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Abstract

The material spatial randomness forces one to re-examine various basic concepts of continuum solid mechanics. In this paper we focus on the
Representative Volume Element (RVE) that is commonly taken for granted in most of deterministic as well as in stochastic solid mechanics,
although in the latter case it is called the Statistical Volume Element (SVE). The key issue is the scale over which homogenization is being carried
out—it is called the mesoscale, separating the microscale (level of microheterogeneities) from the macroscale (level of RVE). As the mesoscale
grows, the SVE tends to become the RVE. This occurs in terms of two hierarchies of bounds stemming from Dirichlet and Neumann boundary
value problems on the mesoscale, respectively. Since generally there is no periodicity in real random media, the RVE can only be approached
approximately on finite scales. We review results on this subject in the settings of linear elasticity, finite elasticity, plasticity, viscoelasticity,

thermoelasticity, and permeability.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction
1.1. Separation of scales

Continuum mechanics hinges on the concept of a
Representative Volume Element (RVE) playing the role of a
mathematical point of a continuum field approximating the true
material microstructure. The RVE is very clearly defined in
two situations only: (i) unit cell in a periodic microstructure,
and (ii) volume containing a very large (mathematically
infinite) set of microscale elements (e.g. grains), possessing
statistically homogeneous and ergodic properties. The
approach via unit cell is, strictly speaking, restricted to
materials displaying periodic geometries. When we consider
case (ii) we intuitively think of a medium with microstructure
so fine we cannot see it—naturally then we envisage a
homogeneous deterministic continuum in its place. This
situation, as suggested by Fig. 1, is called a separation of scales
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d<
<}L < Liacros (1.1)

and introduces three scales:

— the microscale d, such as the average size of grain (or
inclusion, crystal, etc.) in a given microstructure; we
initially assume the microstructures to be character-
ized by just one size d;

— the mesoscale L, size of the RVE (if so justified—see
below);

— the macroscale L,,,.,,, macroscopic body size.

In (1.1) on the left we do admit two options, because the
inequality d<L may be sufficient for microstructures with
weak geometric disorder and weak mismatch in properties;
otherwise a much stronger statement d << L applies. Note also
that the first inequality in (1.1); could even be a weak one
because we may be considering a microstructure with a nearly
periodic geometry, though possessing some randomness on the
level of the unit cell.

In any case, the issue of central concern is the trend—either
rapid, moderate, or slow—of mesoscale constitutive response,
with L/d increasing, to the situation postulated by Hill [1]: “a
sample that (a) is structurally entirely typical of the whole
mixture on average, and (b) contains a sufficient number of
inclusions for the apparent overall moduli to be effectively
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Fig. 1. A macroscopic body of size L, .., With a mesoscale window of size L, in
which a microstructure of size d is shown. 6-Dependence of apparent moduli of
a disk-matrix composite at contrasts C/C"™ =10 (a) and C?/C"™=1000 (b),
at volume fraction 35%, under boundary conditions (2.11)—(2.16).

independent of the surface values of traction and displacement,
so long as these values are macroscopically uniform.” In
essence, (a) is a statement about the material’s statistics, while
(b) is a pronouncement on the independence of effective
constitutive response with respect to the boundary conditions.
Both of these are issues of mesoscale L of the domain of
random microstructure over which smoothing (or homogeniz-
ation) is being done relative to the microscale d and macroscale
L,cro- These considerations, however, are not rigorous,
because neither spatial statistics nor mechanics (or physics)
definitions of properties have yet been introduced.

1.2. Basic concepts

A note on determinism. In principle, any realization B(w) of
the composite B = {B(w); w € Q}, while spatially disordered
(i.e. heterogeneous), follows deterministic laws of mechanics.
The most preferred approach, dictated by stochastic mechanics,
would be to first ascertain what happens to each and every B(w)
of B, starting from a certain random microstructure model, and
then pass to ensemble setting, by taking the averages or higher
moments as the need arises. In most situations, however, this
may generate enormous amounts of perhaps not very useful
information.

Ensemble versus volume averaging. We reserve the overbar
for spatial (volume or areal) averages, and (-) for ensemble
averages. That is, if we have a random (n-component,
real valued) field ® defined over some probability space {<,
F, P}—F being a g-field and P a probability measure—over
some domain X in R” of volume V

0:0XX-R, 1.2)
the said averages are
O(w) = % J@(w, x)dV  (O®x)) = J@(w, x)dP. (1.3)

v Q

We assume the conditions necessary for the fulfillment of
commutativity of both operations to be satisfied (i.e.
requirements of Fubini’s theorem) so that

(@) =(\). (1.4)

Tensor notation. Clearly, upon taking the spatial average,
the dependence on position x vanishes, while upon taking the
ensemble average, the dependence on w vanishes. A tensor of,
say, second order is denoted symbolically by t and, in index
notation, by #;. Both notations are used interchangeably, as are
the scalar product operations

tn, t:a, C:a, (1.5)
and, respectively,
tijnj, t,-jaij, C,-jklakl, (16)

when the need arises.

1.3. The RVE postulate

The random material on mesoscale, such as shown in Fig. 1,
is denoted B;,;={B;(w); w €Q} with B;,(w) being one
realization. Properties on mesoscale are also described by an
adjective apparent [2], as opposed to effective. The latter term
pertains to the limit L/d — o as it connotes the passage to the
RVE, while any finite mesoscale involves statistical scatter
and, therefore, describes some Statistical Volume Element
(SVE). Note here that the RVE postulate as well as the
separation of scales are also known in the solid mechanics
literature as the MMM principle [3].

In the following, it will be convenient to describe the
mesoscale by a nondimensional parameter

6 =1Lid (1.7)

in the range [1, %], so that B;,; will be written B, etc.
The setting is one of quasi-static loading, so that the body is
governed locally by the equilibrium equation

og;; =0, (1.8)

ijj
where o; is the Cauchy stress, body forces being disregarded.

For a mesoscale body Bs(w) of volume Vj, such as the
microstructure shown in Fig. 1, we define volume average
stress and strain

as(w) = VL JU(w,x)dV &5(w) = VL Je(w, x)dV. (1.9)

B )
Assuming we deal with a linear elastic microstructure, the
problem is to pass from the random field of stiffness with
fluctuations on the microscale

cd=Cw,x):¢e, wE, XEB (1.10)
to some effective Hooke’s law
G; = C g, (1.11)

whereby (a) the dependence on w (i.e. randomness) would be
removed, (b) the dependence on x (i.e. spatial fluctuations) of
strain and stress fields would also vanish, and (c) the
independence of response with respect to boundary conditions
would be attained. It is intuitively expected that 6 needs
to be large, but exactly how large it should be, is the key
question.
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Suppose we are tackling a boundary value problem of a
body on macroscopic length scales. In general situations we
have to use computational mechanics—such as, say, a finite
element meshing of the body—and this approach convention-
ally assumes that every single finite element is at least as large
as the RVE, although this is rarely verified. Thus, there arises a
need to know the rate of approach of SVE to RVE in function
of 6, phases’ mismatch, phases’ microgeometry, etc. and,
whether that rate is too slow in a given problem. If the latter is
the case, one then needs to set up a stochastic finite element
(SFE) scheme to account for the microstructural noise on the
mesoscale of any given finite element, e.g. [4]. In this paper we
will not discuss such SFE, but only focus on the passage from
SVE to RVE. Let us note here that the typical recipes of solid
mechanics (e.g. [5]) vaguely say that 6 of RVE should be about
10-100, but the analyses reported below show that it strongly
depends on the type of problem studied.

A review of results on the subject of scaling from SVE up to
RVE in the setting of single-scale (not multi-scale) hetero-
geneous media, defines the goal of this paper; it updates the
results collected in [6]. The review is not complete, principally
because other definitions of the RVE than that employed
here—without the concept of SVE—have been introduced in
the literature, e.g. [7,8,72,73].

Let us end this section with an observation that in problems
of high strain/stress gradients, the length scale defined by the
deformation field may easily become of the order of d (i.e. 6 —
1), and the homogenization to RVE in the sense proposed here
would then not be recommended, as too much detail would be
lost. Second-order hamogenization is then needed [74-76].

2. Volume averaging
2.1. A paradigm of boundary conditions effect

Clearly, the attainment of the RVE is a function of the scale
0 as well as the mismatch in properties of inclusions versus
matrix. To illustrate this point, let us consider boundary
distributions of displacement u3 and stress traction #3 in two
boundary value problems of the mesoscale window Bj(w) of
matrix-inclusion specimen of Fig. 1 (now shown in Fig. 2) in
anti-plane elasticity. The material is piecewise uniform with
perfectly bonded, isotropic phases, so that the governing
equation is
CPVu =0 2.1)

p = m,i.

Here m and i denote matrix and inclusion respectively, and
Csy3= C@)BU (0; is the Kronecker delta) is the phase stiffness.
Two boundary value problems are considered: one of Dirichlet
type

uz(x) = egix,- V x €dB;, (2.2)

where the strain egj is prescribed, and the other of Neumann
type

H(x) =a%n;  VXE0IB,, (2.3)

where the stress agj is prescribed. Here (Bs; denotes the
boundary of Bs.

Fig. 2(a) treats the situation of no mismatch in the material
properties: C?/C™ =1. and so we we can interpret it as either
a uniform displacement field on the boundary (Bs; under
¥ = (9, €%,)c, with €3, = 0, resulting in a uniform stress field
on (B;, or a uniform stress field on (B; under = (0(3)1, 0(3)2),
with ¢3, = 0, resulting in a uniform displacement field on (Bj.
Evidently, both problems are perfectly interchangeable
because the microstructure is trivially homogeneous. This
then is the trivial situation of the RVE.

Both boundary value problems become much more
interesting when C®/C“ 1. In Fig. 2 (b-d) we decrease

(a)

Fig. 2. Anti-plane elastic responses of a matrix-inclusion composite, with
nominal 35% volume fraction of inclusions, at decreasing contrasts: (a)
e =1, (b) CPIC™=0.2, (c) CPIC"™ =0.05, (d) C/C"™ =0.02. For (b-
d), the first figure shows response under Dirichlet boundary conditions, while
the second shows response under Neumann boundary conditions with ¢° equal
to the volume average & of stress computed in the Dirichlet problem.
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the mismatch by first setting it to 0.2, then 0.05, and finally
0.02. In each case, we first solve the Dirichlet problem under
&= (8(3)1,0), and find t(x). Next, we compute the volume
average t~ of t(x) on (Bs, and set t” =t to run the Neumann
problem. We keep ¢ identical in all four cases (a—d).

Let us now define an ‘apparent stiffness’ C¢ in the
displacement controlled (%) problem (2.2) via equation

=0 ¢, (2.4)

and ‘apparent compliance’ S in the Neumann (*) problem (2.3)
via equation

§=S§":d" (2.5)

The latter allows us to define ‘apparent stiffness’ in the
traction controlled problem as C'=(S") .
The following points are noteworthy:

(i) the volume average displacement of the resulting u3(x)
distribution in the problem (2.2) differs from that in the
problem (2.3);

(ii) the ‘apparent stiffness’ in one boundary value problem
is different from that in the other one; this should not be
surprising given the preceding observation;

(iii) the degree to which C“ is different from (S") ' may be
regarded as an indication of the departure from the
effective moduli C in separation of scales; as a
measure of their closeness to C° one might use the
deviation of the product C%: S from unity;

(iv) while the governing partial differential equation is linear
(and we could even replace (2.1) by (Cjus;);=0), the
resulting property is nonlinear as a function of actual
realization w, scale 6, mismatch C*”/C", and type of
boundary conditions (i.e. Dirichlet or Neumann) [9].

2.2. Hill Condition

2.2.1. Mechanical versus energy definitions

Let us consider a body Bs(w) with a given microstructure, in
which, as a result of some boundary conditions and in the
absence of body forces, there are stress and strain fields ¢ and .
If we represent them as a superposition of the means (¢ and &)
with zero-mean fluctuations (¢’ and &)

o(w,X) =7 +d'(wx) ew,x)=¢+¢ew,x), (2.6)

we find for the volume average of the energy density over
Bs(w)

_ 1 1
U:W J a(w,x).e(w,x)dV—Ea.e
Bo(@) (2.7)
R e
—20'.8 20'.8.

Thus, we see that for the average of a scalar product of stress
and strain fields to equal the product of their averages

g.:E=0:E,

(2.8)

we need

a ¢ =0. 2.9)

Relation (2.8) is called the Hill condition in the (conven-
tional) volume average form ([1]; see also [10-15]). Some
authors (e.g. [16]) call it the Hill-Mandel macrohomogeneity
condition, after J. Mandel.

For an unbounded space domain (0 — ), (2.8) is trivially
satisfied, but for a finite body it requires that the body be loaded
in a specific way on its boundary (B;. Following Hazanov &
Amieur [17], by the Green-Gauss theorem, we find the
necessary and sufficient condition for (2.8) to hold
T eE=0.8< J(t—&-n)-(u—§~x)dS=0. (2.10)
dB;

This is satisfied by three different types of boundary
conditions on the mesoscale: uniform displacement (also called
kinematic, essential, or Dirichlet) boundary condition (dd)

ux) =% x VxE0B;; (2.11)

uniform traction (also called static, natural, or Neumann)
boundary condition (#f)

tx) =d’n  VxEIB; (2.12)

uniform displacement-traction (also called orthogonal-mixed)
boundary condition (dt)

tx)—c’n)-(ux)—’x) =0 VxeEaB;. (2.13)

Here we employ ¢ and ¢° to denote constant tensors,
prescribed a priori, and note, from the strain average and stress
average theorems: ¢ =& and ¢° = 7.

It is highly popular in mechanics of random media to
assume some finite scale periodicity of the microstructure,
while still keeping spatial disorder. In that case, one can specify
periodic boundary conditions (pp)

u(x + L) =uXx) + ex tx + L) = —t(x)

(2.14)
Vx € OB,;,

where L=Ln.

Two other possibilities of mixed boundary conditions [18]
include combinations of (2.11), (2.12) and (2.14), namely
displacement-periodic boundary condition (dp)

u(x) = % Vx e 6331

ux +L) =ux) + % tx+L)=—t(x) VxeiB;

(2.15)
traction-periodic boundary condition (zp)
t(x) = o'n Vx € 3Bj
ux +L) =ux) + % t(x+L)=—t(x) VxEiB;

(2.16)

Each of these boundary conditions results in a different
mesoscale (or apparent, after Huet) stiffness, or compliance
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tensor. Either of these terms is used to make a distinction from
the macroscale (or effective, global, overall,...) properties that
are typically denoted by ¥ or *, see, e.g. [19].

For a given realization Bs(w) of the random medium By,
taken as a linear elastic body (¢=C(w, X): &), on some
mesoscale 6, dispalcement boundary condition (2.11) yields an
apparent random stiffness tensor Cg(w)—sometimes denoted

<(w)—with the constitutive law

7 =Clw): . (2.17)

On the other hand, the traction boundary condition (2.12)
results in an apparent random compliance tensor Sj(w)—
sometimes denoted Sj(w)—with the constitutive law being
stated as

§=Sjw):ad". (2.18)

The third type of boundary condition, (2.13), evidently
involves a combination of (2.11) and (2.12); it results in a
stiffness tensor C‘g’(w). In fact, this condition may best
represent actual experimental setups. For example, it may
signify displacement boundary conditions on two parallel
sides, and traction-free boundary conditions on the remaining
two parallel sides. Or, it may signify pure shear loading
through boundary conditions (see Fig. 3)

el =—e) a =0. (2.19)
2.2.2. Order relations dictated by three types of loading

Note from the discussion above that the use of (2.8) assures
the equivalence of the properties from the mechanical
standpoint—i.e. via apparent Hooke’s law (2.11) or (2.12)—
with the properties from the energy standpoint.

Both approaches are equivalent for a homogeneous
material—i.e. the RVE—but not necessarily so for a
heterogeneous one, Bg(w), of size finite relative to the
microscale heterogeneity (6 <w). In fact, a following relation
ordering the Neumann and Dirichlet apparent moduli holds:
[Sf;(w)]_1 < C‘g(w). A proof of the above in the framework of
functional analysis has been given in [20], and another one in
the framework of general convex analysis applied to nonlinear

Fig. 3. Possible loading under the orthogonal-mixed boundary condition (2.13).

case [21], which was followed by Huet [13]. Later on, Hazanov
and Huet [22] extended it to the following

[S5()] ™ < C(w) < C(w), (2.20)

that is, the modulus of Bs(w) obtained under the mixed dt-
conditions (2.13) always lies between the moduli obtained
under the ft-conditions (2.12) and the dd-conditions (2.11).
Other consequences of (2.20)—especially, in the context of
orthotropic materials—were discussed by [17].

Another important result, also due to [13], is that

(S5 < CM(w) <(Chw)). @.21)

That is, the effective modulus Ceff(w) always lies between
the harmonic average of moduli obtained under the Neumann
boundary conditions on the ensemble B; and the arithmetic
average of moduli obtained under the Dirichlet conditions on
the same ensemble.

Various quantitative estimates of d-dependence—or,
what is called finite-size scaling in condensed matter
physics—were computed for many different materials by
Huet and co-workers, this author and co-workers; see also
[26], and [27]. This paper reviews more recent results on
this subject.

2.3. Apparent properties

In general, if we consider a body Bs(w) of volume V
subjected to a volume average strain by the boundary condition
(2.11), i.e.

u;(x) = egx V x €0B;,

(2.22)
given the continuity of displacements throughout, we have the
average strain theorem
_ 1 1 (_ 0
&j = v undS = v EgXndS = g5 (2.23)
v v
The apparent stiffness C,”fl,-j (=C% of Bs(w) with a linear

elastic microstructure may now be defined by

Ciued, (2.24)

g = Lijj

where ag is the volume average stress. Alternatively, we may
consider the volume average energy density in Bs(w)

_ 1 1

14 2%
1 1 0 I_
= ﬁ J O'UM,I’lde = ﬁ JUUSUdV = EO’[jé‘ij
2% \%
1
= > ewClleys (2.25)

2

where the equilibrium ¢;;;=0 was used. Thus, the apparent
stiffness C,‘fll-j may be defined either from the mean stress & or
from the mean energy density U if the boundary condition
(2.11) is imposed; see also [69].
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On the other hand, considering the traction boundary
condition (2.12), i.e.

H(x) = ayni(x) ¥V x € 0B, (2.26)

we first have the average stress theorem

_ 1 1

0 = v Ja,-jdV = v Ja?kxknde = ag-. (2.27)
4 v

We can now define the apparent compliance S’ from this
relation

& = Syual. (2.28)
or from the volume average energy density in Bs(w)
-1 !
v av
1 1 .
= 2‘/ J O-ijuln]dS = W JaljuleS = Eaijé‘l]
av 4
1
=~ oSk Ty (2.29)

2

This shows that the apparent compliance S;dij may be
defined either from # or from U if the boundary condition
(2.12) is imposed; see also [23-25].

3. Spatial statistics
3.1. Stationarity of spatial statistics

In the following we revisit the key concepts of spatial
homogeneity (stationarity) and ergodicity from the standpoint
of what is required by Hill’s definition of RVE. We shall do this
in terms of a material property (or a vector of properties) ®
entering the heterogeneous medium model as a random field
over the D-dimensional physical space

0: QXRP - R. 3.1

In the case of an r-phase material microstructure, ® is
itself described by a random indicator function , of all the
phases. All that follows can then be generalized to a vector
or tensor random field ®, as may be the case with a linear
elastic microstructure represented by a random stiffness field
C. Now, let us recall two well-known classes of spatial
homogeneity:

Strict-sense stationary (SSS) random fields. This requires
that all n-order probability distributions F,, are invariant with
respect to arbitrary shifts x’, and for any 7 and any choice of
X;’s, they satisfy

F,(04,...,0,;%,...,X,)

=F,0,....0,:x; +%,....x, +X)). (3.2)

Wide-sense (or weak-sense) stationary (WSS) random
fields. The ensemble mean is constant and its finite-valued

covariance depends only on the shift h from x to x+h
O) =,

([0x) —(OEM[O(x + h) —(O(x + h))]) (3.3

= Ko(h) < .

Clearly, SSS implies WSS whenever the first-order
distribution F; yields a finite second moment. It is through
the covariance function Kg(h) that we introduce the concept of
correlation distance /., which, in turn, gives an indication of
decay of correlations between two different points. If this decay
is such that ®@(x) and ®(x+h) become asymptotically
uncorrelated according to limyp— »Ke(h), then, using /. we
would rewrite the separation of scales (1.1) as

I

<
<< Liacro- (3.4)

In other words, the RVE of size L= yvp (D=1,...,3) should
be at least larger than /., and the material could be taken as
homogeneous beyond L. This concept can also be applied to the
SSS fields.

There also exist two more general classes of spatially
homogeneous fields:

— intrinsically stationary (locally homogeneous) ran-
dom fields,
— quasi-stationary random fields.

These types of random fields become relevant when there is
no hope of establishing even the WSS property. In those
situations, there is no hope of having the RVE in the sense
employed in this paper, and the SVE is needed. In this paper we
confine our attention to fields which have the SSS or WSS

property.
3.2. Ergodicity of spatial statistics

Theoretical considerations. To estimate any random field of
material properties via observations on a specific sample ®(w),
one needs some type of ergodic concept and/or ergodic
assumption. First, recall that the classical ergodic property
having its origin in dynamical systems of statistical physics is
concerned with the random process parametrized by time ¢
wandering almost surely through the entire space Q. This
means that a sample average converges
_ |
O(w) = lim — J@(w, ndz. (3.5)

T—o T
14

The issue of actual convergence—i.e. the mathematical
existence of the limit (3.5)—is the subject of Birkhoff’s
theorem, according to which ® must be SSS and (®())=p
must be finite. In general, however, ®(w) is a random variable,
and of interest is finding conditions under which it equals the
constant ensemble average

O(w) =(O)).

(3.6)
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The above is the basis of the engineering concept of the
ergodic property, a quite different issue from the classical one
above. In general, the ‘engineering’ ergodicity focuses on the
question: Under what conditions do statistics in the form of
time averages equal ensemble averages? Recall from prob-
ability theory that, one may establish ergodicity with respect to
a certain parameter and in a certain sense (e.g. in quadratic
mean), but this does not necessarily guarantee ergodicity with
respect to another parameter.

When transcribed from a temporal process to a spatial one in
one dimension, (3.6) takes the form
O(w) =(O(x)). (3.7)

Thus, for a random field, the spatial average involves
measurements on a ray in a given direction x, whereby the
volume V=L.

Perhaps the most basic result is that

1
limy_,o v J@(w,x)dx =u (3.8)
14
is equivalent to
tim — [(@(w.0)x = and
VTc}c v (w,x))dx = p an
4
(3.9)

Voo V2

1
lim — JJK@(XI’XZ)dxlde =0.
Vv

Note that this does not require ® to be even weak-sense
stationary (!), and so this result may be used for intrinsically
stationary and quasi-stationary random fields. In those cases,
ergodicity is replaced by local-ergodicity and quasi-ergodicity.
For example, the quasi-ergodic random field would require
spatial averaging over domains smaller than /. but larger than
Le.

When a WSS property is introduced, Kg(x;, x2) =Ke(h),
h=|x; —x,| and (3.9), is replaced by

o1 X .
lim J (1 —V)K@(h)dx = 0. (3.10)
v
This, in turn, is assured providing
Illim Keg(x) = 0. (3.11)

It follows that to estimate the mean (i.e. a first-order
statistic) the covariance (i.e. a second-order statistic) is needed.
This suggests a pattern revealed upon consideration of a
condition for estimation of the covariance function itself from a
single realization ®(w). Namely, to ensure

1imvﬁw% J@(w,x + 1)O(w,x)dx = Kg(h), (3.12)

\%

we need fourth-order moments, for any Ay,

lim — J <1 —é) [K2(h) + Ke(h + hy)Ke(h —hy)]dx = 0.
\%4

(3.13)

Measurements on finite domains. The above holds only with
some accuracy, and the limiting process V— o cannot truly be
carried out. In practice, the left and right hand sides of (3.7) are
replaced by a spatial (or volume) average from a finite number
of sampling points n taken over one realization on a finite
domain (!)

M
o) =~ > 6,x,), (3.14)
m=1

M

and an ensemble average from a finite number of realizations w
taken at one sampling point

N
OK) = % ; O(w,, X). (3.15)

The fundamental question therefore is: What size V of
the domain is large enough to attain the limits such as in
(3.9) with a certain precision? A closely related issue is the
actual choice between [.<L and [.=L in the separation of
scales (1.1). Quantitative answers can be found with the
help of mechanics problems elaborated in Sections 4 and 5
below.

Ergodic response. Any given boundary value problem for
an elastic body B={B(w); w € Q} is defined by the equili-
brium Eq. (1.8), Hooke’s law, compatibility conditions, and
some boundary conditions. Now, subject B(w) to a uniform
boundary condition such as (2.11) or (2.12) and find the
ensemble of solutions
{e(w,x), o(w,X),u(w,X); W ERX, XxXEV}, (3.16)
which would represent a complete solution of the stochastic
mechanics problem. Then, at any point X, we may define
effective moduli C*(x) as

(o(x)) = (C(x) : e(x)) = CM(x) : (e(x)). (3.17)

Note:

(i) For any given boundary conditions, C*" is, in general, a
function of x.
(ii) C*" also generally depends on the boundary conditions
applied.
(i) Assuming @B is ergodic in the sense that the field C is
ergodic, the explicit dependence on location in (3.17)
vanishes and we can write

(ex) =& or {(o(x)) =4, (3.18)
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providing (2.11), respectively (2.12), is applied and the
displacement and stress fields are continuous; consequently,

G=C"":z (3.19)

(iv) Providing @B is ergodic in the sense that the field C is
ergodic, and mesoscale windows tend to macroscale 6 —
oo, write the Hill condition (2.8) as

(e : 0) = (e) : (o). (3.20)
Of course, by analogy to (2.9), we have
(¢ :dY=0, (3.21)

which means that stresses and strains are statistically
uncorrelated.

4. Hierarchies of mesoscale bounds for linear elastic
microstructures

4.1. Basic results

We first sketch the proof of a hierarchy of bounds on the
macroscopically effective stiffness tensor C", i.e. the RVE’s
response. We take a square-shaped 2D (or a cubic-shaped 3D)
body Bs(w) to be described everywhere by the local stress—
strain relations o =C(w, X):e. We call (2.11) an unrestricted
uniform displacement boundary condition. We also define a
restricted displacement boundary condition

vx)=¢":x Vx€0B; s=1,..4, 4.1)

acting on a partition of Bsg(w) into four square-shaped

subdomains Bjs such that B ZU?:1Béy. In 3D the partition

involves eight domains, but we work in 2D for the sake of

clarity. The superscript r in Eq. (4.1) indicates a ‘restriction’.
We recall the minimum potential energy principle for the

fields (4, ) in Bg(w) (e.g. [28])

J t-ﬁdS—% J&:édVS J t-udS—% Ja:edV, 4.2)

8B} B; [i:A B;

where the tilde indicates kinematically admissible fields. This
allows us to prove that the solution fields (6", &") under the
restricted condition (4.1) are admissible with respect to the
unrestricted condition (2.11) (but not vice versa), so that

ge<g'E. (4.3)

This in turn implies a weak inequality between the mesoscale
stiffness tensors obtained under unrestricted (Cg(w)) and
restricted (Cg’((u)) conditions

1 &
Cl(w) < C¥(w) = 1 > Ci) V=0 (4.4)
s=1
That is, the effective stiffness of a partitioned domain
subjected to (4.1) involves respective stiffnesses of four
subdomains. Now, in view of the tacitly assumed statistical

homogeneity and ergodicity of the material, ensemble aver-
aging of (4.4) allows us to replace C¢(w) by (C%), and C%"(w), by
(Cg/), so that

(Cch=<(ci)y Vo =on. 4.5)

By applying this inequality to ever larger windows ad
infinitum we get a hierarchy of bounds on (C%) from above

(Chy< < (CH=(ChH<-—-<(chH=C

4.6

Vo' = 6/2. *0
In fact, we have

(cly =i = ¢ 4.7

for the macroscopically effective response (6 — %) because,
by the ergodicity argument, it must be deterministic. On the
upper end, the hierarchy stops at the scale of a single
heterogeneity. Now, since the single heterogeneity—like an
inclusion or a crystal—is homogeneous, the uniform strain
is true strain, so that ensemble averaging gives the Voigt
bound C.

The above derivation suggests an analogous procedure
for proving a hierarchy bounding the effective stiffness
Cf(=($°™)~! or the effective compliance) from below. The
proof is analogous, providing we first replace the displacement
by traction boundary conditions (2.12) and use the minimum
complementary energy principle for statically admissible fields
(6,8) in Bg(w)

1 (. . -
EJU:edV—JtudSSEJJ:edV—Jt'udS. 4.8)

B; B! By B!

Using the Hill condition and ensemble averaging, leads then
to

(S5)<(Sh) Vo =on. (4.9)

By applying this inequality to ever larger windows ad
infinitum we get a hierarchy of bounds on (S%) from above (i.e.
on <C‘§o> from below)

(Sh) << (Sf) < (Sh) << (S) =5F

(4.10)
Vo' = 6/2,

where

(St) =8a' =8 = (™. (4.11)

Combining relations (4.6) with (4.10), we arrive at a scale-
dependent hierarchy of bounds on the macroscopically
effective moduli

($Y << (S T (s T < e <
<(cf)<(Cyy<--<(c’) (4.12)

Vo' = 0/2.
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These hierarchies were first derived by Huet [13]. A more
rigorous proof using techniques of homogenization and
probability theories was given by Sab [15], see Section 4.2
below. The decrease of the upper (displacement-controlled)
bound with increasing scale appears to had first been
demonstrated on planar random networks of Delaunay
topology by Ostoja-Starzewski and Wang [29] the uniform
traction conditions, however, could not be applied in a unique
way to such a disordered discrete system, see also [30].

Spatial statistics aspects. Considering that the hierarchy
(4.12) is stated in terms of the ensemble averages, it suffices to
choose the setting of material properties specified via wide-
sense stationary random fields. Furthermore, note that in the
case of C being an isotropic random field, C*" should become
an isotropic tensor involving two Lamé constants A" and u°"
On the other hand, for an orthotropic random field C, cer
should become an orthotropic tensor.

The hierarchy (4.12) has been shown to hold for
commensurate partitions on mesoscale, i.e. 6'=53/2. An
extension of these inequalities to arbitrary pairs of mesoscales
0 <0 is also true [31].

4.2. Homogenization theory viewpoint

We assume the composite—such as that of Fig. 2—to be
made of a finite number of r phases each of which is linear
elastic and elliptic: 0 <e:C:e < o, Ve +#0. Next, following Sab
[15], let F(B, ®) represent a real functional of the open
bounded domain B of volume V and random field ® with the
following five properties:

1. F is a property of the medium invariant with respect to any
translation in the material domain.

2. F or any partition of the domain B into n disjoint
subdomains, F satisfies a subadditivity property

n V
F(B,0)< ZVZF(B[, ®) B =U!B,. (4.13)
i=1

3. Fis a measurable mapping with respect to the sample space
Q of outcomes w.

4. O is a statistically homogeneous, ergodic random field.

5. F is uniformly bounded in B and w in the sense that there
exists a real b, such that

|IF(B,®)| <0 VB,o. (4.14)

Let us now take B to be a square-shaped domain, with side
of length L, and which contains some microstructure of
characteristic microscale d, see, e.g. Fig. 2. With the conditions
1-5 satisfied, we can adopt the result that there exists a non-

Fig. 4. Six tests—#1, #2

Fhom

random (i.e. deterministic) constant such that, for all w

with probability one, we will have

Jim |F(B,0)| = F™™ VB, w. (4.15)
with the bound
inf(F(B,©)) = F™™ VB, . (4.16)

This limit is understood in the sense of the homogenization
theory: x — F*(x) = F(x/e) = F*(y), where, x and y are the so-
called slow (macroscopic) and fast (microscopic) variables,
respectively, and ¢ is a small parameter, reciprocal of our 6=
L/d. The limit 0 — o should be taken here in such a way that L
is kept finite so as to keep the energy finite. If F represents the
volume average elastic energy density (or complementary)
energy density, then, @ stands for the stiffness C (respectively,
compliance S) tensor of the domain B, and from (4.16) one has

sup(Sy”! = (s"m™
Lid

where (8"°™)~ ! =C"™ is the macroscopic (effective) stiffness
tensor C*" in the sense of Hill [1]. However, (4.17) does not
assert that the averages (S) ' and (C) are monotonic functions
of L/d (=0); this property, resulting in a scale-dependent
hierarchy of the apparent properties convergent to C"™ was
obtained above, following a procedure originally due to Huet
[13]; see also [32,33].

Chom

= inf (S). 4.17)

Finally we note that, for the RVE B;_, o, (w), in the notation
of homogenization theory, we have

(W) = 050(w) E() = & x(w). (4.18)
4.3. Apparent moduli in in-plane elasticity

When considering the apparent constitutive law
05 = Cju(w, Xy i,j.k, 1= 1,2, (4.19)

of a planar elastic material Bs(w), we must, in general, deal
with an arbitrary anisotropy. Thus, to determine six unknown
Cd,d s (or S,],d s) for Bs(w) we need six tests, Fig. 4. When
seeking C,]k, s, each test is run by applying the affine
displacements on B so that the strain energy density is

Vv \%4
U5 = 6' 8(; = ) €0Cljk[€kl

\%
> 0if 5 [Clm(eu) +C2222(332)

+C12121(812) + 2601 Crimeds + 269,Co1netn
+2€12C1211811]~

(4.20)
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In each and every test, separately, the energy is found by
computational mechanics, and this is set equal to a
corresponding special form of (4.20). For example, in test #1,

\% 2
Us =5 Crm (&), (4.21)
from which we infer C;;;. Similarly, from the test #2 we find

C>s55, While test #3 gives Cy,1;. We are then in a position to
find C1122 from

Us; = ; {Cllll (3(1)1)2 + Con (8(2)2)2 + 28(1)1C1122682], (4.22)
and then C,,;, as well as Cy,;; in an analogous fashion.

In practice, one can proceed by truly carrying out six tests,
or by carrying out only the three tests #1—#3 of Fig. 4, and then
combining their results through a superposition. In any case,
the solution necessarily involves some computational mech-
anics method for discretization of the composite, such as spring
networks, finite elements, or boundary elements.

In the case of traction boundary conditions, determination of
the apparent compliances follows the same type of approach
and one works with the complementary energy, that is

.V oo_ \% \% 2 2
U, =3038g = Eof}Sijkﬂ?z =3 [51111 (%) + Sam(0%,)
2
+512121(U(1)2) + 20018012209 + 209,5%120%

+2012811101). (4.23)

An extension of this methodology to three dimensions is
straightforward. Examples of bounds obtained in this way are
given in [35,41].

4.4. Examples of hierarchies of mesoscale bounds

4.4.1. Random chessboards and Bernoulli lattices

In this section we focus on anti-plane elasticity of random
microstructures, which, by virtue of mathematical analogies
recalled in Appendix, also gives information on various other
physical problems of material systems having the same
morhpology. Let us now consider the Bernoulli lattice process
®, , on a Cartesian lattice of spacing a with each point of this
lattice being of type 1 (or 2) with probability p (respectively,
qg=1—p) independently of all the other points. Evidently, p
and g define the volume fractions of both types of phases (1 and
2). Clearly, the local stress and strain concentrations cannot be
resolved, but the statistics of such a simple system gives an
indication of the statistics of random media because this,
perhaps, is the simplest setup in which to investigate the scale
and volume fraction dependence of the ensemble average
estimates based on the essential (e) and natural (n) boundary
conditions. The notation e and n is equivalent to d and ¢,
respectively. In three Fig. 5(a—c) taken from [34] we give traces
of < §> and <S§>_1 at 6=4, 10, and 20 (for the highest
contrast) and their comparison with Hashin (-Shtrikman) upper
and lower bounds

(a) 5 Z
e 4 O
m 10 O
4 -1
(€ & (Sp)
3
2_
1_
L
0 T T T T T T T T T
00 01 02 03 04 05 06 07 08 09 10
(b) so0
l e 4 (@] y
m 10 O /
40 .
€ s (53
,/"
30 -
7
//’
/”
20 e
,-/’/
10 .
= T T T T T T T
00 01 02 03 04 05 06 07 08 09 1.0
(c) s00
e 4 (o]
m 10 O
400+
A 20 A
=1 P
g & (5p
300
4‘/’—
200-
100+ .
0 ¢

00 01 02 03 04 05 06 07 08 09 1.0

Fig. 5. Mesoscale bounds on r(C*™) for a random disk-matrix at contrasts 10
(), 100 (b), and 1000 (c), showing {(/rC§) and (trS:;’)*1 at =4, 10 and 20; also
shown, by dashed lines, are Hashin bounds Cf and C¥; after [34].

Cll = Cy + AIINC, —Cy) + 112G,
4.24)
Cl' = C) +HIINC, —C)) +£12C,17".

Observe that C and C¥ are outside the windows of size 4.
In other words, relatively very small windows can give tighter
mesoscale bounds than those of Hashin.

Note that the problem of scale dependence, especially in the
setting of such binary systems, is akin to the so-called finite-
size scaling in statistical physics, but the attention in that area
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Cc?/C™=0.01 | —m— dd, 5=6
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—H8— dd, 6=48
—&— tt,5=48
08 —\(— Voigt
—R—— Reuss
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Fig. 6. Bounds for a random disk-matrix composite at contrast C/C"™=0.01,
showing mesoscale bounds under uniform displacement (dd) and traction (f)
boundary conditions on mesoscales 6 =6 and 48, as well as the Voigt, Reuss,
and Hashin(-Shtrikman) upper and lower bounds; after [41].

has always been focused on the phase transition problems [36].
The approach to such a transition at about 2/3 volume fraction
of the soft phase is shown in the last of three figures here—at
contrast 1000. However, in contradistinction to the terminol-
ogy of phase transitions, we now have a different tool to
describe the scale dependence. The particular case of p=g=
0.5 has been studied in [34], and it was found that

C5 =exp[—0 "] S5 =exp[6 "], (4.25)
where m and n are functions of the contrast «
m =38 n=24a". (4.26)

These results were obtained from computations over a range
of scales 1-1000. While the smallest scale can be calculated
explicitly as the Voigt and Reuss bounds, the largest involved a
lattice of 1000X 1000 nodes, i.e. having 10° degrees of
freedom. The parameter space of contrast and volume fraction
is vast, and therefore only select cases can be run numerically

C(i)lc(m)=10

21 r

10 20 5 30 40 50

at these large scales. But, (4.25)—(4.26) give an idea of the
scaling laws for other volume fractions.

Now, the Bernoulli lattice at volume fraction below, say,
30% can also be interpreted as a very crude model of a disk
matrix composite—again with one degree of freedom per disk.
Given the fact that a more realistic spring network model
requires several (at least five) lattice spacings per disk, a lattice
of some 5000X5000 nodes (25X 10° degrees of freedom)
would have to be run. Thus, the above scaling laws provide the
best available indication of finite-size scaling of both bounds,
Cj5 and Sj, of disk-matrix composites.

4.4.2. Disk-matrix composites

The hierarchy of bounds (4.12) is now illustrated on the
example of a planar disk-matrix composite [41]. These
microstructures have been generated via the planar Poisson
point process for disk centers, with sequential inhibition rule that
prevents any two Poisson points from coming closer than 110% of
diameter, so as to avoid the numerically and analytically difficult
problem of very narrow necks between disks. First, in Fig. 6 (in
analogy to Fig. 5 above) we give bounds stemming from uniform
displacement and uniform traction boundary conditions for the
entire range of volume fractions at contrast C”/C" =10 and
mesoscales 6 =6 and 48. These results are compared to those of
Voigt and Reuss bounds, as well as Hashin(-Shtrikman) upper
and lower bounds e.g. [19]. To further illustrate the scaling trends
of all the boundary conditions (2.11)-(2.16), in Fig. 7 we
reproduce two graphs—at contrasts C”/C"™ =10 and C?/C" =
1000, respectively—at volume fraction 35%. Clearly, the larger is
the contrast in the composite, the larger is the mesoscale window
necessary to attain the RVE within, say, 10%. The mixed
boundary conditions give responses intermediate between those
have purely kinematic and purely traction type. However, at high
contrasts (Fig. 7(b)) their use tends to disappear.

We next compare responses of the disk-matrix
composite with relatively hard disks versus one with
relatively soft disks, both at volume fraction 20%. In the
first case, we have a soft matrix (C“”=1) and inclusions
C?=10? in Fig. 8(a), and C”=10" in Fig. 8(b). Clearly,

40

c?/Cc™=1000

<C. /2>

Fig. 7. Effect of boundary conditions in planar disk-matrix composites: displacement-controlled (dd), traction-controlled (tt), peri-odic (pp), and mixed
(displacement-periodic (dp), displacement-traction (dt), and traction-peri-odic (tp)) on the half-trace of the apparent anti-plane stiffness tensor in function of the

mesoscale d, at contrasts 10 (a) 1,000 (b).



M. Ostoja-Starzewski / Probabilistic Engineering Mechanics 21 (2006) 112—132
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Fig. 8. A hierarchy of scale dependent bounds on r(C*™) of the disk-matrix
composite at contrasts 102 (a), and 10 (b); after [33].

the larger is the contrast in the composite, the larger is
the mesoscale window necessary to attain the RVE within,
say, 10%. Thus, to attain the discrepancy between (S})~'
and (C%) of about 30% at contrast 10* on mesoscale 6=
10, one has to take 6=50 at contrast 10*.
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Fig. 9. A hierarchy of scale dependent bounds on 1r(C°™) for the disk-matrix
composite at contrasts 1072 (a), and 10~ * (b); after [33].

In Fig. 9 we show results for the opposite case: soft inclusions
in a hard matrix, with the same volume fraction 20%. Again, we
consider two cases of contrast—C?”/C"™=10"2 and 10~ *—
while keeping the matrix at C""”=1. The first case of contrast is
shown in Fig. 9(a), and the second one in Fig. 9(b). As before, an
increase in the contrast in the composite has the effect of slowing

(b) 1 IR .
0.9r e 1
«y)|
5> §=10
0.8} .
I (cy ]
o7, ¥l = 50
06+ _
Q osf 1
[S)
= 04t
03 1
02 \ (5%')_[
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| {S5) i ,
01 % |5 _ 1o
S S
% o5 1 15 =2 25 3 35 4 45 5§

Fig. 10. (a) A 1000 1000 window of 2000 randomly placed 10X 1 needles with an isotropic distribution; a subwindow of size (6 =50) is indicated. (b) Normalized
overall moduli (C$) and (S} >71, at 6=10 and 6=>50, and the effective stiffness C"'** for a random field of short (1 X 10) needles (such as that of Fig. 13), as
functions of the volume fraction x. Data were computed only at discrete intervals x=1.21, 2.42, 3.63, and 4.84; after [31].
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down the convergence of the product S5 : C§ to unity with 0
increasing, but, by comparison with Fig. 8, this convergence is
relatively much slower (!) for extreme contrasts. It follows that
one needs to go to very large scales in order to homogenize such
a composite material. This is the principal difference from the
case of high contrasts, and is indicative of all the material
systems with soft inclusions of whatever shape. Both Figs. 8 and
9 were obtained using a spring network of a much finer scale
than the single inclusion [37].

4.5. Needle and crack systems

Since we are interested in planar fields of randomly placed
needles, we consider a random fiber field generated from the
Poisson point process—Fig. 10(a) presents its typical realiz-
ation B(w) [31]. The process density chosen here is 0.015. As in
the previous section, the material has two locally isotropic
phases—matrix (m) and inclusions (i)—and we keep cm=1
and vary C®.

Before we proceed further, we note that work on effective
moduli of materials with microcracks dates back to [38] and
[39], while a comprehensive review was given by Kachanov
[40]. The effective medium theory, however, cannot say
anything about the finite-size scaling of (mesoscale) moduli
and their statistics; nor is it reliable for higher crack densities.
Note also that these problems—especially in connection with
finite-size scaling—can be treated by the lattice, or spring-
network models [37], bearing in mind two approximations:
needles have a finite thickness, and the contrast is finite
although it can be made very close to zero.

When studymg scaling of (C5) and (S")_ for needle systems
at contrasts 10”2 and 10~*, we found the same type of slow
approach to the RVE as that in soft disk-matrix systems noted
in the preceding section. Now, in the studies of effective
moduli of heterogeneous materials, the resulting C° is
typically presented versus the volume fraction x of one of the
phases. For a system of short needles, this is shown in
Fig. 10(b) in terms of C"'** against x = nLgff almost all the way
to the percolation point at ~5.9; C"'* is computed by the
physicist’s mean field method for needle-shaped holes of any
aspect ratio and with arbitrarily strong interactions. In addition,
we also plot here the Dirichlet and Neumann moduli and at two
mesoscales: 6=10 and 6=50. To sum up, this figure displays
(i) a very slow approach of (C5) and (S})~ ! to the RVE (i.e.
curve C™'*%), and (ii) a discrepancy between C™* and the
Dirichlet as well as the Neumann bounds. Note that C"'
corresponds to an effective (macroscopic) response of a very
large random system, that is typically computed under periodic
boundary conditions, see also [42].

For the system at hand, there is an interesting result
concerning the statistics of second invariants of C5(w) and
S5(w). Namely, within a few percent, their coefficients of
variation are constant for a given type of boundary conditions
(either Dirichlet or Neumann), are independent of the
changing mesoscale 0, and independent of the contrast in the

materia], except, of course the singular and trivial case of
Cc™ICP=1 [41,43].

5. Hierarchies of mesoscale bounds for nonlinear elastic
and/or inelastic materials

5.1. Nonlinear elastic materials

5.1.1. General
It should be clear from the derivation of mesoscale bounds
for linear elastic materials that three properties are required:

(1) statistical homogeneity and ergodicity (strictly speak-
ing, quasi-ergodicity);
(i1) Hill condition leading to admissible boundary con-
ditions;
(iii) variational principle.

It follows that the mesoscale bounds can be shown to hold
for other types of materials providing these three properties are
appropriately generalized. In the following we present some
principal results.

Consider physically nonlinear elastic materials in the range
of infinitesimal strain, described by the constitutive law

aw(e) w* (o)
de do
where the energy densities are related by w¥*=c-e—w; wis a
statistically homogeneous and ergodic field. The Hill con-

dition, and its implication for the type of admissible boundary
conditions, is

o(e) =

e =¢(o) =

5.1

g:de =G:dee J(t—@n)-(du—&-x)dS:O, (5.2)

dB;

where &= ¢ and = ¢°. This results in the same three types of
boundary conditions on the mesoscale as in the linear elastic
case. For a given realization Bs(w) of the random medium B
on some mesoscale 0, the first of these yields an apparent
constitutive law

= 5(").

Similarly, the traction condition results in an apparent
constitutive law

dg 0
wsle) 5 &°) =

90 T

Next, we have the minimum potential energy principle

(5.3)

= 0_'(3) =

(5.4)

Qi

1 -
H(e) < 5 J w(&)dV — J t-uds, (5.5)
B; 0B},
and the minimum complementary energy principle
1 -
H(O’)SE Jw(&)dV— J t-uds. (5.6)

By B!

From this, the apparent constitutive responses are shown to
be related by

Wi, w) <wi(,w) V& =6/, (5.7)
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and

w0 <wi (% 0) Vo =0 (5.8)
By passing to the ensemble, we get a hierarchy of bounds
from above [46]

wh << <IN <<wf) Vol =62, (5.9)
and from below
wo << ) <) << (w)) Vo =6 (5.10)

Note: wi* # 0 : e —wd because the mesoscale response
depends on the type of loading.

5.1.2. Power-law nonlinear elastic materials
Consider a random medium governed pointwise by this
constitutive law [18]

ch.

o= o) = _ Gw(e)

(5.11)

e =¢(o) =

aw (0)
S, =000

While the above forms are of mechanical form, the
energetic laws are

w(e) = nﬁ;cn : neﬁ w*(0) = nﬁ;s,, : nj— RNERE)
This leads to apparent responses as
Z Cliw) : (&) = "’W‘S“O)
(5.13)

ﬁ: Sha(w) : (o) = awga(" ),

and
N e . N o

w(E) = ;Cn P w*(§) = ;s,, e (519)

The apparent constitutive laws for Bs(w) are next shown to
be related by a partition theorem [44,45]

(Shs(@) " < Ce(w) < Cly(w), (5.15)

and, in view of the statistical homogeneity and ergodicity of the
material, we have hierarchies of bounds from above

Cl, <Oy <(Clpy<--<(Cl)y Vo =62, (5.16)
and from below
Shee << (Sh) <8I <--<(SL) V& =02 (5.17)

It is known that, under proportional monotonic loading,
strain-hardening elastoplastic composites may be treated in the
framework of deformation theory of plasticity, which is
formally equivalent to physically nonlinear, small-deformation

elasticity, such as dealt with here. In [46] we assumed this
equivalence to also hold for apparent elastoplastic response,
and have thus obtained energy bounds on random elastoplastic
composites. In that reference we have also proposed an
approach via tangent moduli. Finally, the effect of imperfect
interfaces on the hierarchies of bounds has been investigated by
Hazanov [45].

5.1.3. Finite elasticity

The key assumption of the finite hyperelasticity theory is the
existence of a strain energy function y per unit volume of an
undeformed body, which depends on the deformation of the
object and its material properties. Here we restrict ourselves to
the reference configuration, so that, the equation of state of the
material takes the form:

dy

P, = .
ik aFlk

(5.18)

Here Pj, is the first Piola—Kirchhoff stress tensor and Fj is
the deformation gradient tensor.

In analogy to Section 2.2, consider two types of boundary
conditions: uniform displacement gradient FY is prescribed:

w(x) = (Fy —09)x; VX E 0By, (5.19)

or uniform traction where P is prescribed:

1(x) = Pyn, YV xE0B,. (5.20)
Next, we consider the functional

W) = JW(ﬁi,k)dV— J t?ﬁ,-dS, (5.21)

B; é)B:s

where 1 is an admissible displacement field such that i = u on
the portion of the boundary dBj where displacement is
prescribed, and # is the specified boundary traction on the
remaining part of (B,. This is the counterpart of the principle of
minimum potential energy for infinitesimal elastic deformation
in finite elasticity in that the functional IT(ii) assumes a local
minimum for the actual solution u if

J é)%p
I u;x0u,, g

for all non-zero d; such that d;=0 on 0B} [46].

By proceeding in a fashion analogous to Section 4.1, we get
a hierarchy of bounds on the energy density of the RVE
(¥, (F°) from above

dixd, ,dV =0, (5.22)

W (FO) << (Wy(FO) < (Wy(FO) < ---< (W, (F°))
(5.23)
Vo' = 6/2,

We now turn to the derivation of a reciprocal expression for
the lower bounds. Since in nonlinear elasticity, the strain-
energy function can be non-convex and therefore non-
invertible, we employ the functional first proposed by Lee
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and Shield [47]

o) = J (al i —w) av — J W iids. (524)
auik auik
B; 683

Here i is a trial function, which satisfies the following
conditions:

a<aw>=0in85, oy n, =1 on 0B

5.25
axk aﬁi,k aﬂi,k ( )

It was shown that the functional Q is stationary for i;, = uy,
where u;, the actual solution of a problem, assumes a local
minimum if

62
J Y d,dV>0
Au; . 0u, ,
B;

for all nonzero d;, satisfying the following conditions:

9 Py )
— | =—d = 0in By,
ax; <0ui,k0up,q & 6
, (5.26)
0y
dean =0on aBté

Again, by following the path employed for linear elastic
random media, we can derive a scale dependent hierarchy of
lower bounds on the effective property Q.. (F°)

0., (F%) << {Q5(F") <{Qy (FO)) < -+ < (0, (F%))
Vo' = 6/2.

(5.27)

Now, noting that dy/0ii;, i can be equivalently expressed
as P: F, (5.24) becomes

Oy, w) =P F —y(P’ w) =P : F—y(P’, w), (5.28)

where the bar denotes a volume average, and averaging
theorems [48,70] have been employed. Ultimately, (5.23) and
(5.27) can be combined to result in a hierarchy of mesoscale
bounds on the effective energy function of a composite
material at finite strains [49,50]:

—(01(P*) < <Oy (PN < QPN <+ < 0, (PY)
= W (F*) << (W (F") < (W5 (FO) << (W, (F))
X Vo' = 6/2. (5.29)

5.2. Elastic—plastic materials

Let us now consider a multiphase (p=1,...,p,) elastic-
plastic-hardening material described by an associated flow rule

(e.g. [28])

U dalij af _
de’y; = 2G, +A 30, df, whenever f,=c,anddf >0
de’ do'; henever f, <

&= W Ver Cc
7 2Gp p P
1—2y,

de g  everywhere (de=d¢;/3do =do;/3)

T 2G,(1+7,) d
(5.30)

where G, (shear modulus), v, (Poisson’s ratio), and ¢, (yield
limit) form a vector, whose each component (described by its
indicator function x,,) gives rise to a scalar random field, such
as

Prot
Gw.x) =) Gx(@x)VweEQ. (5.31)
p=1

The entire body B = {B(w); w € 2} is described by a random
vector field ® ={G, v, c}.

First, note that the results of Section 5.1.1 can be applied to
the loading, although not the unloading, response regime. Next,
we can consider tangent moduli. Thus, on the mesoscale we
have tangent moduli—CE(w) or Sg(w)—of the body Bs(w),
which connect stress increments with strain increments applied
to it

do = C}(w) : de de = S} () : do. (5.32)

Consequently, the Hill condition, and its implication for the
type of admissible boundary conditions, is

do:de =dg:de = J(dt—d&-n)-(du—d £-x)dS =0,
9B;

(5.33)

where dé = do¢® and dz = de®. Thus, u and ¢ should be replaced
by du and de in both (2.11) and (2.13).

Next, we recall two extremum principles (e.g. [28]): one for
kinematically admissible fields

J dt-da dS—% Jd& 1 d&adv < J dt-du dS—% Jda 1 dedV,

9B, By 3B, B;

(5.34)

and another for statically admissible fields

% Jdmde dv — J dt-du dSS% Jd& :dgdvV — J dt-duds.

B; aB: B ):H
(5.35)
From this, we find
Cil(w) < Cil(w), Si'(w)< S} (w), V&' =é. (5.36)

Upon ensemble averaging, and applying this to ever larger
windows ad infinitum we get a hierarchy of bounds on
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the macroscopically effective tangent modulus CL, = (SL)™

SH'<<@sIv'<sivy!' <<l <<

<(CPHY<--<(CTY, Vo =612 (5.37)

where (ST and (CT9) are recognized as the Sachs and
Taylor bounds, respectively. See [71] for a comprehensive
reviews of effective (RVE level) properties of nonlinear
composites.

Indeed, one particular problem we studied involved a
matrix-inclusion composite material [46], with the matrix
phase being elastic-hardening plastic, and the inclusions being
elastic and, indeed, of the same modulus as that of the matrix in
the elastic range, see also the recent review [51]. Here we
display the bounding character of responses computed under
(2.11) and (2.12), respectively, for elastic—plastic materials
with both phases being elastic-hardening plastic [52,53].
Patterns of plastic shear bands under these two boundary
conditions are displayed in Fig. 11, while the corresponding

hierarchy of bounds, computed here on two scales, is shown in
Fig. 12. Note:

(i) at a smaller scale (0=6), the response under uniform
kinematic (2.11) is much more uniform than that under
uniform stress boundary conditions (2.12);

(i) at a larger scale (6=15), the discrepancy due to
different types of loading is much smaller, which shows
a tendency to homogenize with 6 tending to o}

(iii) the macroscopic response is better (in fact, quite well)
approximated by the uniform stress than by the uniform
strain assumption. This situation would be reversed for
an elastic—plastic matrix with soft, rather than hard,
inclusions, and helps explain why Taylor bound works
well for polycrystals with dislocations.

Another setting where mesoscale tangent moduli of power-
law hardening materials have recently been employed is the
mechanics of paper [54].
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Fig. 11. (a) Two realizations of a random matrix-inclusion composite at mesoscales 6=6 and 6= 15. (b) and (c) Contour plots of equivalent plastic strain of the
matrix-inclusion composite of Figs. (a, b) under displacement (left) and traction (right) boundary conditions at 6==6 and 15, respectively; after [53].
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Fig. 12. Ensemble average stress-strain responses of matrix-inclusion
composites for different mesoscales 6, under different boundary conditions
[53].

5.3. Rigid-perfectly plastic materials

Here a random rigid-plastic material B = {B(w); w € Q},
VweQ, is defined by stating that, for any grain (i.e. on
microscale),

d. = AaF(U"J"w) oud; = UJMZ

y do; 0 U

0. (5.38)

Thus, in each grain the admissible stress states lie within the
set

Py(w) = {o|F(o,0) <0} ={olo,, < oy}, (5.39)

where o is the equivalent stress; oy is the yield stress.
For the RVE (6 — =), the yield (or extremal) surface of the
composite B delimits the set

PP = (¥ e R g(x) with G = X,
(5.40)
dive =0, F(o,w)<0, Vx€EB},

and the elementary Taylor and Sachs bounds on P"™™ are
expressed via a hierarchy of inclusion relations

Sachs
< hom
{Z';—,}é‘i"y(x)} =

(5.41)

Taylor
c { Z | Z <oy } .
eq

On any finite mesoscale—a scale below RVE—there holds
some form of an apparent yield surface F4(d,w), bounding

some set

Ps(w) = {75l Fo(x), dive =0, F(o,w)<0, VxeEBg}.

(5.42)

In contradistinction to P"™™ Ps(w) depends on the
configuration » and the mesoscale 6.

The starting point is provided by the upper bound theorem
allowing for discontinuities in the velocity field [55]
th?dS: J&:&dv+ J 7v|[¥1ldS, (5.43)

dB; B; sl

where V is an arbitrary kinematically admissible velocity field,
& an associated stress field, and S = UM_, 811 s the set of
internal surfaces of discontinuity in v'. With this Ansatz, we
showed in [51] that
PycP, V<o, (5.44)
where ﬁg and PA;, denote two domains in stress space bounded,
respectively, by the ensemble average yield surfaces (F}) and
(F;/). By induction, this leads to a hierarchy of inclusions

PL.S..SP,cP,c...cP] Vi =02, (5.45)

where P, is the yield locus P™™ of RVE. On the other
hand, PAY is the domain bounded by the average yield locus
of a single grain, or the Taylor bound of (5.29), which
results from prescribing a uniform deformation rate field
everywhere.

While an analytical derivation of a lower hierarchy of
bounds under uniform traction boundary conditions is not
available, our computational results lead us to conjecture that
this hierarchy of inclusions holds

P,2..2P,2P,2.. 2P Vi =6n

(5.46)

Here f;g and PAf;, denote domains in stress space bounded by
ensemble averaged yield surfaces (F3) and (Fj). More
information is given in the recent review [51].

5.4. Viscoelastic materials

Here we give a brief account of research carried out by Huet
[2,56,57], First, the Hill condition now involves strain rates

giE=0:¢ (5.47)
Translated to the mesoscale, it implies that
cg:e=5:8 or o°:¢ (5.48)

depending on whether the strain rate (¢°) or stress (a) is
prescribed.

On the microscale (i.e. locally) the material is governed by a
formula involving a relaxation modulus tensor (r)

t

o(t) = Jr(t—t') s de(d)dt,

0

(5.49)
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or a dual one involving a creep compliance tensor (f)

t

e(t) = Jf(t—t’ ) : do(s))dr.

0

(5.50)

On the mesoscale, under the kinematic boundary condition,
the material domain B(w) is governed by a formula involving a
relaxation modulus tensor (rs)

a(1) = Jr(;(t—t/) - de’(x, 7)d,
0

(5.51)

and, under the traction boundary condition, a similar one
involving a creep compliance tensor (f5)

&) = Jfa(t —1y: de’(x, )dr.
0

(5.52)

On the macroscale the two tensors become dual, anq then
we have r°T () and £ (7). Now, Huet has shown that r (7) is
bounded by the hierarchy

reff(t) << (I'é(t)) < (ré(t» << (I'] (t))

(5.53)
Vo' =62, V>0,
and " (¢) is bounded by the hierarchy
£ << EO) S Es(0) << (1)

(5.54)

Vo' =62, Vi>0.

A number of related results on that subject are in the papers
referenced above.

5.5. Thermoelastic materials

Let us now consider a linear thermoelastic composite
material, e.g. [58,59]. Each specimen B(w)E B is now
described locally by
&

i = S,-jk](w, X)ay; + a;i(w,x)AT or

(5.55)

7 = Cijua(w, X)eg + I'ij(w, ) AT,

where Sjjy(w,X) = C,;,i,(w, x), AT is a temperature rise, and

FU((A), X) = _Cljk[((l), X)akl((u, X) (556)

are the thermal stress coefficients computed from the thermal
expansion coefficients «y;. Of interest is the derivation of scale
dependent bounds on a“"=a., using the already available

bounds on CT=C ... Note here that

I§ (0, %) = —Cii(w, X)ag) (0, X). (5.57)
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Fig. 13. Effect of increasing window scale on the hierarchies (5.64) and (5.65)
of lower and upper bounds on the macroscopic thermal expansion (strain)
coefficient [61].

As shown in the works referenced above, the (macroscopi-
cally) effective thermal expansion coefficients a*(=af]') can
be derived in terms of the effective moduli Ceff(=C;§§=
(Sf]%)fl) and the information on distribution of individual

phases. That is, in the case of two phases 1 and 2,

o = (o)) — P VP (Siomis — S + 2, (5.58)
where

- 1
Pklmn(S;fiirs _Smnrs) = Iklrs = E(ékréls + 6k551r)~ (559)

Alternatively, as pointed out in the aforementioned
works, bounds on " can be obtained using bounds on
C*" and such a result was produced employing the Hashin—
Shtrikman bounds. Of course, these derivations provide no
information on the SVE and its trend to RVE. In a current
study [60,61], by taking advantage of (4.12) and using the
minimum energy principles of thermoelasticity, the
following hierarchies of bounds have been derived for
stationary and ergodic random media:

on &, from above

0 < () < ()<< () V& =012, (5.60)
and on I', from above
T, <--<({IH<Tdy<--<Tl v =om (5.61)

In view of (5.49), this provides a two-sided bounding
hierarchy on ., or, equivalently, on I'.

These hierarchies have been computed for a planar two-
phase composite material with circular shaped inclusions, at
40% volume fraction of inclusions, recall, e.g. Fig. 1. [Here a
finite element mesh, again much finer than the single



130 M. Ostoja-Starzewski / Probabilistic Engineering Mechanics 21 (2006) 112—132

45 ;
—C+— Diricfilet
&~ 40 1 B.C.!
£ |
L —A— Neuri)ann
}-.‘, 35 | B.C.g
o O
A A '
£ 30 1 z
x !
5‘{ 25 i
) Round Disks : 40%
20 %

0 20 40 60 80 100
§(L/d)

1.8

Round Disks : 40%

0 20 40 60 80 100
9 (L/d)

Fig. 14. (a) Effect of increasing window scale on the convergence of the permeability/resistance tensor hierarchy. (b) Scale effect on the convergence of R}, K{, [59].

inclusion, was employed.] Taking the aluminum for the
matrix and steel for the inclusions, the contrast in moduli is
EY/E™=1/3, while the contrast in thermal expansion
coefficients is a/a™=0.5. The scale dependencies of Tr
(I'5) and Tr (a), following from the Neumann and Dirichlet
boundary value problems, are displayed in Fig. 13. Clearly,
this property asymptotes with ¢ increasing, and the RVE is
attained at and beyond, say, 6=10.

Du [60] also gives computed physical examples of (5.52,
5.53) and obtains related hierarchies on the specific heat
coefficient.

5.6. Permeable materials

In phenomenological, deterministic continuum mechanics,
fluid flow in porous media is described by Darcy’s law. With
the slow flow in a porous medium also considered as
incompressible and viscous, Darcy’s law is governed by the
equations [62]:

K
UD B Vp
u

V-Up = g(x), (5.62)

where U, is the average (or Darcy) velocity, V p is the applied
pressure gradient driving the flow, u is the fluid viscosity, and
K is the permeability, a second-rank tensor which depends on
the microstructure of the porous medium. Eq. (5.62), is the
continuity equation with g(x) being the source/sink term. By
defining the resistance tensor R=K ™' for porous media, we
can rewrite Darcy’s law as
Vp = —uR-Up. (5.63)

We now recall the variational principle stating that,
among the admissible solutions of flow field in porous
media, the actual solution has a minimum value of
dissipation rate [63,64]. Note here that the potential and
complementary ‘dissipation energy’ (¢ and ¢°) represen-
tations are, respectively,

K C
JZVP;VP ¢" =Up-uR-Up (5.64)

Next, with Vp° being a constant pressure gradient, and
UY being a constant velocity, consider either essential () or
natural (") uniform boundary conditions [59]:
px) =Vp'-x  VxE9B,,

(5.65)
Upx)'n=U%n Vx€EJB,.

In the first case we find K§, and in the second case Rj.
Employing the variational principles, and proceeding in the
same fashion as for other types of materials, a hierarchy of
mesoscale bounds on the effective permeability Kgﬁ =
(Rgff y! of porous media is obtained as follows

<Ri>_1 << (R€r>_1 < (R§>_1 <. < (Reff)—l

=K < <KD <(K)) << (KD) (5.66)

Vo' = 6/2.

Fig. 14(a) illustrates this hierarchy for a 2D flow in a
bed of circular disks randomly distributed by a planar
Poisson point process, at porosity 0.6. This figure clearly
shows the convergent trend of the upper and lower bounds
in (5.66) towards macroscopically effective permeability of
the porous medium. Clearly, the RVE is attained with a
high accuracy on the length scales some 80 times larger
than the disk size. Overall, the ongoing studies [60] indicate
that the higher is the density of random disks—or,
equivalently, the narrower are the micro-channels in the
system—the smaller is the size of RVE for Darcy flow.
Consequently, the left-side inequality in (1.1) may then be
simply taken as <.

According to Kgff = (Rgff)f1 , we can expect an identity tensor
from the product of R} - K§ at the RVE level. Fig. 14(b) shows this
convergence towards 1 in function of mesoscale 0.
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Physical subject u(=u3) &(=¢3) C(=GCs3p) o(=03;)

Anti-plane elasticity displacement strain elastic moduli stress

Thermal conductivity temperature thermal gradient thermal conductivity heat flux

Torsion stress function strain shear moduli stress

Electrical conduction potential intensity electrical conductivity current density

Electrostatics potential intensity permittivity electric

induction

Magnetostatics potential intensity magnetic magnetic
permeability induction

Diffusion concentration gradient diffusivity flux

6. Closure [2] Huet C. Bounds and hierarchies for the overall properties of viscoelastic

As noted at the beginning, the material spatial randomness
forces one to re-examine various basic concepts of continuum
solid mechanics. In this paper we have focused on the
Representative Volume Element (RVE) commonly taken for
granted in most of deterministic as well as in stochastic solid
mechanics, although in the latter case it is more appropriately
called the Statistical Volume Element (SVE). The key issue is
the scale over which homogenization is being carried out—it is
called the mesoscale, separating the microscale (level of
microheterogeneities) from the macroscale. As the mesoscale
grows, the SVE tends to become the Representative Volume
Element (RVE). This occurs in terms of two hierarchies of
bounds stemming from Dirichlet and Neumann boundary value
problems on the mesoscale, respectively. Unless there is some
periodicity in the random medium—and this is practically
never the case—the RVE is not attained exactly. The
approximate attainment of the RVE—i.e. the scaling trend
toward it—has to be quantified for any specific random
material with the help of computational mechanics.

We review results on this subject in the settings of linear and
nonlinear elasticity, plasticity, viscoelasticity, thermoelasticity,
and permeability. The case of thermoelasticity demonstrates
the applicability of our methodology to coupled-field pro-
blems, such as piezoelectricity or poroelasticity. Since (almost)
all constitutive behaviors in continuum mechanics may be
brought under the single umbrella of thermomechanics [65,66],
a generalization of respective Legendre transformations of free
energy and dissipation functionals to mesoscales in random
media can also be pursued [67,68]. Finally, let us note that
below the RVE scale one has to deal with random fields having
smooth realizations, and this review provides guidance on the
specification of their one-point characteristics.

Appendix A. Analogies to anti-plane elasticity

For the sake of completeness, in the table below we collect
various classical analogies of problems locally governed by the
Laplace equation CT ;=0 (or by (CyT ;=0) in two
dimensions, where, for reference, we use the terminology of
anti-plane elasticity; see also [3]
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