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Abstract
Several natural and engineered systems may be idealized as sets of spring-mass structures that
are coupled in parallel. These range from macroscopic structures such as buildings connected
at story-levels with exible elements, to microscopic systems such as stacked chains of atoms
with inter-layer bonds. We realize two possible congurations of such systems by varying the
frequency of coupling. One is a conguration where every mass in one chain is coupled to
its corresponding mass in the other chain (full coupling). The other conguration consists of
chains that are periodically coupled only at certain locations (partial coupling). We develop
analytical dispersion relations for both cases, and reveal several interesting and unusual characteristics. Specically, we show that wave propagation in fully-coupled meta-chains has a
dual nature. Depending on problem parameters, the system may behave similar to an acoustic metamaterial (AM) with a locally-resonant band gap or it may allow for the simultaneous
propagation of two independent waves. The partially-coupled system exhibits more complex
behavior, including nearly at and negative group velocity bands as well as several Bragg
scattering and local resonance band gaps. Furthermore, we present two example devices for
wave propagation control using nite prototypes of each meta-chain conguration; realizing a
narrow-band pass lter in one of them and a low-frequency rainbow trap lter in the other. Finally,we discuss our ndings within the framework of modular design of metamaterial building
blocks.

1

Introduction

Periodic structures have been widely used to control the propagation of acoustic and elastic waves
[1]. Engineering the architecture of these systems alters their dispersion properties and leads to the
formation of band gaps. Periodic structures may be classied in two groups: Phononic Crystals
(PCs) and Metamaterials.

While phononic structures mainly owe their characteristics to Bragg

scattering (BS) and interference eects, metamaterials draw their strength from local resonances
(LR). Several realizations of each class have been suggested as possible waveguides, lters and
other devices aimed at controlling the propagation of waves [28]. More recently, unconventional
designs have been proposed to combine features of the two categories [911] or explain how PCs
may show metamaterial attributes under special circumstances [12, 13].
Recent work on periodic entanglement of elements placed in parallel has shown that this class of
systems possesses interesting dynamic properties [1418]. For example, Chen and Elbanna studied
wave propagation in bars that are periodically coupled along their length.

The results showed

that for certain set of parameters, the system possesses extreme attenuation zones and may be
used as a mechanical switch [16].

Beli et al.

used the interaction between the transverse and
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rotational modes of a resonator chain consisting of beam elements to widen the band gap of the
original system, in which resonators were not interconnected [17]. A similar conguration to [16]
for exural beam elements was studied by the authors of the present work. Results of the study
revealed that several BS and LR band gaps form and static tuning of the connection stiness can
change the nature of attenuation mechanisms [18].
One-dimensional spring-mass systems serve as simplied models for studying various physical phenomenon at dierent scales [1923]. They are also frequently used in the design of wave-control
devices [6, 2429]. In the context of periodic systems, several works have investigated the wave
propagation properties of one-dimensional phononic and resonant spring-mass lattices [30]. In this
work, we set out to determine the dispersion characteristics of ladder-like meta-chains, consisting
of monoatomic chains that are connected in parallel. We will investigate two congurations. One
is a conguration where each mass in one chain is connected to its corresponding mass in the other
chain (full coupling). The other, consists of chains that are periodically coupled only at certain
locations (partial coupling). Properties of the fully-coupled conguration in the long wavelength
limit has been recently shown to allow for the propagation of elastic waves with nonconventional
topology [3133].
The remainder of the article is organized as follows: in section 2, we develop the mathematical
expressions for the dispersion relations of both coupling congurations. Section 3 highlights the
prominent dispersion characteristics of the proposed congurations using illustrative examples and
the analytical expressions derived. In section 4, we propose two simple ltering devices that leverage
the dispersion characteristics of coupled chains and demonstrate numerically their performance
under impact and harmonic loading.

2

Mathematical formulation of the band structure

Fully-Coupled Chains

In this conguration, two classical monoatomic chains with dierent

mass and spring stinesses are fully connected along their length (Fig.

1a).

The interatomic

d. Each unit cell consists of two masses m1 and m2 that
interact through a spring of stiness k3 (Fig. 1b). Within each chain, masses are connected
through springs of stiness k1 and k2 . Representative frequencies of the two chains are introduced
p
p
k1 /m1 and ω2 = k2 /m2 . The equations of motion for the j th unit cell may be written
as ω1 =
distance in both chains is dened as

as follows:

where,

u and v

m1 üj + k1 (2uj − uj−1 − uj+1 ) + k3 (uj − vj ) = 0

(1a)

m2 v̈j + k2 (2vj − vj−1 − vj+1 ) + k3 (vj − uj ) = 0

(1b)

represent the displacements of

m1

m2 .

and

Solutions in the form of harmonic plane

waves are sought.

uj (t) = û (k(ω)) ei(kjd−ωt)

(2a)

i(kjd−ωt)

(2b)

vj (t) = v̂ (k(ω)) e
Here,

ω

is the temporal frequency of the harmonic motion and

k

is the wave number. Eq. (2) is

also a representation of the Floquet-Bloch theorem, which governs the propagation of plane waves
in periodic structures. We introduce the following non-dimensional parameters:

α=

m2
k2
k3
, β=
, γ=
m1
k1
k1

(3)

Hereafter, the chain whose properties are used for normalization is referred to as the "reference
chain".

Substituting Eq.

(2) in Eq.

(1) and rewriting the results using the non-dimensional

parameters introduced above, gives the following dispersion relation in terms of the non-dimensional
wave number

µ = kd

and frequency

Ω = ω/ω1 :

cos2 µ +

I1
I2 − 2
cos µ +
=0
2
4
2

(4)

I1

and

I2

are the invariant coecients of the dispersion relation [34] and may be written as follows


1
(α + β)Ω2 − (4β + γ + βγ)
β

1 4
I2 = 2 +
αΩ − (2α + 2β + γ + αγ)Ω2 + (4β + 2γ + 2βγ)
β

I1 =

Provided that

β 6= 0,

(5a)

(5b)

the solution may be written as

(cos µ)1,2
It is worth to note that for

β = 0,

1
=
4


−I1 ±

q

8+

I12


− 4I2

(6)

the dispersion relation reduces to the one for a 1-D monoatomic

lattice with internal resonators and when

α

goes to innity, the dispersion relation of a grounded

monoatomic chain is recovered. In the limit of large

γ

values, the system behaves as one chain

with a mass and stiness equal to the sum of the two original chains; whereas, the limit of small

γ

values represents the collapse of the system into two separate chains.

Partially-Coupled Chains

In this conguration, the two chains are coupled every

N > 1

masses (Fig. 1c). This conguration could also be thought of as connecting the supercells of two

2N masses in total (Fig. 1d). We
N here by considering two cases: one is where
the two chains are coupled every other mass (N = 2) and the other is for the general case of N > 2.

monoatomic chains.

Therefore, a single unit cell consists of

determine the dispersion relation for an arbitrary

For

N > 2,

the equations of motion for unit cell

j

are written as follows. For the left-most masses

in the unit cell:

m1 üj,1 + k1 (2uj,1 − uj−1,N − uj,2 ) + k3 (uj,1 − vj,1 ) = 0

(7a)

m2 v̈j,1 + k2 (2vj,1 − vj−1,N − vj,2 ) + k3 (vj,1 − uj,1 ) = 0

(7b)

Here, the rst subscript for

u

and

v

denotes the unit cell number while the second denotes the

mass number within each chain. For the interior masses in the unit cell:

with

n

ranging from 2 to

m1 üj,n + k1 (2uj,n − uj,n−1 − uj,n+1 ) = 0

(8a)

m2 v̈j,n + k2 (2vj,n − vj,n−1 − vj,n+1 ) = 0

(8b)

N − 1.

For the rightmost masses in the unit cell:

m1 üj,N + k1 (2uj,N − uj,N −1 − uj+1,1 ) = 0

(9a)

m2 v̈j,N + k2 (2vj,N − vj,N −1 − vj+1,1 ) = 0

(9b)

We note that for the case of

N = 2,

no interior masses exist so only equations (7) and (9) are

required. For both cases, we assume harmonic plane-wave solutions with the following form

where,

s(j, n) = (j − 1)N + n

uj,n (t) = Un eiks(j,n)d e−iωt

(10a)

vj,n (t) = Vn eiks(j,n)d e−iωt

(10b)

is a function that determines the position of each mass in the chain.

Substituting Eq. (10) in the equations of motion for each case gives the corresponding dispersion
relation.

cos2 µ +
Here,

µ = kN d

J2 − 2
J1
cos µ +
=0
2
4

is the non-dimensional wave number.

The invariant coecients

(11)

J1

and

J2

are

expressed in closed form as follows:
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−1 h
2
2
2
2
A
2β
+
γ
−
αΩ
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β
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2
+
γ
−
Ω
−
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B
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B
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2
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2
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1
J2 = 2 + 2
2 + γ − Ω2 − 2A1
2β + γ − αΩ2 − 2β 2 B1 − γ 2
β A2 B 2

J1 =

3

(12a)

(12b)

where,

UN −2 (x1 )
UN −1 (x1 )
1 UN −2 (x2 )
B1 = −
β UN −1 (x2 )

1
UN −1 (x1 )
1
1
B2 = (−1)N +1
β UN −1 (x2 )
A2 = (−1)N +1

A1 = −

(13a)

(13b)

x1 = Ω2 /2−1, x2 = αΩ2 /2β −1 and Un , n ≥ 0 are Chebyshev polynomials of the second kind
satisfying the recurrence relation: Un+1 (x) = 2xUn (x) − Un−1 (x),
n ≥ 1 with initial conditions
U0 = 1 and U1 = 2x. These functions may also be written as [35]
(
(n+1)θ
f or cos θ = x , |x| < 1
Un (x) = sin sin
θ
(14)
sinh (n+1)θ
Un (x) = sinh θ
f or cosh θ = x , |x| > 1
Here,

provided that

A2 B2 6= 0,

the solution may be written in a similar manner as Equation (6)

(cos µ)1,2

1
=
4



q
2
−J1 ± 8 + J1 − 4J2

(15)

For more details on the derivation of these identities, we refer the reader to Appendix A.2.
When

N

approaches innity, three distinct regions are identied in the band structure of the

system. We introduce the variables

ωmin = min (ω1 , ω2 )

and

ωmax = max (ω1 , ω2 )

to facilitate the

discussion that follows. Depending on the relative properties of the two chains,

1. for

ω < 2ωmin ,

2. for

ω ∈ [2ωmin , 2ωmax ],
cos µ.

one of

ω > 2ωmax ,

and

the dispersion relation remains quadratic in

A2

or

B2

cos µ.

goes to zero and the dispersion relation becomes

linear in
3. for

both

A2

We note that the bounding values

B2

go to zero making the dispersion relation independent of

µ.

2ω1 and 2ω2 that mark frequencies at which the dispersive nature

of the system undergoes signicant changes, indicate the cut-o frequencies of each individual
monoatomic chain.

3

Dispersion Properties of Example Meta-Chains

In this section, we use the dispersion relations obtained in the previous part along with illustrative
examples to discuss the dispersive properties of meta-chains with full and partial coupling.
house MATLAB

R

In-

codes are used for all numerical simulations in this section and the one that

follows.

3.1 Fully-Coupled Chains
In this example, the band structure properties of a fully-coupled system are examined. First, we set
problem parameters to

α = 0.25, β = 0.02 and γ = 1.

Fig. 2a shows that the band structure of the

system consists of an acoustic branch and an optical branch, with a band gap forming in between.
Since group velocity on the optical branch is positive, the system's behavior is similar to that of a
1-D Acoustic Metamaterial - i.e. the conventional monoatomic chain with spring-mass resonators.
This is expected if we notice that the fully-coupled conguration could also be interpreted as a
periodic 1-D chain with interconnected internal resonators. The band gap's lower and upper edge
frequencies as well as the cut-o frequency are determined from Equations (5) and (6) as follows:

r 
p 
1
Ωl =
δ1 − δ2
2

√

Ωu = ΩR 1 + α

4

r 
p 
1
Ωc =
δ1 + δ2
2

(16)

with

Here,



δ1 = 4 + Ω2R (1 + α) + 4Ω22


δ2 = δ12 − 16 4Ω22 + Ω2R (1 + αΩ22 )
p
= ωr /ω1 and ωr = k3 /m2 . Using the analogy

Ω2 = ω2 /ω1 , ΩR
ΩR may be interpreted

variable

Ωc

(17b)
with the 1-D AM, the

as the normalized resonance frequency of the resonators had they

Ωl

not been connected to form a secondary chain.
of the rst band gap and

(17a)

and

Ωu

are the lower and upper edge frequencies

is the cut-o frequency beyond which the system has a complete stop

band. It's interesting to note that the upper edge frequency in this case is the same as that of
the 1-D AM [1].
variable

β)

We may, thus, conclude that connecting the resonators (and consequently the

doesn't aect the upper edge frequency.

Double-speed wave propagation

The analytical expressions in Eq. (16) reveal another inter-

esting property of the system. Comparing the expressions for the lower and upper edge frequencies

q

4β/α
β/α+α exists at which the behavior of the system undergoes
cr
a dramatic change. Specically, for ΩR < ΩR , Ωu will be smaller than Ωl . In this case, the band
shows that a critical value

Ωcr
R =

gap will close and instead, a region with double-speed wave propagation appears. In other words,

ΩR < Ωcr
R , the system supports
two propagation waves of dierent phase speeds in the frequency region [Ωu , Ωl ]. This second case
is shown in Fig. 2b for parameters α = 0.25, β = 2 and γ = 0.0625. This phenomenon is not
observed in 1-D AMs since their dispersion relation is linear in cos µ. In this case, the dispersion
relation, which is quadratic in cos µ, allows for two independent propagating waves.
if

ΩR > Ωcr
R,

the frequency region

Next, we keep

α

[Ωl , Ωu ]

is a band gap while if

constant and investigate how the variation of parameters

ΩR

and

band gap edge frequencies. Fig. 3 shows the evolution of the edge frequencies with
values. The upper edge frequency of the band gap is independent of

β

ΩR

β

aects the

β
ΩR ,

for sample

and varies linearly with

as shown in Eq. (16). However, the lower edge frequency of the band gap tends to increase with
larger

β

values. The region with the dashed lines shows parameter ranges where the upper edge

frequency falls below the lower edge frequency. These parameter ranges correspond to regions of
double-speed wave propagation in the system. The gray circles with coordinates

√
cr
[Ωcr
R 1 + α, ΩR ]

on the gure show critical points at which the switch in behavior occurs.

3.2 Partially-Coupled
In this section, we highlight the fundamental dispersion characteristics of the partially-coupled
conguration in two main sets of examples.

In the rst set, we show how characteristic waves

interact to form the band structure of the system and show the eect of skipping masses in the
formation of new band gaps. In the second part, we explain how ne-tuning the parameters of the
system can lead to the formation of at bands in the frequency spectra of the system.

Wave interactions and band gap formation
mass (N

= 2)

and set problem parameters to

two characteristic waves with non-dimensional

We consider a conguration with skone ipped

α = 5, β = 0.1 and γ = 1. As Eq. (11) shows,
wave numbers µ1 and µ2 exist. Figures 4a and 4b

show the evolution of phase constants (real part of the non-dimentional wave number pair) and
attenuation constants (imaginary part of the non-dimensional wave number pair), respectively.
The former dominates the characteristics of propagating waves while the latter determines the
attenuation properties of the system.

The dashed red curves mark the regions where one wave

number is the complex-conjugate of the other.

The gures show that the two waves strongly

interact to form several band gaps. The simplied band structure of the system is shown in Figure
4c-4d.

Unlike the fully-coupled case, where the system resembled an AM, the partially-coupled

case shows features of both BS and LR mechanisms in its frequency spectra. The insert in this
gure shows Bloch modes of the system at selected band gap edge locations.
Figures 5a-5b show the dispersion curves for two and three skipped masses. Changing the frequency

5

with which the two chains are connected, alters the band structure of the system, leading to the
formation of new gaps and elimination of others. We also note the presence of several negative
group velocity bands in the band structure of the system.
From a design standpoint, it is of interest to study the eect of connection stiness on edge
frequencies as well as the attenuation strength within the band gaps. Fig. 6 shows contours of the
minimum attenuation strength for dierent values of

Ω = ΩR ,

is strongest close to the line

N.

These contours show that attenuation

as is the case in locally-resonant systems. The gure also

suggests that for the most prominent band gaps in the system, edge frequencies increase with
increasing

ΩR

ΩR ,

values. The gures shows that at special values of

lower and upper band gap

edges nearly coincide. These points are marked with white circles. This suggests that the proposed
system has near-zero group velocity bands for certain set of parameters. This phenomenon will be
explored in more detail next.

Emergence of at bands

Zero group velocity dispersion bands (at bands) have recently re-

ceived a lot of attention in the context of optical and acoustic waveguides [36, 37]. These bands
are usually associated with the existance of degenerate modes in the system and have a wide range
of applications in sensing, telecommunications and storage devices [38, 39]. Here, we show how
ne-tuning the proposed system leads to the formation of at bands with near-zero group velocity.
Informed by the results obtained in the previous part, we set problem parameters
but change the connection stiness ratio

γ

such that the variable

ΩR

α and β

as before

is 1.4, 0.98 and 0.74 for one,

two, and three skipped masses, respectively. Figures 7a-7c show the dispersion curves for the three
cases. Flat bands appear in the band structure of the system.
The set of parameters that bring these points into existence correspond to the overlapping of the
resonance frequency of the mass directly attached to the reference chain,
frequencies of the reference chain's interior unit cell masses
from 1 to

N −1

N − 1.

Ω∗ =

q

q

γ+2β
α , and the natural

2(1 + cos jπ
N)

with

j

ranging

The latter expression corresponds to the natural frequencies of a chain with

masses and same properties as the reference chain. This may be understood better if we

notice that the degenerate modes on at bands all correspond to motions of the unit cell where
the leftmost mass in the reference chain is at rest while motion in the second chain is conned to
the mass directly attached to the reference chain (Figure 7d). Therefore, tuning the connection
parameter

γ

to

2

αΩ∗ − 2β ,

results in the appearance of at bands and localized modes.

increases, the resonance condition is satised only by reducing

γ.

Therefore, if

β

As

β

is greater than

α ∗2
2 Ω , for the resonance condition to be satised, γ has to be negative, which is not physical. In
general, for very low values of γ , the coupling between the two chains becomes weak and the band
structure of the system tends towards that obtained by the individual supercell analysis of the two
monoatomic chains with a periodicity length

4

R = Nd

[30].

Example Devices

In this section, we will design two spring-mass devices based on the proposed meta-chain congurations. The rst example shows how a fully-coupled conguration may be exploited for designing
a band-pass lter. In the second example, we show that using a combination of partially-coupled
unit cells with varying periodicity widens the frequency region over which attenuation is achieved,
similar to a rainbow trapping eect.

4.1 Band-Pass Filter
Numerous designs for wave-ltering devices have been proposed in the literature [6, 26, 27]. Here,
We design a band-pass lter using a combination of a grounded chain and a fully-coupled metachain (Fig.

8a).

The former may also be realized using the fully-coupled conguration with a
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large

α

value. We examine the response of the system under a broadband impact load (Fig. 8b).

First, we carry out a unit cell analysis of the two congurations assuming both systems to be
innitely periodic. We choose the physical parameters such that the pass bands of the two chains
overlap only in a narrow frequency region. Fig. 8c shows the dispersion curves of the considered
unit cells and the green region marks the designed pass-band region where both the grounded and

γg = kg /k1 is
kg is the grounding stiness. We set the other parameters associated
with the meta-chain to α = 5, β = 0.1 and γ = 1.5. The reference chain has the same properties
as the grounded chain. The normalized frequency Ω is dened as before.

fully coupled chains simultaneously propagate waves. A non-dimensional parameter
dened and set to 5 where

In order to show how such a device performs, we set up a numerical model of a nite prototype
consisting of a grounded chain connected to a fully-coupled meta-chain. Each subsystem consists of
25 unit cells. The reference chain has mass

m1 = 0.056 [kg]

k1 = 100 [N m−1 ].
The half-sine loading F (t) resembles

and spring constant

All other non-dimensional parameters are as mentioned above.

an impulse and is applied at the left end of the device. We run a time-history simulation for 25
seconds and use Fourier Transform to identify the frequency content of response at the

20th

unit

cell of the meta-chain. Figures 8d-8e show that the frequency content of the response is conned in
a narrow-band pass region, suggesting that the device has successfully depleted the output of other
frequencies. The grounding stiness and/or the physical parameters aecting the cuto frequency

Ωc

of the meta-chain may be changed to control the operating frequency region of the device.

4.2 Low-frequency rainbow-trap lter
In Section 3.2, we showed that skipping dierent number of masses in the partially-coupled conguration changes the band structure of the system and the location of band gaps. Here, this eect
is leveraged to design a ltering device consisting of unit cells with two, three and four skipped
masses. We show that the overlap of band gaps for the carefully-designed subsystems broadens
the attenuation region, similar to a rainbow trapping eect [40, 41].

240 masses (120 masses
α = 5, β = 0.1 and ΩR = 0.75. The mass (m1 ) and stiness
0.056 [kg] and 100 [N m−1 ]. First, we consider three initial periodic

We consider a partially-coupled meta-chain consisting of a total number of
per chain) with system parameters
(k1 ) of the reference chain are

congurations of this system with two (40 unit cells), three (30 unit cells) and four skipped masses
(24 unit cells). We refer to these congurations as Type 1, Type 2 and Type 3, respectively. Fig.
9a shows sample dispersion curves and undamped frequency response functions (FRFs) for Type 1
conguration. For all the setups considered here, we apply equal harmonic forces on the leftmost
masses of both chains and compute the Frequency Response Functions (FRFs) for masses on the
other end of the chains using standard techniques. Fig. 9b shows the overlaid FRF plots in the
low-frequency region and the overlap of band gaps for the three congurations.
Next, we consider a graded conguration with the same number of masses (120) but with the
meta-chain consisting of ve unit cells of each type. The FRF of this composite conguration is
compared to that of the individual constituent coupled chains. The numerical simulations assume
a modal damping of

0.5%.

Figure 9c shows how a major attenuation region forms in the response

spectra of the new system. The band gap formed is wider than the ones for each type shown in
9b, suggesting that changing the connection frequency between the two chains may be used as a
means to design devices with dierent wave-ltering properties.
We note that unlike the rainbow-trapping mechanism where absorbers of varying resonance frequencies are used to widen the band gap, the physical parameters of the system do not vary in our
proposed conguration. Rather, it is the change in the topology of the system (varying connection
locations) that results in the broadening of the attenuation zones. This is a key in our modular
design approach where building blocks of distinct dynamic properties may be stitched together to
realize more synergistic eects.
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Conclusions and future work

Previous work on systems consisting of elements coupled in parallel has shown that they possess
novel dispersion properties, including strong attenuation zones and interaction between BS and LR
mechanisms [16, 18]. In this work, we proposed two one-dimensional spring-mass congurations
consisting of coupled monoatomic chains. We showed that wave propagation in the fully-coupled
system has a dual nature depending on system parameters, with the behavior of the system switching between that of an acoustic metamaterial (AM) and a structure that allows for the simultaneous
propagation of two characteristic waves. Wave propagation in the partially-coupled system showed
even more complex behavior, including several BS and LR band gaps, emergence of at bands
and negative group velocity bands. By combining coupled chains with dierent modularities, we
were able to realize several devices with interesting dynamic properties including narrow-band pass
ltering and broad low frequency band gap. The main conclusions of this work may be summarized
as follows.
For the fully-coupled system:

•

If

ΩR = ωr /ω1 >

q

4β/α
β/α+α , the behavior of the system is similar to that of a 1-D lattice with

internal resonators: the band structure consists of an acoustic and an optical band and the
band gap has features of a local resonance mechanism.

•

If

ΩR = ωr /ω1 <

zone emerges.

q

4β/α
β/α+α , no band gaps form. Instead, a double-speed wave propagation

In this frequency range, the meta-chain supports the propagation of two

characteristic waves unlike what is observed in conventional 1-D mass-spring congurations.

For the partially-coupled system:

•

Complex band structure of the system shows that the characteristic waves strongly interact
to form the band structure. Several band gaps with BS and LR features form in the frequency
spectra.

•

Changing the frequency with which the chains are connected aects the band structure
signicantly and leads to the formation of new gaps and elimination of others. This behavior
may be leveraged to realize a broad range of dynamic behaviors with small changes in the
system's conguration.

•

Fine-tuning the parameters leads to degeneracy and the emergence of at (near-zero group
velocity) bands at frequencies we are able to predict analytically.

The formation of these

bands is due to the overlapping resonances within the unit cell.

As we noted in section 3.2, several negative group velocity bands appear in the band structure
of the partially-coupled conguration. As the presence of such bands is a prerequisite for designing systems with negative refractive properties [30], a future extension of this work may include
investigating 2D counterparts of the present system to achieve wave focusing.

We also showed

that changes in connection stiness may lead to signicant changes in the band structure. Therefore, studying similar systems where the connection stiness is modulated in space/time would be
another interesting extension to this study. With the advent of nonlinear metamaterials, several
works have recently shown that nonlinearity and asymmetry in systems of similar congurations
lead to unusual properties such as localization and nonreciprocity [42, 43]. Hence, investigating
the eects of nonlinearity (in individual chains and/or connection springs) on wave propagation
properties of the proposed systems may be of interest in the future.
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Figures

(a)

(b)

(c)

Figure 1:

(d)

Conguration of the meta-chain and

j th

unit cell for the fully-coupled (a)-(b) and

partially-coupled (c)-(d) systems.

(a)

(b)

α = 0.25, β = 0.02 and
γ = 0.0625 leading to double-

Figure 2: Band structure of the fully-coupled system for two cases. (a)

γ=1

leading to band gap formation and (b)

speed wave propagation. Here,
and
of

γ

µ,

α

and

β

α = 0.25, β = 2

and

are the mass and stiness ratio between the two chains

is the connector stiness ratio. The blue and red curves show the real and imaginary parts

respectively. The normalized frequency values

obtained using Eq. (16).

9

Ωl , Ωu

and

Ωc

indicated on the gures were

Figure 3: Evolution of the band gap edge frequencies with the normalized resonance frequency
when

α = 0.25.

Dierent colors correspond to dierent values of the stiness ratio

β.

ΩR

The curves

with markers show the lower edge while the solid curve shows the upper edge of the band gap,
which overlaps for dierent

β

values. Dashed lines show regions where

to double-speed wave propagation.
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Ωu

lies below

Ωl ,

leading

(a)

(b)

(c)

(d)

Figure 4: Complex and simplied band structure of the meta-chain with one skipped mass. Here,
the mass ratio

α = 5,

stiness ratio

β = 0.1

and connector stiness ratio

γ = 1.

(a) Real part of

the non-dimensional wave number pair dominating the characteristics of propagating waves. (b)
Imaginary part of the non-dimensional wave number pair, governing the attenuation properties.
(c) Dispersion curves. (d) Minimum absolute value of attenuation constants. Insert shows Bloch
modes of the system over ve unit cells at points A, B, C, and D.
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(a)

(b)

Figure 5: Dispersion curves for partially-coupled system with dierent number of skipped masses.
Remaining problem parameters are the same as the case for

N = 2.

(a)

N =3

and (b)

N = 4.

Increasing the number of skipped masses leads to the formation of new band gaps and elimination
of others.

(a)

(b)

(c)

Figure 6: Contours of minimum attenuation strength for the partially-coupled system. (a)
(b)

N =3

and (c)

N = 4.

N = 2,

The bright nodes where the width of the attenuation zones vanish (1

node in (a), 2 nodes in (b), and 3 nodes in (c)) correspond to frequency combinations at which at
bands emerge. Color bar range is set equal for all cases to facilitate comparison.
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(a)

(b)

(c)

(d)

Figure 7:

N =2

Emergence of at bands in the band structure of the partially-coupled system.

Modes at

(a)

ΩR = 1.4 and (b) N = 3 and ΩR = 0.98, and (c) N = 4 and ΩR = 0.74. (d) Flat band
µ = π/4 over ve unit cells of each conguration. Reference and secondary chains are

and

represented in yellow and dark red, respectively.
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(a)

Figure 8:

(b)

(c)

(d)

(e)

An example of a narrow-band pass lter device.

(a) Schematic of the device which

consists of a grounded chain connected in series to a fully coupled chain.

(b) Broadband input

signal. The insert shows the normalized spectral amplitude of the input over the frequency region
of interest.

(c) Dispersion curves for unit cells of the grounded chain (black) and fully-coupled

meta-chain (blue). The shaded green band represents the range of frequencies that are allowed to
pass as a result of this design. (d)-(e) Normalized spectral amplitude of the output at observation
points for the reference and the secondary chain, respectively. The observation points are located
at the 20th unit cell of the fully-coupled meta-chain.
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(a)

(b)

(c)

Figure 9: An example of the rainbow-trap device. (a) Sample unit-cell conguration, dispersion
curves and undamped FRF for Type 1 meta-chain with two skipped masses per unit cell.
overlaid FRFs of Type 1, 2 and 3 meta-chains with 0.5% damping.

(b)

The band gaps overlap for

the three systems. (c) FRF for the graded conguration (black) shows band gap widening. In all
cases, Observation points are located at the right-most masses of the two chains,

Appendix A

u120

and

v120 .

Analytical derivation of dispersion relations

A.1 Fully-Coupled
Substituting equation (2) in equation (1) gives the following set of equations:

û 2 + γ − Ω2 − e−ika + eika )
2

−γ û + 2β + γ − αΩ − β e

−ika



− γv̂ = 0

+e
=0
ika

(A.1a)
(A.1b)

In matrix form, the equations may be written as


2(1 − cos ka) + γ − Ω2
−γ

−γ
2β(1 − cos ka) + γ − αΩ2

 
û
=0
v̂

(A.2)

For nontrivial solutions, we set the determinant of the coecient matrix to zero. This gives the
dispersion relation shown in Eq. (4).
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A.2 Partially-Coupled
We provide closed-form expressions for the invariants

Case 1: N=2

J1

and

J2

In this case, we may write the closed form of

for two cases:

J1

and

J2

as:

1
− (α2 + β 2 )Ω4
β2
+ (4αβ + αγ + β 2 γ + 4β 2 )Ω2

− (2βγ + 2β 2 γ + 4β 2 )
1
J2 = 2 α2 Ω8 − (4αβ + αγ + α2 γ + 4α2 )Ω6
β
+ (16αβ + 4αγ + 2βγ + 2α2 γ + 2α2 + 2β 2 + 4αβγ)Ω4
J1 =

2

2

(A.3)

(A.4)

2

− (8αβ + 2αγ + 8βγ + 2β γ + 8β + 8αβγ)Ω

+ 4βγ + 4β 2 γ + 6β 2

Case 2: N>2

Upon substituting the plane-wave solutions, we may write the equations of motion

of the unit cell in terms of the non-dimensional parameters introduced. For the leftmost masses in
the unit cell:

(2 + γ − Ω2 )U1 − U2 − e−iµ UN − γV1 = 0,
−iµ

2

(2β + γ − αΩ )V1 − βV2 − βe

(A.5a)

VN − γU1 = 0

(A.5b)

For the interior masses:

(2 − Ω2 )Un − (Un−1 + Un+1 ) = 0

(A.6a)

2

(2β − αΩ )Vn − β(Vn−1 + Vn+1 ) = 0

(A.6b)

(2 − Ω2 )UN − UN −1 − eiµ U1 = 0

(A.7a)

For the rightmost masses:

2

iµ

(2β − αΩ )VN − βVN −1 − βe V1 = 0
Here,

2N

µ = kN d.

(A.7b)

We look for a general dispersion relation formula for a unit cell with a total of

masses. Seeking non-trivial solutions require that the determinant of the coecient matrix be

zero. This matrix may be partitioned as follows:


A=
In this partitioning,
does not change as

ALL
AIL

ALI
AII


(A.8)

ALL corresponds to the degrees of freedom (DOFs) on the left boundary and
N increases. AII corresponds to the interior DOFs. AIL = A∗LI , where the

superscript * indicates complex-conjugate.

ALL
ALI
AII


2 + γ − Ω2
=
−γ

−1 0 ...
=
0 0 ...
"
(1)
0
AII
=
(2)
0
AII

−γ
2β + γ − αΩ2
0 −e−iµ
0
0
#


(A.9a)

2×2

0
−β

0
0

... 0
... 0

0
−βe−iµ


(A.9b)

2×(2N −2)
(A.9c)

(2N −2)×(2N −2)

where,


(1)
AII



=



2 − Ω2
−1
0

−1

0

..

.

..

.

..

.

..

.

−1

−1
2 − Ω2









(2)
AII



=



2β − αΩ2
−β
0

16

−β

0

..

.

..

.

..

.

..

.

−β

−β
2β − αΩ2








(A.10)

|A| = 0

Using Schur's identity,
is invertible,

|AII | =
6 0.

Thus,

|ALL − ALI A−1
II AIL ||AII |
−1
ALI AII AIL | has to be zero.

may be written as

|ALL −

"
A−1
II

T =

=

(1) −1

AII

(A.11)

(2) −1

0

ALI A−1
II AIL

provided that

#

0

AII

=0

AII

T
= 11
0

0
T22


(A.12)

2×2

We may write the elements of this matrix as follows:

(1) −1

(1) −1

(1) −1

(1) −1

T11 = [AII ]1,1 + [AII ]N −1,N −1 + [AII ]N −1,1 e−iµ + [AII ]1,N −1 eiµ


(2) −1
(2) −1
(2) −1
(2) −1
T22 = β 2 [AII ]1,1 + [AII ]N −1,N −1 + [AII ]N −1,1 e−iµ + [AII ]1,N −1 eiµ

Since

(1)

AII

and

(2)

AII

(A.13b)

are both Toeplitz tridiagonal matrices,

(p) −1

[AII

(p) −1

[AII
where

(A.13a)

(p) −1

]1,1 = [AII

]N −1,N −1

(p) −1

]1,N −1 = [AII

(A.14a)

]N −1,1

(A.14b)

p = 1, 2.

We use these equalities to simplify the elements of

T:


(1) −1
(1) −1
T11 = 2[AII ]1,1 + [AII ]N −1,1 e−iµ + eiµ


(2) −1
(2) −1
T22 = β 2 2[AII ]1,1 + [AII ]N −1,1 e−iµ + eiµ
(p) −1

[AII

Therefore, determining

(p) −1

]1,1 , [AII

]1,N −1

with

p = 1, 2

written as

(T

−1

)ij =

(A.15b)

will give us the dispersion relation.


According to [35], inverse of a symmetric tridiagonal matrix

(A.15a)

a


 b
T =


0

b

0

..

.

..

.

..

.

..

.

(
U
(a/2b)Un−j (a/2b)
(−1)i+j 1b i−1 Un (a/2b)
,

if

i≤j

U
(a/2b)Un−i (a/2b)
(−1)i+j 1b j−1 Un (a/2b)
,

if

i>j

b







b 
a n×n

may be

(A.16)

where, Un , n ≥ 0 are Chebyshev polynomials of the second kind satisfying the recurrence relation:
Un+1 (x) = 2xUn (x) − Un−1 (x), n ≥ 1 with U0 = 1 and U1 = 2x. These functions can also be
written as
(
(n+1)θ
Un (x) = sin sin
f or cos θ = x , |x| < 1
θ
(A.17)
sinh (n+1)θ
Un (x) = sinh θ
f or cosh θ = x , |x| > 1

Using the Chebyshev functions introduced above, we may write the elements of the inverse matrix
as follows:

(1) −1

[AII

(2) −1

[AII
Here,

UN −2 (x1 )
UN −1 (x1 )
1 UN −2 (x2 )
=−
β UN −1 (x2 )

(1) −1

]1,1 = −

[AII

]1,1

[AII

x1 = Ω2 /2 − 1, x2 = αΩ2 /2β − 1.

(2) −1

]1,N −1 = (−1)N +1
]1,N −1

1

UN −1 (x1 )
1
1
= (−1)N +1
β UN −1 (x2 )

Therefore, for any arbitrary

N ≥ 3,

(A.18a)

(A.18b)

the dispersion relation

may be written in the following form:

(e−2iµ + e2iµ ) + J1 (e−iµ + eiµ ) + J2 = 0
17

(A.19)

or alternatively,

cos2 µ +
The invariant coecients

J1

and

J2

−1

J1 =

(2) −1

(A.20)

may be expressed in closed form as follows.

h

(1) −1

J1
J2 − 2
cos µ +
=0
2
4

(1) −1

[AII



(2) −1
]1,N −1 2β + γ − αΩ2 + β 2 [AII ]1,N −1 2 + γ − Ω2

β 2 [AII ]1,N −1 [AII ]1,N −1

i
(1) −1
(2) −1
(1) −1
(2) −1
− 2β 2 [AII ]1,1 [AII ]1,N −1 + [AII ]1,N −1 [AII ]1,1

(A.21a)

J2 = 2 +

(1) −1

β 2 [AII
×



"

1
(2) −1

]1,N −1 AII

2β + γ − αΩ

]1,N −1

(2) −1

− 2β 2 [AII

(1) −1

[AII

]1,1



(1) −1
2 + γ − Ω2 − 2[AII ]1,1



(A.21b)

#

]1,1 − γ 2
(1) −1

]1,N −1 have been replaced by A1 and A2 . Similarly,
(2) −1
[AII ]1,N −1 have been replaced with B1 and B2 for a more compact notation.

In the main text,

(2) −1
[AII ]1,1 and


2



and

[AII
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