2 Wild-type and Cyclin-mutant Cell Cycle Gene Expression
It is well known that the activity of cyclin-dependent kinases (CDKs) have a significant impact on the cell cycle program in yeast. To determine the extent to which
the cell cycle is controlled by CDKs, Orlando et al. [24] conducted a time course
microarray at 15 equally spaced time points with two replicates in synchronized populations of both wild-type cells and cyclin-mutant cells using Affymetrix Yeast 2.0
Arrays. The 15 time points cover roughly two cell cycles in wild-type cells, and one
and a half cell cycle in cyclin-mutant cells. In addition, the synchronization times
were different for four arrays at each time point. Thus Orlando et al. [24] re-aligned
arrays to the so-called “lifeline position” to make arrays comparable. The resulting
lifeline position correspond to 60 distinct nonequal interval positions. Due to this
special data structure, it is very difficult to employ the multivariate Gaussian method
[29] and hidden Markov model [32] for data analysis.
Orlando et al. [24] selected 1275 genes, which were reported to be cell cycle associated in the literature. We focus on these 1275 genes in our study. Since the experiment is a cross-sectional replicated experiment, we applied our method using model
(1) with random effect design vector z setting at 0. Using penalty (15), we identified
879 pattern-differentially expressed genes at significance level 0.05, i.e., p-value less
than 0.05. Among the 879 genes, 549 genes were also identified as NPDE genes by
Orlando et al. [24].
In Fig. 3, the estimated gene expressions for RAP1, FAA3, and PLB1 are plotted.
RAP1 is a cell-cycle regulated gene [13]. We can see that the estimated mean expression in cycline-mutant cells has a peak in first S phase and drops down continuously
till the 2nd G2/M phase, which is significant from that in wild-type cells (P -value =
1.67 × 10−10 ). However, Orlando et al. [24] did not find it differentially expressed.
The estimated expression of FAA3 in wild-type cells exhibits two strong periodic
patterns from recovery phase to second S phase and shows a mild half periodic pattern
in the second G2/M phase. In contrast, the estimated expression in cyclin-mutant cells
does not have obvious second period pattern (P -value = 5.44 × 10−21 ). Orlando et al.
[24] also find FAA3 expressions differentially expressed in two populations.
The estimated expressions of PLB1 have almost the same pattern in both wild-type
and cyclin-mutant cells. Our test suggests that the expressions are not significantly
nonparallel differentially expressed (P -value = 0.3868). However, Orlando et al. [24]
found PLB1 expressions differentially expressed in two populations.
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Fig. 3 Cubic spline fits of log-transformed gene expressions. From top to bottom: the RAP1, FAA3, and
PLB1. The fitted η(t, g), with g = wild-type or cyclin-mutant, are in solid and dashed lines, respectively,
with the corresponding data superimposed as solid and faded circles. The cell cycle phases separated by
vertical lines are, from left to right, recovery from synchrony, 1st G1, 1st S, 1st G2/M, 2nd G1, 2nd S, 2nd
G2/M

6 Discussion
In this article, we propose a statistical method for identifying DE genes in time course
microarray experiment. Functional ANOVA mixed-effect models are employed to
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model the time course gene expressions. We develop a test for testing the pattern differentially expressed gene. The simulation analysis suggest that the proposed method
performs very well. Although it was motivated for identifying the differentially expressed genes in time course expression data, our proposed method has a wide spectrum of applications, including, for example, comparison of growth curves. The calculations reported in this article were performed in R. Open-source code is available
in the R package MFDA.
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Appendix
Model (1) is estimated using the penalized Henderson’s likelihood [10, 25]. For the
completeness of the description, we include the details of the estimation here.
Model (1) is estimated using the penalized Henderson’s likelihood via minimizing
nk
K 
K


2 
Yki − η(tki , g) − zTk b +
σ 2 bTk B −1 bk + N λJ (η),
k=1 i=1

(13)

k=1


where N = K
k=1 ni , the quadratic functional J (η) quantifies the roughness of η, and
the smoothing parameter λ controls the trade-off between the goodness-of-fit and the
smoothness of η.
To minimize (13), we only need to consider smooth functions in the space
{η : J (η) < ∞} or subspace therein. As a abstract generalization of the vector spaces
used extensively in multivariate analysis, Hilbert spaces inherit many nice properties of the vector spaces. However, a Hilbert space is too loose to use for functional
data analysis since even the evaluation functional [x](f ) = f (x), the simplest functional one may encounter, is not guaranteed to be continuous in a general Hilbert
space. An example is that in the Hilbert space of square-integrable functions defined
on [0, 1], evaluation is not even well defined. Consequently, one may focus on a
constrained Hilbert space for which the evaluation functional is continuous. Such a
Hilbert space is referred to as a reproducing kernel Hilbert space. For example, the
space of functions with square-integrable second derivatives is a reproducing kernel
Hilbert space if it is equipped with appropriate inner products, see Wahba [31] and
Gu [8] for details.
The minimization of (13) is performed in a reproducing kernel Hilbert space H ⊆
{η : J (η) < ∞} in which J (η) is a square semi norm, and the solution resides in
the space NJ ⊕ span{RJ (si , gj ; ·, ·), i = 1, . . . , n, j = 1, . . . , K}, where NJ = {η :
J (η) = 0} is the null space of J (η), RJ (·, ·; ·, ·) is the so-called reproducing kernel in
H  NJ , and s = (s1 , . . . , sn ) is a distinct combination of all tki (k = 1, . . . , K, i =
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1, . . . , nk ). The solution has the expression
η(t, g) =

m


dν φν (t, g) +

n 
G


ci RJ (si , gj ; t, g),

(14)

i=1 j =1

ν=1

where {φν }m
ν=1 is a basis of NJ .
For model (1) with functional ANOVA (2), we use the following penalty that is
analogous to the quadric penalty gives rise to cubic spline estimate,
J (η) = θ1−1

 T
 T
G
 2
2
 2
2
−1
d η1 /dt 2 dt + θ1,2
d η1,2 /dt 2 dt,
0

0

(15)

g=1

which has a null space NJ of dimension m = 2G. The θ1 and θ1,2 are extra smoothing
parameters, often suppressed in the notation, that adjust the relative penalties on the
roughness of different components. See, e.g., Gu [8], Sect. 2.4. A set of φν is given
by

1, t, I[g=j ] − 1/G, (I[g=j ] − 1/G)t, j = 1, . . . , G − 1 ,
and the function RJ is given by
RJ (s, g1 ; t, g2 ) = θ1

 T
0

(s − u)+ (t − u)+ du

+ θ1,2 (I[g1 =g2 ] − 1/G)

 T
0

(s − u)+ (t − u)+ du.

See, e.g., Gu [8], Sect. 2.4.4.
For model (1) with functional ANOVA (3), we use the penalty
J (η) =

 T
 2
2
d η1 /dt 2 dt,

(16)

0

which has a null space NJ of dimension m = G + 1. Correspondingly, we do not
have (I[g=j ] − 1/G)t in the set of φν , and
RJ (s, g1 ; t, g2 ) =

 T
0

(s − u)+ (t − u)+ du.

It is interesting to note that testing the hypothesis on a component in functional
ANOVA decomposition
H0 : η1,2 (t, g) = 0 against H1 : η1,2 (t, g) = 0

(17)

is equivalent to testing the hypothesis on the corresponding smoothing parameter
H0 : θ1,2 = ∞

against H1 : θ1,2 (t, g) < ∞.

(18)
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Substituting (14) into (4), the numerical problem becomes the minimization of
(Y − Sd − Rc − Zb)T (Y − Sd − Rc − Zb) + bT Ωb + nλcT Qc

(19)

with respect to d = (d1 , . . . , dm )T , c = (c1 , . . . , cn )T , b = (bT1 , . . . , bTK )T , where
Y = (Y11 , . . . , YKnK )T , S is N × m with the entry φν , R is N × nG with the entry RJ (si , gj ; tkm , gl ), Z is stacked by zTi , Ω = σ 2 B −1 , and Q is nG × nG with the
entry RJ (si , gj ; sk , gl ). The solution of (19) satisfies the normal equation
⎛ T
⎞⎛ ⎞ ⎛ T ⎞
S S
ST R
ST Z
d̂
S Y
⎝ R T R R T R + (Nλ)Q
(20)
R T Z ⎠ ⎝ ĉ ⎠ = ⎝ R T Y ⎠ .
ZT S

ZT R

ZT Z + Ω

b̂

ZT Y

The normal equation of (20) can be solved by a pivoted Cholesky decomposition
followed by backward and forward substitutions; see, e.g., [16] for details.
The fitted values Ŷ = S d̂ + Rĉ + Z b̂ of (4) can be written as Ŷ = A(λ, Ω)Y,
where the smoothing matrix is
⎞+ ⎛ T ⎞
⎛ T
S
ST R
ST Z
S S
A(λ, Ω) = (S, R, Z) ⎝ R T R R T R + (Nλ)Q
RT Z ⎠ ⎝ RT ⎠ ,
ZT S

ZT R

ZT Z + Ω

ZT

and C+ denotes the Moore–Penrose inverse of C satisfying CC+ C = C, C+ CC+ =
C+ , (CC+ )T = CC+ and (C+ C)T = C+ C.
With varying smoothing parameters λ (including θ1 , θ1,2 ) and correlation parameters Ω, (20) defines an array of possible estimates, in which we need to choose a
specific one in practice. A classic data-driven approach for selecting the smoothing
parameter λ is generalized cross-validation (GCV), which was proposed in Craven
and Wahba [5]. Treating the correlation parameters Ω as extra smoothing parameters, we adopt the approach of Gu and Ma [10] to estimate λ and the correlation
parameters Ω simultaneously through minimizing the GCV score
V (λ, Ω) =

N −1 YT (I − A(λ, Ω))2 Y
.
{N −1 tr(I − A(λ, Ω))}2

(21)

Since the GCV score V (λ, Ω) is nonquadratic in λ and Ω , one may employ standard
nonlinear optimization algorithms to minimize the GCV as a function of the tuning
parameters. In particular, we used the modified Newton algorithm developed by Dennis and Schnabel [7] to find the minimizer. It was shown in Gu and Ma [10] that the
minimizer of V (λ, Ω) yields optimal smoothing asymptotically.
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