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LOESS

The value of f̂(x) is obtained as follows:

1. The �n points, those with |xi�x| smallest,
are called the neighborhood of x “N (x)”.

2. A weighted least-squares linear regression

f̂(x) = ⇥̂x,0 + ⇥̂x,1x

is fit in N (x). That is, choose ⇥̂x,0 and ⇥̂x,1

to minimize
�

xi⇥N (x)

wx,i[yi � (⇥0 + ⇥1xi)]
2

where the weights wx,i = (1� u3
i )

3 with

ui =
|xi � x|

maxN (x) |xj � x|
.
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Additive Models

• Multivariate linear models (Easy to fit, but less flexible):

y = �0 +

nX

j=1

�jXj + e.

• Nonparametric models (flexible, but impractical to fit such models due

to large sample size requirements):

y = f(X1, . . . , Xp) + e.
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• A good compromise between the above two

y = �0 +

pX

j=1

fj(Xj) + e,

where the fj ’s are smooth (univariate) functions.

Of course, the additive model will do poorly when strong interactions

exist. In this case we might consider adding terms like fij(xixj) or

fij(xi, xj), if there is su�cient data.
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Examples

• y = �0 + �1X1 + �2X2 + e (linear model)

• y = �0 +
�
�11x1 + �12x

2
1

�
+ �2 log(x2) + e (linear model with

transformed variables)

• y = �0 + �1x1 + �2x2 + f3(x3) + e (semi-parametric model)
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Fitting Additive Models

The backfitting algorithm for y = �0 +
Pp

j=1 fj(Xj) + e.

• We initialize by setting ˆ�0 = ȳ· and ˆfj(x) = ˆ�jXj , where ˆ�j is some

initial estimate such as the LS estimate.

• We cycle j = 1, . . . , p until convergence

ˆfj = S
⇣
xj , y � ˆ�0 �

X

i 6=j

ˆfi(Xi)

⌘
,

where S(x, y) means the smooth on the data (x, y). For example, it

could be a nonparametric smoother like splines or loess, or a parametric

fit like linear or polynomial.
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df of Nonparametric Models

• If we use the basis expansion approach, such as polynomial regression

or regression splines,

df = number of basis functions.

• For loess or smoothing splines, we can define df by an analogy to linear

models. For linear models, we have ˆ

yn⇥1 = Py, and df is equal to the

trace of the projection matrix P.

Similarly, for nonparametric fitting, we have

ˆ

yn⇥1 = Sn⇥nyn⇥1, then define df = tr(S).
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The Ozone Data

We use data from a study of the relationship between atmospheric ozone

concentration, O3 and other meteorological variables in the Los Angeles

Basin in 1976. To simplify matters, we will reduce the predictors to:

• temperature measured at E1 Monte, temp;

• inversion base height at LAX, ibh;

• inversion top temperature at LAX, ibt.

A number of cases with missing variables have been removed for simplicity.

The data were first presented by Breiman and Friedman (1985).
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R package: gam

gam(O3 ~ lo(temp) + lo(ibh) + lo(ibt))

gam(O3 ~ lo(temp, ibh) + ibt)

gam(O3 ~ lo(temp, 2) + lo(ibh) + s(ibt))

Choice of the smoother: loess or smoothing splines (with tuning parameters

set by the user or by R using the default values). For more details on “lo”

and “s”, check the reference manual on R website.

Let’s look at the R output for the ozone data.
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R package: mgcv

gam(O3 ~ s(temp) + s(ibh) + s(ibt))

gam(O3 ~ s(temp) + s(ibh) + ibt)

gam(O3 ~ s(temp, ibh) + ibt)

Choice of the smoother: smoothing splines (with tuning parameters

automatically chased by R via CV).

Let’s look at the R output for the ozone data.
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mgcv vs. gam

• Fittings are not exactly the same, but very similar.

• In gam, users can use either loess or smoothing.splines, and can control

the tuning parameters.

• In mgcv, the fitting uses smoothing.splines, and the tuning parameters

are automatically selected by CV.

• In both packages, users can extract fitted values and predictions, carry

out F -tests to compare di↵erent models, and plot fitted curves.
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Generalized Additive Models

• It’s easy to extend the ordinary GLM to form generalized additive

models, i.e.,

g(EY ) = �0 +

pX

j=1

fj(Xj).

For example, for binary data, we can model

log

p(x)

1� p(x)
= �0 + f1(x1) + · · ·+ fp(xp).

• Recall that the GLM is fitted via an iterative reweighed LS algorithm.

So the back fitting algorithm (for LS shown on previous slide) can be

easily extended to fit generalized additive model.
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