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Abstract

Nonlinear systems are everywhere in engineering and science contexts including aerospace, chemical,
mechanical, and electrical engineering, and biology, chemistry, mathematics, and physics. Since analysis
and synthesis problems of nonlinear systems are usually impossible to solve analytically, much research has
focused on developing for computational tools for solving these problems for various classes of systems.
Linear matrix inequalities (LMIs) have been developed as a useful approach to developing such tools.

Many dynamical system analysis and controller synthesis problems based on optimization have been
formulated as linear matrix inequalities. The first LMIs in systems theory appeared in the 1890s with
Lyapunov’s stability theory. More recently, with the development of high-speed computers, computationally
tractable and efficient interior-point methods [79, 17] for solving convex optimization problems have been
developed and allowed stable and efficient computation of solutions of LMIs that arise in control systems
theory [100].

This thesis focuses on analysis and control based on Lyapunov functions which enable the analysis of
global asymptotic stability, decay rate, dissipativity, Lo (or l2), and RM S gains, to name a few. LMI-based
problem formulations are applied to a specific class of nonlinear systems called Lur’e systems, which consist
of a nominal LTI plant and feedback connected nonlinear functions whose properties are characterized by
the set-valued nonlinear functions.

This thesis consists of two main contributions. First, a less conservative tool is derived for stability and
performance analysis for Lur’e systems by exploiting the static (or memoryless), sector-bounded (or bounded-
gain), and slope-restricted (or Lipschitz-bounded) nature of the feedback-connected nonlinear operators.
Second, numerically tractable feasibility and optimization problems are constructed to solve LMIs for the
design of stabilizing controllers for a certain class of Lur’e systems. Chapter 1 provides an introduction for
nonlinear systems analysis and control, especially for absolute stability with a review of LMIs in systems
and control theory. The connections between classical nonlinear systems analysis based on frequency-domain
inequalities (FDIs) and LMISs of state-space realization are also described. Chapter ?? introduces some useful

results from convex analysis and mathematical preliminaries with proofs, which are frequently used in this
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thesis. In Chapter 2, the nonlinear stability analysis tools are formulated for certain classes of discrete-time
Lur’e systems as feasibility problems over LMIs. A superset of the Lur’e-Postnikov function is used and
specified properties of the nonlinear operators are exploited to reduce conservatism. Chapter 3 provides
LMI-based methods to design a stabilizing controller, where a simple class of Lur’e systems is considered.
Chapter 4 extends the results of Chapter 3 to robust control, where the nominal LTT plant is replaced by
uncertain models that are dependent on unknown parameters and the set-valued uncertain mapping, which
defines a set of plants of which the true process is in the set, corresponds to the plant/model mismatch.
Finally, Chapter 7?7 suggests a design tool for the design of a stabilizing controller, where the size of the set of
feedback-connected nonlinear operators is reduced by exploiting the slope-restrictedness (or Lipschitz-bound

property) as well as the sector-bounded property.
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Chapter 1

Introduction

This thesis considers the global stability of the state equation, that is, the internal stability of the system.
Although some theorems for the global stability of continuous-time nonlinear systems are described, a main
contribution in this thesis is to develop new nonconservative conditions for the stability analysis of discrete-
time systems, with the advances being LMI-based conditions that exploit the static (or memoryless), sector-
bounded (or bounded-gain), and slope-restricted (or Lipschitz-bounded) nature of the feedback-connected
nonlinear operators. The results are extended to address performance for discrete-time systems. Another
contribution in this thesis is to design controllers for a certain class of nonlinear systems such that closed-loop
stability and robustness is guaranteed. The discrete-time domain was the main focus, because discrete-time
systems are more naturally constructed from process input-output data. The global stability tools described
and developed here are based on Lyapunov stability analysis. Lyapunov methods provide a simple but

powerful way to analyze nonlinear systems and to synthesize stabilizing controllers with optimal performance.

1.1 Nonlinear Systems Analysis

In this section, consider a system of ordinary differential (or difference) equations of the general form

72t = f(t2(®) (or a(k+1) = f(k,2(k)), (1.1)
where f is assumed to be a continuous vector field so that, for each initial condition zq, there exists a solution
x(r) for r € {t, k} such that 2(0) = 2. This does not necessarily mean that the input to the system is zero
in which case (1.1) is called an unforced nonlinear equation. For example, when the input signal u(¢) to the
system is a known function of (¢,z), the overall closed-loop system can be interpreted as (1.1). A special
case of (1.1) is the so-called autonomous or time-invariant system given by

720 = fz(®) (or z(k+1) = f(z(k))). (1.2)



If the system (1.1) is not autonomous then it is called non-autonomous. For notational simplicity, we will
only consider the discrete-time case in the remainder of this section; the results obtained can be trivially
extended for the continuous-time case. A central concept in nonlinear systems analysis is the existence of

an equilibrium point.

Definition 1. (Equilibrium points) The system state x = x, is called an equilibrium for (1.2), if x(k1) = z.
for some k1 € Z implies that x(k) = x. for all future time k > ki on the mazimum interval of existence of
the solution for (1.2). Furthermore, x. is an equilibrium point if and only if f(x.) = x. for the discrete-time

case and f(x.) =0 for the continuous-time case.

A primary concern is to determine whether an equilibrium point is stable or unstable.

1.1.1 Lyapunov Stability

This section is devoted to the internal stability of nonlinear autonomous systems. The internal stability
of an equilibrium point is investigated in several different behaviors of the trajectories of the solution for the
system (1.2). Let define X, for the set of all the solutions such that z(0) = z¢. In addition, assume that
the origin # = 0 is an equilibrium point without loss of generality. Note that any arbitrary equilibrium can

be translated to the origin via a change of coordinates (see page 147 of [56] for details).

Definition 2. (Definitions of stability for the equilibrium point at the origin) The equilibrium point © = 0
for the system (1.2) is

(i) (Lyapunov) stable if for each € > 0 there exists (e, to) such that

lz@)| <e, Vt>ty whenever |z(to)| < (e to).
(i) uniformly (or Lagrange) stable if it is stable with 6 = §(¢€) that is independent of the initial time to.
(iti) asymptotically stable (AS) if it is stable and there exists a constant d(tg) such that
lim z(t) =0 whenever |x(to)|| < d(to)-
t— o0

In other words, for every e > 0 there exists T'(¢) > 0 and d(tg) > 0 such that

lz@®)|l <e, Vt>to+T(c) whenever |z(to)] < d(to).



(iv) uniformly asymptotically stable (UAS) if it is uniformly stable and asymptotically stable with 6 such
that § is independent of to and the convergence of the solution x(t) to the origin is uniform in ty. In

other words, for every € > 0 there exists T'(e) > 0 and § > 0 such that

x|l <e, Vt>to+T(c) whenever |z(to)] <.

(v) exponentially stable (ES) if there exist some positive numbers B and X\ such that for sufficiently small

Tro = l’(to)

lz (@)l < Bllzolle 1) vt > tq.
(vi) globally uniformly asymptotically stable (GUAS) if it is uniformly asymptotically stable and € and ~
can be arbitrary large values.
(vii) globally exponentially stable (GES) it is exponentially stable for arbitrary initial condition xg.

It is easy to see that there exists no nonuniform version of the definitions for exponential stability. Noting
that for stability analysis of autonomous systems the Lyapunov stability theorem [115, 13, 56] is the most
popular and powerful approach, we will give a brief introduction for the so-called Lyapunov direct method,

which is also called the second method of Lyapunov.

The Second Method of Lyapunov

Let us consider the linear time invariant (LTT) system with a memoryless, nonlinear uncertainty

w(k+1) = Ax(k)+ B,p(k) + Byw(k) + Byu(k)
q(k) = Cua(k)+ Dgpp(k) + Dgww (k) + Dgyu(k) w3
2(k) = C.a(k)+ D.pp(k) + Daww(k) + Doyu(k)
p(k) = o(q(k))

where p, w, and u indicate the feedback input from the (unknown) nonlinear mapping ¢(+), the disturbances,
and the control input to the LTI system, respectively. To investigate the internal stability of the system in

Figure 1.1, let us assume that v = w = z = 0 such that

G(s) = Cy(sI — A)™'B, + D, =:



N
+
—0
+
= o (=
N
% — o ~
o | Ls > ©
3 = =
|
+
3
Figure 1.1: Standard Nonlinear Feedback System Figure 1.2: Reduced Standard Nonlinear Feedback
System



is a stable and proper rational transfer function, i.e., A is Hurwitz and Dy, is a constant matrix. The reduced
block diagram is in Figure 1.2. The nonlinear function described in (1.3) is assumed to belong to the family
of nonlinear functions denoted by ®. The classifications for some families of nonlinear function will be given
in Section 1.1.3. The development of a mathematical framework to analyze and synthesize generic nonlinear

systems should fulfill the following conditions:
i Large applicability.

ii Simplicity.

iii Computational feasibility.

iv Unification of theoretical results.

The so-called second method of Lyapunov leads to conclusions regarding the stability of well-defined
families of systems. This method made it natural to introduce the notion of asymptotic stability. Its origin
can be traced to Lyapunov’s book that was first published in 1892, but received little attention outside Russia
until the late 1950s [65]. Lyapunov’s method is a general approach used to verify the stability of nonlinear
systems without solving any differential equations. In this method, a “bowl-shaped” energy function V' (z)
is defined, where V : R” — R has continuous partial derivatives such that V(z) > 0 and V(z.,) = 0 for
ZTeq = 0, and x4 is the equilibrium point. Such functions are known as Lyapunov functions and in some
sense they can be considered to define the total “energy” of the system. If the system is perturbed to a new
energy level (or initial state) then, the trajectories of a solution of the system show some distinct nature of
the Lyapunov function and its time-difference (or time-derivative for continuous-time systems). Here, we
give a description only for Lyapunov function properties of a discrete-time system to determine whether
the origin is an asymptotically stable equilibrium point and recommend the reader to see the nonlinear
system books [115, 13, 56] for more details. Theorem 1 provides conditions for the Lyapunov stability of the
discrete-time system. The disadvantage of the second method of Lyapunov is that it provides only sufficient
conditions (except in specialized cases such as the linear time invariant systems, where its conditions are
necessary and sufficient [20]). If the method fails to prove stability no definite conclusion may be reached,
which is the weakest aspect of the Lyapunov method for nonlinear system stability analysis. A very thorough
discussion of Lyapunov’s direct method can be found in [61]. The following theorem formalizes the discussion

on the second method of Lyapunov for the discrete-time case.
Theorem 1 (Discrete Time Lyapunov GAS [20]). A system of the form

2(k+1) = f(w(k))

5



has a globally asymptotically stable equilibrium point at the origin if:
1. V(zeq =0) =0 and V(x(k)) > 0 for all (k) # 0,
2. AV(z(k)) =V(z(k+1)) = V(x(k)) <0 for all (k) # 0, and
3. V(z(k)) = oo as ||x(k)|| — oo, i.e., V(-) is radially unbounded.

The most commonly used Lyapunov function is quadratic:

V(z) =2 Px (1.4)

where P is a positive-definite matrix. Investigations into global asymptotic stability using quadratic Lya-
punov functions can provide conservative results, which in some cases may be unsatisfactory. Because of this
reason, many researchers have looked for alternative forms of the Lyapunov function [69, 77, 63, 86, 121].
Construction of suitable Lyapunov functions is something of an art, however a number of standard functions
have been studied extensively, for example, quadratic forms, quadratic plus integral of the feedback-connected
nonlinear functions, and parameter-dependent Lyapunov functions (PDLFs). Researchers have focussed on
developing Lyapunov functions that are both flexible in addressing general nonlinear systems and restrictive
in excluding nonlinearities that are not meaningful. The key idea used in many researches is to introduce new
variables and enlarge the dimension of the linear matrix inequalities (LMIs) to obtain sufficient conditions

for the existence of a PDLF.

Comment 1. (Ezxistence and necessity of a PDLF in the stability analysis in robust and nonlinear system
theory) When a nominal LTI plant has a feedback connection with uncertain and/or nonlinear mappings
whose input-output relation is the only information available, the quadratic form for the Lyapunov functions
can be hugely conservative in the analysis and synthesis of the closed-loop system. It is natural to have an
intuition that some known or estimated properties, if any, of the uncertain and/or nonlinear parts should be
considered in the analysis and synthesis problems. One of the primary purposes of this thesis is to reduce

potential conservatism by using knowledge about the system as much as possible.

For a single-input and single-output (SISO) system given by

a(k +1) = Ax(k) = bo(q(k)),  q(k) = Tz (k), (1.5)



which is a special case of (1.3), one such way is to use a term involving an integral of the nonlinearity [33,

68, 64], which is well-known and for which there is a large literature:
q
V(x(k)) = 2T (k) Px(k) + A/ #(o)do (1.6)
0

where P is a positive-definite symmetric matrix and A > 0. Equation (1.6) is known as Lur’e-Postnikov
equation [97, 118, 69, 86] and the existence of such a Lypunov function is a key question in absolute
stability theory described in Section 1.1.3. It is a well-known fact that Lur’e-Postnikov equations provide
less conservative results than quadratic Lyapunov functions for a certain class of nonlinear functions @,
whose output enters an LTI plant. By restricting the input-output properties of the feedback-connected

nonlinear functions to satisfy the local slope restriction or the Lipschitz bound condition given by

O<M<u, Vk € Z, (1.7)

qk+1 — 4k

where 11 € R represents the maximum local slope for the nonlinearity, less conservative analysis and synthesis
results can be obtained. A continuous-time version of a slope-restricted Lyapunov function and a description
of the kind of Lyapunov functions to be used for different admissible nonlinearities can be found in [33]

and [42].
1.1.2 Passivity and Small-Gain Theorems

A. The Passivity Theorem and The Positive Real Lemma

The definitions for input-output stability and passive operators follow the standard nomenclature [53, 28,

115, 56].
Definition 3. (Input-output stability) A causal operator H : Ly — Lo is said to be Ly stable if Hx € Lo for
all x € Ly. More specifically, if there exist v > 0 and 7y such that

[HzllL, <vllzllL, +70 Vo€l

then the operator H is said to be finite-gain Lo stable.

Definition 4. (Passivity) A causal operator H : Ly — Lo is said to be passive if there exist v > 0 and some
Yo such that
(zr|(Hz)r) > A|er|?, +v0 VT € Ry, Vo € Lo,
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Figure 1.3: Passivity Theorem

Figure 1.4: Passive Multiplier



where the subscript T and an inner product (-,-) are defined as

op(t) £ o) fort<T and (zly) = /+Oo T (t)y(t)dt.
0 fort>T —o©

If v > 0, then the operator H is said to be strictly passive.

The connection between passivity and stability of a closed-loop system which is composed of successive
feedback interconnections of operators is discussed in many classical control and networks theory books and
papers [7, 6, 53, 115, 28, 56]. The fundamental approach has been to investigate if a network consisting of
successively connected passive subsystems is necessarily stable. The following so-called passivity theorem

answers this question.

Theorem 2. (Passivity theorem) Consider the feedback system shown in Figure 1.3, where the negative
feedback-connected operators Hy, Hy : Lo — Loe are any general causal operators. Assume that for any
u1,ug € Lo, there exist solutions ey, e2,y1,y2 € Loe. That is, the system in Figure 1.8 is well-posed. Suppose

that there exist scalar constants v, 1,72, Y0, Y10, Y20 Such that

I(Hz)rllL, <vllzrlL, + 0
(zr|(Hiz)r) = nller|7, + 0 (1.8)
(zr|(Haw)1) > YollarlZ, + Y20

(1.9)

for oll T € Ry and © € Lo.. Then, ui,uy € Lo implies that ey, e2,y1,y2 € Lo provided v1 + v2 > 0.
Furthermore, the mapping from the inputs (ui,u2) to the internal states (ey,es,y1,y2) is finite-gain Lo

stable whenever there exists the constants Yo, Y10, v20 whose values are all zeros such that the conditions in
(1.8).

Proof: There are many good monographs that review the passivity theorem and related results. For example,

see [53, 115, 28, 56]. O
Lemma 1. (Successive feedback connection of passive systems) The negative feedback connection of two
passive systems is passive.

Proof: The proof of the lemma is nothing but an application of the result in Theorem 2. See [53, 115, 28, 56]
for the details. O



Remark 1. (Passive multiplier [53, 115, 28, 56]) It is well known that the system represented by the inter-
connection of Hy and Hy in Figure 1.8 is stable if and only if the system represented by the interconnection
of Hy and H, in Figure 1.4 is stable, provided that the multipliers W1 and Wo in Figure 1.4 are rational,

proper, and stable transfer functions, or constant gains.

The positive real lemma

The positive real lemma is a fundamental result concerning stability of the Lur’e problem as well as of
uncertain systems. It is also known as the Kalman-Yakubovich lemma [124, 127, 125, 126, 115, 92] due
to the fact that Kalman and Yakubovich independently discovered it in the early 1960s. It provides an
algebraic criterion for the transfer function of a continuous-time system to be positive real. This criterion
states conditions for a quadratic Lyapunov function to guarantee the stability of the Lur’e problem with a
single memoryless nonlinearity. These ideas were extended to the multivariable case by Anderson [6, 7] and
were later written in terms of an algebraic Ricatti equation [100, 34]. The Kalman-Yakubovich lemma and

the equivalent algebraic Ricatti equation are described Section 77.

I. The continuous time positive real lemma
Before stating the positive real lemma [33, 6, 120, 67], consider following definitions and results.
Definition 5. Consider the following definitions:

1. A square transfer function G(s) is positive real if all poles of G(s) are in the closed left-half plane, and
G(s) + G*(s) is positive semi-definite for all Re(s) > 0, where G*(s) is the conjugate transfer function
of G(s).

2. A square transfer function G(s) is strictly positive real if all poles of G(s) are in the open left-half

plane (asymptotically stable), and G(jw) + G*(jw) is positive definite for all w € R.

3. A square transfer function G(s) is strongly positive real if G(s) is strictly positive real, and D+D* > 0
where D = G(00).

Lemma 2. ([115, 56]) Let G(s) = Cy(sI — A)™'B, 4+ Dy, be a transfer function matriz of compatible
dimension and (A, By, Cy) is controllable and observable. Then, G(s) is strongly positive real if and only if

there exist matrices P = PT >0, L, and W with full row rank and a positive constant € such that

PA+A"P=—-L"L—eP, PB,=C] —L"W, and W'W =Dy, + D],
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Consider a proper and strongly positive real transfer function in a negative feedback configuration with

a time-varying memoryless nonlinearity where the set of nonlinear functions is given by
By = BT 2 Lo(a(t),1) : R x Ry — R™ : ¢ (a(t),)o(t) > 0,0(t) € R™,Vt > 0} (1.10)
and ¢(o(t),t) is Lebesgue measurable for all (o(t),t) € R™ x R;. A sufficient condition for the stability of

a system (1.3) where ¢ € ®,,. is given by the following theorem.

Theorem 3. Consider the transfer function G(s) that corresponds to the minimal realization of a nonlinear

system of the form described in (1.3). Then the following statements are equivalent:
1. A is Hurwitz and G(s) is strongly positive real;

2. Dyp + DT > 0 and there exist positive-definite matrix P such that:

ATP+PA  PB,-CT
<0 (1.11)
BT'P—-C, —Dg— DI

Furthermore, the negative feedback interconnection of G(s) is asymptotically stable for all ¢ € ®,,.

Proof: The proof using the KYP lemma described in the later part of this section has been described many
times in the literature [33, 118, 37, 56]. To prove global asymptotic stability, consider the system realization

(A, By, Cyq, Dgyp) and consider the passivity of the nonlinear function ¢. Define the Lyapunov function:
¢
V(z) = 2" Px + 2/ o* (q(),T)q(T)dr >0, VteER,. (1.12)
0

Note that V(0) = 0, since ¢(0) = 0 which implies that the nonlinear function is zero-observable [56], and

that V(z) > 0, V¢ since ¢ € ®,,.. Thus,

. |z| |A"P+PA -PB,+Cl| |z
V= (1.13)
¢ _BgP+Oq _qu_DZ;) ¢

Historically, in 1971, Willems related the LMI in the positive real lemma for a strictly proper transfer

function to an algebraic Riccatti equation. Later in 1993, Haddad and Bernstein extended this result for
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proper transfer functions [33, 100, 123]. The positive real lemma is considered a generating theorem since it

can be used to derive other important stability criterions.

II. The Discrete-Time Positive Real Lemma

An analogous result to the continuous-time positive real lemma was derived by Szego and Kalman [109] for
SISO discrete-time systems, and was also extended to the multivariable case by Hitz and Anderson [39] who
defined the notion of discrete positive real and obtained an algebraic stability criterion. The discrete-time
positive real lemma has also been written as algebraic Ricatti equations [36, 118]. Before stating the discrete-
time positive real lemma, the following definition describing positive real transfer functions [36, 39, 118] is

relevant.
Definition 6. Consider the following definitions:

1. A square transfer function G(z) is discrete positive real if all poles of G(z) are in the closed unit disk,
and G(z) + G*(z) is nonnegative definite for |z| < 1, where G*(z) is the conjugate transfer function of

G(z).

2. A square transfer function G(z) is strictly discrete positive real if all poles of G(z) are asymptotically

stable, and G(e?*) + G*(e9%) is positive definite for all w € [0, 27].

3. A square transfer function G(s) is strongly discrete positive real if G(z) is strictly discrete positive

real, and D + DT > 0 where D = G(0).

Lemma 3. ([35, 36]) Let G(z) = Cy(2I — A)™'B, + Dy, be a a transfer function matriz of compatible
dimension and (A, By, Cy) is controllable and observable. Then, G(s) is strongly positive real if and only if
there exist matrices P = PT >0, L, and W which has full row rank, and a positive constant € such that

ATPA—-P=-L"L—eP, A"PB,=C] —L"W, and B PB,+W"'W = Dg, + D_;

qp’

Consider a proper strongly discrete positive real transfer function in a negative feedback configuration
with a time-varying memoryless nonlinearity where ¢ € @pr which is the discrete time version of (1.10) A
sufficient condition for a system of the form shown in (1.3) in terms of an LMI is given by the following

theorem.

Theorem 4. Consider the transfer function G(z) which corresponds to the minimal realization of a nonlinear

system of the form described in (1.3). Then the following statements are equivalent:

12



1. A is asymptotically stable and G(z) is strongly positive-real.

2. There exists a positive-definite matriz M such that

ATPA—P  ATPB,-CT
<0. (1.14)
T T T
BT'PA—C BIPB,— D, - DI

Proof Same as [118] and applying Schur complement. [

The discrete-time version of the Kalman-Yakubovich Lemma and how it is written in terms of an algebraic
Ricatti equation are also described in Section ??. The LTT system whose transfer function is (strictly) positive

real has the passivity property.

Remark 2. (Passivity and positive realness [53, 115, 28, 56, 29]) The transfer function G(s) = C(sI —
A)7IB + D is (strictly) passive if G(s) is (strictly) positive real.

B. The Small-Gain Theorem and The Bounded Real Lemma

The bounded real lemma is basically a result of the small-gain theorem. The lemma below reviews the

statements of the small-gain theorem and shows that the bounded real lemma is a special case.

Lemma 4. (The small-gain theorem and its stronger form [8]) Let us consider the system in Figure 1.3 and

suppose that the causal operators Hy, Hs : Lo — Loe satisfy the following conditions:
i. Hy s bounded and Hy is Lipschitz continuous.
. |‘H1H2HL2Q < 1.

Then, the closed-loop system is stable. Moreover, noting the condition on Hy is stronger than that on Hy
and the condition |Hy||L,. ||Hz||L,. <1 is stronger than ||[HyHz| r,, < 1, we can conclude that the condition
1H1 || Lo 1 H2 || oo < 1 can replace the conditions i. and ii. as a sufficient condition for the stability of the

closed-loop system.

I. The Continuous-Time Bounded Real Lemma

The bounded real lemma is also a version of the KYP lemma and gives a tool to transform H., norm
condition into an LMI-this change of the condition to achieve a performance is very helpful for attaining

the optimal controller design.
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Theorem 5. Suppose that the system transfer function G(s) has the state space realization (A, By, Cy, Dyp).

Then the following statements are equivalent:

1. All poles of G(s) are in the open left-half plane, and v*I — G*(s)G(s) is positive semi-definite for

Re(s) > 0, where G*(s) is the conjugate transfer function of G(s).

2. The matriz A is Hurwitz and

1G($)]loe <.

3. There exists a positive definite matriz P = PT > 0 such that

1 |CF ATP+ PA PB,
~2 {Cq qu} + <0.
7| DT BTP .y

qp p

II. The Discrete-Time Bounded Real Lemma

Theorem 6. Suppose that the system transfer function G(z) has the state space realization (A, By, Cq, Dgp).

Then the following statements are equivalent:

1. All poles of G(z) are in the open unit disk, and v*I — G(2)G*(z) is positive semi-definite for |z| < 1,

where G*(2) is the conjugate transfer function of G(z).

2. The matriz A is Schur and

1G(2)]loe <

3. There exists a positive definite matriz P = PT > 0 such that

1 | CF ATPA—-P  ATPB,
? T |:Cq qu:| + - - < 0.
DL BI'PA  BIPB,-1I

The bounded real lemma previously described is nothing but an application of the results in the small gain

theorem and the KYP lemma. So the proofs for Theorem 5 and 6 are omitted to avoid redundancy.

C. The Kalman-Yakubovich-Popov (KYP) Lemma

There are many variations of the KYP lemma, which establishes the equivalence between a frequency
domain inequality (FDI) and a conditions given in a Riccati equation or an LMI with respect to the state

space realization of the system. In this section, the primary results are from a pioneer paper [123] in frequency
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domain inequalities and linear matrix inequalities and a recently written paper [96] whose results are parallel
to [123]. The description about the KYP lemma and its variations presented in [123, 96] can be considered
a general description of the connections between FDIs and LMIs. Here we give a brief introduction for the

KYP lemma and its variations. For the details and proofs, readers are recommended to see [123, 96].

Theorem 7. (The KYP lemma for the continuous-time system) Given the system realization (A, B,) and a
matriz M, which characterize the properties of the system, of the compatible dimensions, if det(jwl —A) # 0

for allw € R and (A, B,) is controllable then the following statements are equivalent:

*

jiwl —A)~'B jwl —A)~'B
U )75 M, U )75 <0 VweR; (1.15)
I I

2. there exists a matrizx P = PT of the compatible dimension such that

ATP+PA PB,
M, + <0. (1.16)
BI'p 0

The equivalence of the corresponding to strict inequalities holds without assuming that (A, By) is controllable.

Theorem 8. (The KYP lemma for the discrete-time system) Given the system realization (A, B,) and a
matriz M, which characterize the properties of the system, of the compatible dimensions, if det(e’*1—A) # 0

for allw € R and (A, B,) is controllable then the following statements are equivalent:

*

evl — A)"'B el — A)"1B
( )" By M, ( )" By <0 VweR; (1.17)
I I

2. there exists a matriz P = PT of the compatible dimension such that

ATPA—P ATPB,
M, + <0. (1.18)
BT'PA  BTPB,

The equivalence of the corresponding to strict inequalities holds without assuming that (A, Bp) is controllable.
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Now, the following statements show that the bounded real lemma and the positive real lemma are special

cases of descriptions for the KYP lemma.

Remark 3. (The bounded real lemma and the positive real lemma) The quadratic inequality (1) and its

equivalent LMI (2) recover the bounded and positive real lemma:

1. The values of

C;F 0 0
My = T {Oq qu} + )
Dy, 0 —v°I
gives the bounded real lemma for a FDI and an LMI;
2. The values of
cr 0
M, = {0 —1} + [Cq qu]
Dqu —I

gives the positive real lemma for a FDI and an LMI.

1.1.3 Absolute Stability—Lur’e Problems

A problem on the stability analysis of a class of nonlinear systems was formulated by Lur’e and Postnikov
in 1944 [69]. This benchmark problem is known as the Lur’e problem and the primary purpose is to ask if

the zero equilibrium point z = 0 of the continuous-time system given by

d

2 2(t) = Az(t) +be(a(t)),  q(t) = cla(t) (1.19)

is GUAS for any the nonlinear function ¢ satisfying the so-called sector condition

0<o¢(o) < Ea?, (1.20)

where £ corresponds to the maximum upper bound on the sector with which the input-output relations of
the nonlinear function are characterized. In addition, the nonlinear function ¢ is required to provide the
existence and uniqueness of the solution of (1.19), which is guaranteed if the origin = 0 is the unique
solution for ¢(cTx) = 0 or ¢(cTz) = b*. After the Lur’e problem of absolute stability had been addressed,

two famous conjectures were suggested and were disproved by counterexamples:

i. Aizerman conjecture (1949): When the system given by (1.19) is stable for all linear function in the

sector [0, &] is stable, does it immediately follow that the system with the same system realization and
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the nonlinear function which is characterized by (1.20) is also stable?

ii. Kalman conjecture (1957): If the nonlinear function characterized by (1.20) is differentiable almost
everywhere and its derivative ¢’ is in the sector [e1,£ — €3] for some small positive numbers €1, €5, then

does it immediately follow that the system with the same system realization and the nonlinear function

$?

Those two hypotheses have been disproved by some counter examples of higher-order systems. In the
wake of Lur’e problem and successive interesting hypotheses, the well known Circle and Popov criteria was
used in the absolute stability theory and their geometrical properties in the diagrams of frequency domain
gave straightforward tools for the stability analysis in the Lur’e system with a scalar-valued nonlinear
function ¢. More through review for these frequency domain criteria will be given in Section 1.2. Through
this thesis, we will consider some certain classes of nonlinear functions that are characterized by their input-
output relations.

Through this thesis, some certain classes of nonlinear functions and their interconnections with a nominal

linear time-invariant (LTT) plant will be considered.

Definition 7. (Definitions for some certain classes of nonlinear functions) Let us consider some classes of

nonlinear mappings whose properties are characterized by the so-called sector bound and/or Lipschitz bound:

o0 2 (4 R - R | 6,(0) [€7 64(0) — 0] <0, Yo €R and fori=1,...,n,};
Sl 2 (¢ R — R™ | [67 i(0) + 0] [€7 pi(0) — 0] <0, Yo €R and fori=1,...,ng};
8%, £ {¢: R™ = R™ [T (0)¢(0) < E207 0, Yo € R}
By 2 {$(0(1),1) : R" x Ry — R™ : 7 (o(1),t)o(t) = 0,0(t) € R, ¥t > 0} = 35°2);

n n ¢1(0)_¢(&) A .
dOM 2[4 R 4 R q|0§#§ui,V07ﬁaeR and fori=1,...,n4};

Plul 2 {4 R — R | —uigwg%va#&eﬂ% and fori=1,...,n4};

o—0
2 [p: R™ — R |[|¢(0) — 6(5)[13 < 12llo — 513, Vo £ & € Ra, )

Pogq = {¢:R" — R™ | ¢;(0) = —¢i(—0), Yo €R and fori=1,...,n,}.

Note that @L%’E] C <I>L§b| and @L()T’M C @L*f«‘. Further, if & = £ and p; = p for all indices i, and ng = ny, then

(I>|fb| - @ﬁb and @L’il - <I>g‘r, respectively. The converses, however, are not true.
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Figure 1.5: Loop Transformations for Sector Conditions

1.1.4 Loop Transformations
Loop Transformations for Sector Conditions

This section shows that any forms of sector-bounded nonlinear functions can be transformed into other
forms of sector-bounded nonlinear functions via the so-called loop transformations with constant gains [115,
100, 56]. The purpose is to derive another feedback connected system S from the given feedback system S

such that the new system realization S is stable if and only if the original system representation S is stable.

Example 1: Consider the Lur’e system with general sector conditions:

S: &= Ax+ Bp, q = Cz + Dp, (1.21)

pi(t) = éi(qi(t)), a;0? < api(o) < Bio?. (1.22)

Here we have dropped the variables w and z and the subscripts on B, C and D to simplify the presentation.

Assume that this system is well-posed, i.e., det(I — DA) is nonsingular for all diagonal A = diag(A;;) with
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a; < Ay < B;. Note that A might be time-dependent. Define

P
B

(pi — €igi) — ;- (1.23)

Then it is readily shown that |p;(t)| < |g;(¢)| for all t. Define the diagonal matrices:

) A2 diag(P),

a; + f;

A = di
diag( 5

so that p = INX;B 4+ Ag . Using our well-posed assumption and change of variables in which p is substituted

into p, this results in

@ =[A+ BA(I — DA)™*Clz + [BA(I — DA)"'DA + BAJp, (1.24)

q¢=(I—DA)"'Cx+ (I — DA)"'DAp. (1.25)

Hence the Lur’e system can be expressed with general sector conditions as a system with diagonal norm-

bounded uncertainties:

S: &= Axz+ Bp, q= Czx + Dp, (1.26)
pi(t) = ¢i(a(t)), ¢i(0)| < ol (1.27)
where
A=A+ BAI—-DAN'C,  B=BAI—-DA)'DA+ BA, (1.28)
C=(I-DAN7'C, D=(I-DA'DA. (1.29)

Example 2: Consider the discrete-time Lur’e system with general sector conditions:

S: x(k+1)= Ax(k) + Bp(k), q(k) = Cx(k), (1.30)

pi(k) = —¢i(qi(k)), 0 < 0¢i(0) < pio”. (1.31)
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Here the variables w and z and the subscripts on B and C are dropped to simplify the presentation and it

is assumed that the system is strictly proper, i.e., D = 0. Define a new variable:
- A 2
¢i = ;cm —qi |- (1.32)

Then it is readily shown that |¢;(k)| < a;|g;(t)| for all k. Define the diagonal matrices:

: Hi 1A g Hi
AL diag(-H,  R2q
ing(~Y), ing (o).
where «; # 0 for all indices ¢ such that p = Aﬁ + Ag. Hence the Lur’e system with general sector conditions

can be expressed as a system with diagonal norm-bounded uncertainties:

S: z(k+1)= Az(k) + Bp(k), q(k) = Cx(k), (1.33)

pi(k) = =¢i(a;(k)),  |9i(0)| Sailol, i=1,-- m (1.34)

with

A= A— BAC, B = BA.

For the case when a; = « for all indices i, the transformed norm-bounded condition can be written as
Ip(k)|13 = ¢(a(k) ¢(a(k)) < o®[la(k)[3 = a*a” (k)CT Cx(k) for all k € Z;.

Loop Transformation for a Class of Lipschitz-bound or Slope-restricted Nonlinear Functions

The process for loop transformations with constant gains is illustrated for a class of Lipschitz-bound or
slope-restricted nonlinear functions. The purpose is to derive another feedback connected system S from the
given feedback system S such that the new system realization S is stable if and only if the original system
representation S is stable. Consider the discrete-time Lur’e system with the slope-restricted nonlinear

function:

St a(k+1)=Ax(k) + Bp(k),  q(k) = Cx(k), (1.35)
pi(k) = —¢i(qi(k)), a; < w < B;. (1.36)

That is, ¢ € @L‘j’ﬂ !, Further, it is readily seen that the nonlinear function satisfies also a sector-bound

condition ¢ € @L%”B ). Here the variables w and z and the subscripts on B and C are dropped to simplify
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the presentation. Assume that this system is well-posed, i.e., det(I — DA) is nonsingular for a diagonal

nonlinear perturbation A = diag(A;). Note that A might be time-dependent. Define

5:(0) 2 =2 (44(0) — aui0) — pio. (1.37)

Then it is readily shown that —p; < W < p; for all o € R such that ¢ € @L‘il. Now, define the

diagonal matrices:
Bi — a;
24,

A £ diag(—1), A £ diag( ),

so that p = Ap + Ag with pi(k) := ¢i(q:(k)). The well-posed assumption and change of variables in which

p is substituted into p implies that

@ = [A+ BA(I — DA)~'Clz + [BA(I — DA)"'DA + BAJp, (1.38)

q¢= (I —DA)"'Cx+ (I — DA)"'DAp. (1.39)

Therefore the Lur’e system with general slope-restricted nonlinear conditions can be expressed as a system

with diagonal Lipschitz-bounded nonlinearities:

S: wz(k+1)= Az(k) + Bp(k), q(k) = Cx(k) + Dp(k), (1.40)
pi(k) = di(ai(k)), —pi < w < fi- (1.41)
where
A=A+ BAI—-DMAN'C,  B=BAI-DA)'DA+ BA, (1.42)
C=(I-DAN7'C, D=(I-DA'DA. (1.43)
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For the case when u; = u for all indices i, the transformed diagonal slope-restricted nonlinear function

satisfies the following Lipschitz condition:

Ik +1) = p(k)13

< 1?llg(k +1) — q(k)|3

L | [aoprer (k)
=® | pk) (CB-D)T| |C(A-—I) (CB-D) D|| pk)
_p(k + 1)_ I DT pk+1)
i | [d-nrereiion (A-nreres-bp) (A-17emb] [ e
= | Bk) (CB—D)'C(A—1) (CB-D)"(CB—D) (CB—-D)™D || p(k)
Bk +1) DTC(A I DT(CB - D) DD Bk +1)

forall k € Z,.

Limitations of Loop Transformation for a Class of Nonlinear Functions

Let us consider the discrete-time Lur’e system with sector-bounded and slope-restricted nonlinear functions:

S: x(k+1) = Ax(k) + Bp(k), q(k) = Cx(k), (1.44)

Pz(k) - *@‘(%‘(k))a (1-45)

where ¢ € @Ldb’d] N®LP). 1t can be easily seen that there is no loop transformation such that ¢ € (I’lsab‘ nal
unless & = B and & = ﬁ In other words, if ¢ € @ﬁ’d] N @Lﬁ’m and either of & # ﬁ or & # B holds, then such

a nonlinear function ¢ cannot be transformed into the standard bound representation ¢ € @Labl N fb'ﬁ‘.

1.2 Literature Review for Absolute Stability—FDI and LMI

Approaches

1.2.1 Circle Criterion

The circle criterion is a generalization of the sufficient part of the conventional Nyquist stability criterion.
It was first produced by Sandberg and Zames for a scalar nonlinear feedback system [130, 131, 102]. They
showed that the critical point in the classical Nyquist criterion could be expanded to an on-axis disc with

radius proportional to the degree of departure from linearity by the nonlinearity. The circle theorem is
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geometric in nature since the stability criterion is that the frequency response function G(jw) should not
intersect or encircle the disc shown in Figure 1.6. The circle theorem is inherently conservative, and it is also
applicable to time-varying systems whereas the Nyquist theorem is only applicable to linear time-invariant
systems. The circle theorem generalizes the Nyquist theorem since it includes it as a special case. The
Nyquist theorem [81, 80, 25] is a well known result and it is not covered in this section due to limited space.
Instead, in this section, the frequency domain circle theorem for the scalar case will be first introduced
in order to describe its geometrical characteristics of the SISO case. Then a mapping transfer function is
described that relates the circle criterion to a positive real function that leads to a formulation in the form

of an algebraic Riccati equation. Finally, the scalar algebraic version is extended to the multivariable case.

The Continuous-Time Circle Criterion

In a 1966 paper, Zames [131] (Lemma 1 on page 467) showed that a conic sector of the form shown in (1.20)

has a counterpart in the frequency plane in the form of a circular disk, given by the condition

s (33

such that the Nyquist plot of G(s) does not encircle the point —3 (X + %) Equation (1.46) corresponds to
the complement of equation (1.20). Therefore, the frequency domain statement of the circle criterion is as
follows [18, 19].

Theorem 9. (Circle criterion in geometrical point of view) Let n(s) and d(s) be coprime polynomials, i.e.

n

they do not have common factors, where G(s) = déz)) is strictly proper without loss of generality. Then if

d(s) has no zeros for all s € C such that its real part is positive then the following statements hold:

1. The trajectories of solutions of (1.19) are bounded if ¢ € <I>[£’B] and the Nyquist locus of G(s) does not
encircle or intersect the open disk D(«, B) which is centered on the negative real azxis of the G(s) plane

and has as a diameter the segment of the negative real azis (—L, —%) (see Figure 1.6).

T a
2. The trajectories of solutions of (1.19) are bounded and exponentially converge to the origin if there is

L?feﬁ_e] and the Nyquist locus of G(s) does not encircle or intersect the

some € > 0 such that ¢ € @
open disk D(«a, ) which is centered on the negative real axis of the G(s) plane and has as a diameter

the segment of the negative real axis (*i’ f%) (see Figure 1.6).

Under the conditions, the closed loop system is asymptotically stable in that all sets of initial conditions
lead to outputs which are bounded as ¢ approaches infinity if the Nyquist locus of G(s) does not intersect

the disk D(«, 8) and encircles it m,, times in the counterclockwise direction.
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Different proofs of the circle criterion based on Lyapunov functions have appeared in the literature [33,
115, 122]. To generate a Lyapunov function for the circle criterion, the positive real lemma [6] is applied to

the following mapping of the transfer function for the scalar case [19, 9]:

G(s) 2 1+aG(s) fL(S), (1.47)

T 14B8G(s)  Bd(s)

where 7(s) = n(s) + Ld(s), and d(s) = n(s) + %d(s) Note that the mapping described in (1.47) takes the
exterior of the disk D(«, ) in the s-domain for the scalar transfer function G(s) into the right-half-plane
(RHP) in the s-domain for the transformed transfer function G(s), if G(jw) is exterior to D(a, ) for all

w € R (see Lemma 3 in [19]):

1+ OzG(s)} < d(jw)n(—
14+ B8G(s) | —

(1.48)

0 < Re[F(jw)] = Re { “’C)Z +

jw) + d(—jw)i(jw)
2|d(jw)|?

with 0 # a # 8 # 0. The above implies that the numerator of equation (1.48) is a positive real function.
For a proof of equation (1.48) see [119]. The following statement for asymptotic stability using the circle

criterion corresponds to Lemma 4 in [19].

Lemma 5. Let us consider a strictly proper rational transfer function G(s) and a nonlinear function ¢ €
@iab’ﬂ], then if F'(s) is positive real the feedback nonlinear system described by equations (1.3) is asymptotically

stable.

Multivariable extensions of the circle criterion have been proposed [133] and a multivariable version by
Haddad and Bernstein has been written as an algebraic Ricatti equation [33]. The multivariable version of
(1.47) is given by

G(s) = [I + K1G(s)] [I + K>2G(s)] " (1.49)

where K7, Ko are the matrices of compatible dimensions and the multivariable conic sector is defined by

U £ g R R™|(p(0 (1)) — K10 () (¢(a(t)) — Kao(t)) < 0,Vo(t) € R} (1.50)

S

and ¢(o(t)) is Lebesgue measurable for all o(t) € R, .
By writing a realization of G(s) in (1.49) and using the Kalman-Yakubovich-Popov (KYP) Lemma with
the procedure shown in Section ??, a multivariable algebraic Ricatti equation equivalent to Lemma 5 can

be written [34] such that it yields the following theorem in terms of an LMI.

Theorem 10. Suppose G(s) is strongly positive real and G(s) is a minimal realization of the system described
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in (1.3), then there exists a matriz P > 0 satisfying:

ATP+PA PB-CT
R . <0 (1.51)
BTp-C —-D-DT

where
A=A—-B(I+ K D)'K,C

B=B(I+K D!
. (1.52)
C = (KQ — Kl)(l + DKl)_lC’
D=1+ (Ky—K)(I+DK) D
Furthermore, the negative feedback interconnection of G(s) and ¢(q(t)) is asymptotically stable for all ¢ €

5 K1, Kz]
O

Proof: This is nothing but the combination of taking a loop transformation and applying the positive real

lemma. The same result has been shown in [34] when applying Schur complement. [

Remark 4. (Loop transformation (or multiplier theory)) A loop transformation with constant gain matrices
does not change the stability of the system. That is, the system which consists of the transfer function G(s)

2]

and the negative feedback interconnection with the nonlinear function ¢ € @LI;“K is stable if and only if

G(s) is positive real such that its input-output property is characterized to be passive.

The circle criterion is an important result because it serves as a generating criterion for various con-

straining forms of nonlinear functions, ®, for example, consider the following corollary.

Corollary 1. The circle criterion reduces to the positive real lemma described in Theorem 3 provided that

Ky = ool and K7 = 0.

The circle criterion is considered to be the least conservative result that can be obtained for time-varying
systems for the case of a quadratic Lyapunov function [122].

The Discrete-Time Circle Criterion

All the arguments regarding the formulation of the continuous-time circle theorem carry over to the case of

the discrete-time version of the circle criterion [18].

Theorem 11. (Circle criterion in geometrical point of view) Let n(z) and d(z) be coprime polynomials, i.e.

they do not have common factors, where G(z) = Z((j; is strictly proper without loss of generality. Then if

d(z) has no zeros outside the unit circle then the following statements hold:
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1. The trajectories of solutions of (1.8) are bounded if ¢ € <I>[Sab’ﬂ] and the Nyquist locus of G(z) does not
encircle or intersect the open disk which is centered on the negative real axis of the z-domain for G(z)

and has as a diameter the segment of the negative real axis (—é, —%) (see Figure 1.6).

2. The trajectories of solutions of (1.3) are bounded and exponentially converge to the origin if there is
some € > 0 such that ¢ € @L(ZJFS’ﬂ_S] and the Nyquist locus of G(z) does not encircle or intersect
the open disk which is centered on the negative real axis of the G(z) plane and has as a diameter the

segment of the negative real axis (*iv f%) (see Figure 1.6).

In 1994 Haddad and Bernstein [118] suggested a multivariable version of the discrete-time circle criterion
in terms of an algebraic Ricatti equation [36]. Here we give an alternative version of Theorem 12 in terms of
LMIs, which is nothing but the combination of taking a loop transformation and applying the positive real

lemma.

Theorem 12. Let us suppose é(z) = iiggg;g is strongly positive real and G(z) is a minimal realization

of the system described in (1.3) such that their subscripts are dropped for convenience, then there exists a

matriz P > 0 satisfying:

ATPA— P ATpB - CT
<0 (1.53)

BTPA-C BTPB-D-DT

where the matrices 121, B, C’, D, are the same as the ones defined in the continuous-time case. Furthermore,
sitmilar to the continuous-time case, the negative feedback interconnection of G(z) and ¢(q(k)) is asymptoti-

5 [K1, K2
cally stable for all ¢ € <I>Lb I,

Proof: This is nothing but the combination of taking a loop transformation and applying the positive real

lemma. The same result has been shown in [34] when applying Schur complement. [J

1.2.2 Popov Criterion

In 1960, V. M. Popov [89, 90, 91] provided a less conservative sufficient criterion for the stability of the system
shown in Figure 1.7 in terms of a modified frequency response of the linear part of the feedback system
G(jw). The idea consists on the removal of a multiplier from the linear element and further conditions on
the properties of the negative feedback connected nonlinear functions in the block ®. Such conditions are

that ¢ € <I>SO,,’OO] does not depend on time explicitly and is memoryless (static). It was not until Popov’s work
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Figure 1.7: Loop Transformations for Popov Criterion

and making use of frequency response methods for nonlinear stability analysis and synthesis that a theory

of design for nonlinear systems began to emerge.

Continuous-Time Popov Criterion

In this section, the factorization and loop transformation that lead to the scalar version of the Popov criterion
are discussed. The aforementioned transformation leads to a Modified Phase Amplitude Characteristic or

MPAC; the geometrical interpretation of the Popov criterion in terms of an MPAC plot is described and

the previous results will be extended for the case where ¢ € <I>[SOT’“] for the SISO case. Finally, the scalar

algebraic version is extended to the multivariable case. Let us consider that the transfer function G(s) can

be factored as

Gls) = 135G = ) (1.54)

for some scalar A > 0, which is shown in Figure 1.7. This factorization leads to the transformed transfer

function

G(s) = p "+ (1 + As)G(s) (1.55)
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The block diagram can be written for (1.55) by means of a loop transformation, as shown in Figure 1.7.
The detailed procedure for constructing this loop transformation is shown in the proof of Corollary 2 on
page 470 of [131]. Note that the nonlinear block ® is multiplied by a first-order transfer function, thus the
name Popov multiplier for such transfer function. Such multiplication results in a modified block & whose
elements (ﬁ belong to the class of nonlinear function defined by <I>L9:°°] provided the nonlinear functions are
memoryless, as shown by Lemma 2 of [131] in page 468. The frequency response of the linear element is
modified by the removal, and, in effect, the size of the critical region is reduced. The Popov criterion for

continuous-time transfer functions [90, 115] follows.

Theorem 13. Consider a nonlinear feedback system of the form described in (1.3) where the nonlinear

element ¢ € @L(l’oo]. If there exists a number \ such that

Re [(1 4+ \jw)G(jw)] > 0,Yw >0 (1.56)

then the nonlinear feedback system is asymptotically stable.

Proof:  The proof consists on showing that (1 + As)G(s) is strictly positive real, thus by means of the
KYP lemma there exists a symmetric positive definite matrix P = PT > 0 that is used to establish a
Lure-Postnikov Lyapunov function [28, 115, 56] in order to prove global asymptotic stability. The details of

the proof are shown in Popov’s original paper [90] and on pages 231 to 233 of [115]. O

Note that (1 + Ajw)G(jw) = % has the form of a straight line provided G(jw) corresponds to the
horizontal axis and wG(jw) corresponds to the vertical axis, as shown in Figure 1.8 which is known as
a Modified Phase Amplitude Characteristic or MPAC. The inequality expressed by (1.56) means that the
MPAC of G(jw) corresponds to a half-plane. Thus the Popov criterion reduces to finding the hyperplanes
that intersect the negative or positive real axis of a Nyquist plot modified by the multiplier that is to the left
of this plot but as close to the origin as possible. Thus, the geometrical interpretation of Theorem 13 is as
follows: if there is a straight line situated either in the first and the third quadrants of the G(jw) vs wG(jw)
plane or it is the ordinate axis, and in addition it is such that the MPAC is on the right of this straight line,
then the trivial solution of the investigated system is absolutely asymptotically stable. Further, the MPAC
is on the right of this straight line if any point of the MPAC is either on the straight line or it is in the
half-plane bounded by this straight line and containing the point (0, +00).

If ¢ € @L%“] and ¢ € CI)LOb’g] such that p > &, then a special case of Theorem 13 can be considered [115]

by doing the loop transformation shown on Figure 1.7 [28, 115]. In terms of the geometrical interpretation

the straight line in Figure 1.8 may be shifted a distance i to the left as shown in Figure 1.8. Asymptotic
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stability is guaranteed for any ¢ in a specified class of nonlinear functions, which is also called a relation.
The Popov criterion was generalized to the multivariable case [12, 7] in the late 1960s; the proof is very
similar to that of the scalar case since it is based on applying the KYP lemma to the multivariable version
of (1.56) given by
W(s) =M™+ (I +As)G(s) (1.57)

in order to show positive realness of W (s), where M = diag{ju1, pi2, ..., ftn, } € R"»*"» and A is a nonneg-
ative definite diagonal matrix whose diagonal components correspond to the Lagrange multipliers, absolute
stability is proved by means of a Lur’e-Postnikov Lyapunov function. Details are shown on pages 490 to
491 of [12]. The set of nonlinear functions is defined in component-wise sense. That is, each component
¢i(0;) of ¢ satisfies the restriction ¢; € @L()r’“ I and the components of ¢ are assumed to be decoupled. The
multivariable Popov equation described in (1.57) has been written as an algebraic Ricatti equation [12, 33],

which leads to the following theorem in terms of an LMI.

Theorem 14. Suppose W (s) is strongly positive real, where G(s) is a minimal realization of the system
described by equation (1.3) where <I>[SOT’M] is as described previously in Definition 7, then there exist matrices
P >0 and A > 0 satisfying:

ATP+ PA (C+ACA - BTP)T

<0 (1.58)
C+ACA-BT"P (M '+ ACB)+ (M~*+ACB)T

Furthermore, the negative feedback interconnection of the LTI system G(s) and the nonlinear mapping ¢ is

asymptotically stable for all <I>[£«’M].

Proof: 'The Lur’e-Postnikov-Lyapunov function for this theorem is proved on pages 490 and 491 of [12].
The LMI is obtained by applying the Schur complement to equation (71) on page 328 of [33]. See also pages
278-279 of [56]. O

The Popov criterion is less conservative since it removes the time variation property of the nonlinearities.
Further research on Popov criterion involved the consideration of local slope restrictions [101, 38]. In
particular, in [106] the Popov multiplier shown in (1.55) was substituted and (1.56) is required to be positive

real and p is a bound on the local slope of the feedback nonlinearity such that
0<¢'(0)<p, VoeR, (1.59)

which is also defined as the set of nonlinear functions <I>[SOT’“ | CR.
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Because of the new multiplier, the MPAC plot changes in such a way that the vertical axis corresponds
to %Im [G(jw)] and the Popov plane is bounded in terms of a straight line with a real axis intercept —% and
slope —% for the SISO case.

In 1995, Haddad and Kapila [37] generalized Theorem 13 to the multivariable case containing an ar-
bitrary number of memoryless time-invariant slope-restricted monotonic nonlinearities by considering the

multivariable version of (1.56) given in (1.57) with a different Lyapunov function.

Theorem 15. Let G(s) = C(sI — A)™'B be a stable transfer function, its realization (A, B,C) be minimal,
and CA~'B be nonsingular, which implies that the origin is the unique equilibrium point. If there exists a
positive semi-definite matrizc A = diag{\1,--- ,A\p,} so that a new transfer function is defined as W (s) =
M=+ (I+As71)G(s), then W (s) is strongly positive real if and only if there exists a positive definite matriz
P = PT > 0 such that

ATP+PA  (BTP-ACA-'—D)T
~ o ~ <0, (1.60)
BTP—-ACA-1—D oM~I
where
_ A 0 _ B _ _ r
A% , B£ , Cé[o I}, D% |c o] (1.61)
cC 0 0 L

Furthermore, the negative feedback interconnection of G(s) and ¢ is asymptotically stable for all ¢ € @L?JM].

Proof:  Details of the proof are shown in pages 362 and 363 of [37]. Strict positive realness leads to the
application of the Kalman-Yakubovich lemma and its equivalent LMI form is written by means of the Schur

complement. Absolute stability is proved by means of a modified Lur’e-Postnikov equation of the form:

T

@ (t) i % (t)
V(i(t),q(t)) = P +2) N\ ¢ (0)odo (1.62)
q(t) q(t) ; /O

Details are shown on page 363 of [37]. O

1.2.3 Tsypkin’s Criterion

After Popov published his stability criterion for continuous-time systems, several researchers worked on
developing a discrete-time stability test similar to Popov’s. The closest analog was developed by Tsyp-

kin [111, 112] who derived the following theorem.
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Theorem 16. The corresponding scalar nonlinear system with the form of equation (1.3), where ¢ belongs

]

to sector condition [0,€], i.e., ¢ € CIJ[S%’E , is globally asymptotically stable if the following condition holds:

Re [G* (juw)] + % >0 (1.63)

Proof: See pages 172 and 173 of [112]. O

The geometrical interpretation of Theorem 16 is shown in Figure 1.9. The discrete-time nonlinear system
will be absolutely stable if the frequency characteristic of G(z) of the linear part does not intersect the
straight line —1/¢. The foundations upon which Popov’s criterion is extended to the discrete-time case
were established in the work of Hitz and Anderson [39] who described discrete positive-realness in terms of
the Kalman-Yakubovich lemma. Another important element was the work of Pearson and Gibson [86] who
bounded the integral of the difference equation of a discrete-time version of the Lur’e-Postnikov equation
in terms of the maximum slope of the nonlinearity, which makes it possible to further restrict the upper
boundary of the sector conditions in comparison with earlier applications of quadratic. In 1964, Jury and
Lee [49, 48] proposed a new sufficient condition that considers a local slope restriction that produces a
modified response by shifting the frequency response of the discrete-time transfer function G(z) to the right
in a manner proportional to the value of the slope u, that is, the smaller the slope the more the modified

frequency is shifted to the right leading to a less conservative solution.

‘ . ‘ . [0.€]
Theorem 17. The corresponding scalar nonlinear system with the form of equation (1.5), where ¢ € @, >N

<I>[SOT’“], is globally asymptotically stable if a non-negative scalar A exists such that the inequality
* 1 )‘/U‘ * 2
Re [G*(2)] [A+)\(z71)]+gf S =16 () =0 (1.64)

is satisfied on the unit circle z = exp(jw) for w € [0, 27].

Proof: See pages 53 to 56 of [49]. O

The criterion described in (1.64) includes Tsypkin’s criterion as a special case when A = 0. The
multivariable extension of Jury and Lee’s criteria was described by Haddad and Bernstein [118, 36] by
defining the set ®p characterizing a class of sector-bounded time-invariant memoryless nonlinearities. Let

K = diag{&1, -+ ,&n,} € R"» > be a given positive definite matrix and define:

0<o¢i(0) <&o?, Vo eR, fori=1,2,...,n, (1.65)
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and

A ) S, (160

o—a
Note that components of ¢ are decoupled. The multivariable version of (1.64), as shown in [118] is given
by
K4 [T+ (= — )AJG(2) — %|z L 1PGH(2)MAG(2) (1.67)

where A is a positive semi-definite matrix. The multivariable version of Theorem 17 is described in terms of

an LMI in the following theorem.

Theorem 18. Consider the nonlinear system described in (1.3). If there exists a nonnegative definite
diagonal matriz N such that (1.67) is strongly discrete-time positive real, where G(z) is a minimal realization,
then the negative feedback interconnection of G(z) and ¢(-) is asymptotically stable for ¢ € @L%’K] N oM if

the following condition holds:

P—ATPA —C - BTCTMAC
—(A=DTCTMAC(A 1) —QCA+ BTCTMACA + AC + BTPA .
(—C — BTCT MAC (K~' + ACB) + (K~' + ACB)” o
—QCA+ BTCTMACA + AC + BTPA)T —BTCTACB - BTPB
(1.68)

Proof: See [118] for the Riccati equation version and using the Schur complement lemma one has the

equivalent LMI condition above. [

1.3 Linear and Bilinear Matrix Inequalities

In this section, backgrounds on the mathematical theory and control applications of linear matrix inequal-
ities (LMIs) and bilinear matrix inequalities (BMIs) are provided. The research monograph [100] is a useful
introduction for locating LMI results scattered throughout the control and system engineering literature. A
through review for LMIs and BMIs for process control is given in [113]. More advanced topics of LMIs in

control are introduced in the book [58].
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1.3.1 The Linear Matrix Inequality and Optimization Problems

Here the definition and some properties of the LMI is given. A Linear Matrix Inequality (LMI) has the
form:

F(z)=Fo+ Y x;F; >0 (1.69)

i=1

where x € R™, F; € R"*™. The inequality means that F(x) is a positive definite matrix, that is,
2TF(2)z >0, V2 #0,2 € R™. (1.70)
The symmetric matrices F;,i =0, 1,...,m are fixed and z is the (decision) variable. Thus, F'(x) is an affine

function of the elements of x.

Comment 2. Any feasible nonstrict LMI can be reduced to an equivalent strict LMI that is feasible. To
see this, eliminate implicit equality constraints and then reduce the resulting LMI by removing any constant

nullspace [100], page 19).

Proposition 1. (LMI equivalence to polynomial inequalities [115]) It is informative to represent the LMI

in terms of scalar inequalities. More specifically, the LMI (1.69) is equivalent to n polynomial inequalities.
Moreover, LMIs are not unique to represent a feasibility set.

Proposition 2. (Non-uniqueness of LMIs) A matriz A is positive (or negative) definite if and only if TT AT
is positive (or negative) definite for any nonsingular matriz T. Thus, the permutation transformation matrix
T gives some rearrangements of matriz elements such that definiteness of the transformed matriz does not

change.

Another interesting property of the LMI (1.69) is its convexity. A set C'is said to be convezif Az+(1-N)y € C
for all z,y € C and X € (0,1) [2].

Proposition 3. (Convezxity) An important property of LMIs is that the set {z|F(x) > 0} is convez, that is,

the LMI (1.69) forms a convex constraint on x.

An important property of LMIs in control and system engineering problems is its ability to consider multiple

control requirements or objectives by appending additional LMIs.

Proposition 4. (Capability to handle multiple constraints) Consider a set defined by q LMIs:

F'(x) > 0; F*(z) >0; --- ; Fi(x) > 0. (1.71)
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Then, noting the fact that the eigenvalues of a block diagonal matriz are equal to the union of the eigenvalues

of the blocks, or from the definition of positive definiteness, an equivalent single LMI is given by

F(z) = Fo+ Y a:iF; = diag{F'(x), F*(z),- -, F(z)} > 0, (1.72)
i=1
where
F; = diag{F}, F?,--- F{}, Yi=0,--- ,m (1.73)

and diag{ X1, Xa,--- , Xq} is a block diagonal matriz with blocks X1, Xa, ..., X,.

The linear constraints on variables can be written as LMI constraints and the problem to investigate the

existence of the solution which satisfies LMIs is called an LMI feasibility problem.

Proposition 5. (Linear constraints an an LMI) Consider the general linear constraint Az < b written as

n scalar inequalities:

bi_ZAijij>07 1=1,...,n (174)
j=1

where b € R™, A € R"™™_ qand x € R™. Each of the n scalar inequalities is an LMI. Since multiple LMIs

can be written as a single LMI, the linear inequalities (1.74) can be expressed as a single LMI.

In addition to the properties of LMIs, the following lemma is a tool to convert a class of convex nonlinear

inequalities to an LMI.

Lemma 6. (The Schur complement lemma) The conver nonlinear inequalities
R(z) >0, Q(z) — S(x)R(x)"*S(x)T >0, (1.75)
where Q(x) = Q(z)T, R(z) = R(x)T, and S(z) depend affinely on x, are equivalent to the LMI

Qx)  S(x)
S(z)" R(z)

> 0. (1.76)

Proof: A proof of the Schur Complement Lemma using only elementary calculus is given in the appendix.
In what follows, the Schur Complement Lemma is applied to several inequalities that appear in control and

system engineering problems. []

One of the most useful and promising aspects of LMIs is that fact that many optimization and control

problems can be formulated in terms of finding a feasible solution to a set defined by LMIs.
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Eigenvalue problems

The following optimization problem is commonly referred to as a semidefinite program (SDP) [5]:

inf clx (1.77)

An SDP that often arises in control applications is the LMI eigenvalue problem (EVP). It is the minimization
of the maximum eigenvalue of a matrix that depends affinely on the variable z, subject to an LMI constraint
on x. Many performance analysis tests, such as computing the H,, norm, can be written in terms of an

EVP [114]. Two common forms of the EVP are presented so that readers will recognize them:

inf A (1.78)
T,

A — A(z) > 0
B(z) >0

and

inf A (1.79)
T, A

A(xz,A\) >0

where A(z, \) is affine in « and A. The equivalence of (1.77), (1.78), and (1.79) can be easily seen [113].

Generalized eigenvalue problems

A large number of the control properties can be computed as a generalized eigenvalue problem (GEVP),
including many robustness margins and the minimized condition number discussed [100, 113, 103]. A GEVP

is, given square matrices A and B, B > 0, find scalars A and nonzero vectors y such that

Ay — ABy = 0. (1.80)

The following property of GEVPs looks trivial, but its importance cannot be ignored.

Lemma 7. Let consider a symmetric matriz F(§) such that F is conver in § € R. Then the open set

A £ {5 € R|F(8) < 0} is connected and the inf/sup values of 6 € A are achieved on the boundary of the
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set. That 1is,

Slow = arg infsea 6 = inf{d;,6,.}

Oupp £ arg supsep 0 = sup{d;, 0.},

where 8,6, € & such that F(5; —€) > 0 and F(5, +€) > 0 for some €. Furthermore, it is allowed that

81,6, € {—00,00}.

Proof: From the convexity of F' in § € R, the connectivity of the open set A is trivial. In addition, since

A is a connected convex set, §;, 8, are the left- and right-most values in the closed set A. [

The computation of the largest generalized eigenvalue can be written in terms of an optimization problem
with LMI-like constraints. Consider that the positive definiteness of B implies that for sufficiently large A,
A —AB < 0. As ) is reduced from some sufficiently high value, at some point the matrix A — AB will lose
rank, at which point there exists a nonzero vector y that solves (1.80), implying that this value of A is the

largest generalized eigenvalue. Hence
Amaz = min A = inf A\ (1.81)
A=XB<0 A—XB<0

Often, our objective is to minimize the largest generalized eigenvalue of two symmetric matrices which

depend affinely on a variable x, subject to an LMI constraint on x:

inf Amaz(A(z), B(z)), (1.82)
B(z) >0

C(z) >0

where Aoz (A(x), B(z)) is the largest generalized eigenvalue of two matrices, A and B, each of which depend

affinely on . From (1.81) this optimization problem is equivalent to

inf A (1.83)
A(x) — AB(z) <0

B(z) >0
C(z) >0
1.3.2 The Bilinear Matrix Inequality and Optimization Problems

A bilinear matrix inequality (BMI) is of the form:
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F(z,y) :F0+inFi+Zijj+ZZCEiyjHij >0 (1.84)
i=1 j=1 =1 j=1

where G; and H;; are symmetric matrices of the same dimension as F;, and y € R". Bilinear matrix
inequalities were popularized by Safonov and co-workers in a series of proceedings papers [50, 51, 52, 72],
and first applied to a nontrivial process description (i.e., a chemical reactive ion etcher) by VanAntwerp and
Braatz [44], and was later applied to paper machines [45]. A BMI is an LMI in z for fixed y and an LMI in
y for fixed z, and so is convex in = and convex in y. The bilinear terms make the set not jointly convex in x

and y. Besides bilinear and general quadratic inequalities
tTQu+cTx+p>0, (1.85)

general polynomial inequalities can also be written as BMIs.

Since a BMI describes sets that are not necessarily convex, they can describe much wider classes of
constraint sets than LMIs, and can be used to represent more types of optimization and control problems.
The main drawback of BMIs is that they are much more difficult to handle computationally than LMIs.

An optimization over BMI constraints is called a BMI problem:

inf e +dy (1.86)
T,y
A(lz" y"]") >0
F(z,y) >0
where F'(z,y) is defined in (1.84).
Many important problems in control that cannot be stated in terms of LMIs can be stated in terms of
BMIs. Examples include robustness analysis [27, 93], a large number of robust controller synthesis problems
including low order and decentralized control [72, 50], bilinear programming, and linear complementarity

problems [3, 4, 95]. It has been shown that there is a corresponding optimization over BMI constraints called

the BMI eigenvalue problem (BEVP) [113]:

inf 5 (1.87)
Y,y
A(lz" y"]") >0

)‘maX(F(xvy)) <7
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where A\pax is the maximum eigenvalue of F(z,y). It is easy to see that the LMI eigenvalue problem is a

special case of the BMI optimization problem.

1.3.3 The S-Procedure

The S-procedure greatly extends the usefulness of LMIs by allowing non-LMI conditions that commonly
arise in nonlinear and/or uncertain systems analysis to be represented as LMIs, with the introduction of some
conservatism. The original question in the S-procedure is whether a quadratic inequality is satisfied over a
domain that is generally represented as a set of constraints and when a quadratic inequality is a consequence
of other quadratic inequalities, that is, does the nonempty set C = {x € R"|g;(x) > 0,7 = 1,...,1} imply

that fo(z) > 07, where the functionals fy,g; : R" — R are convex for i =1,...,1.

I. The Lagrange Dual Problem in Convex Optimization Context

Lagrangian duality is an promising approach in convex optimization and its development in theory and
practice are far reaching. The main idea in Lagrangian duality is to associate an equivalent or weaker dual
problem with a given constrained primal problem. A dual problem may be much easier to solve than the
original problem while there might be some potential conservatism. First, we will see that any feasibility
problem can be transformed as a corresponding equivalent optimization problem. The S-procedure is a

special case of the Lagrange dual problem.

Proposition 6. (The equivalence of a feasibility problem and a linear objective optimization problem) The
feasibility problem

f(x) <q suchthat € X

can be reformulated as the LP
inf t
flx) —tl <q
re kX

It is easy to see that the optimal solution t* of the above LP is less than zero if and only if the inequality

f(z) < q holds for all z € X.

We should note that the reformulation of a convex min-max optimization problem may not unique, in
general. Often, different reformulations have certain advantages from the point of solution approaches. For

the details and examples, see [17]. Let us consider the following general (not necessarily convex) optimization
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problem:

minimize folz
() (1.88)
subject to  fi(z) <0, i=1,...,land z € X,

where X C R" and f; : X — R, i = 1,...,l. The equivalence of the S-procedure and the Lagrange dual
problem is due to their basic idea which is to relax the constraints by augmenting the objective function

with a weighted sum of the constraints.

Definition 8. (The Lagrangian and the Lagrangian dual function [17]) Let us introduce the so-called La-
grange multiplier vector A € R, Then the Lagrangian L : R® x Rl — R associated with the optimization

problem (1.88) is defined as

!
L(x,\) = fo(z) + Z Ai fi(x)

and the corresponding Lagrange dual function g : R' — R is defined as

!
gA\)= inf L(z,A\)= inf <f0($)+2/\ifi($)>~

reX reX

The Lagrange dual function g is concave, even if the primal optimization problem (1.88) is not convez.

It is well known that the dual function yields lower bounds on the optimal value of the primal problem
(1.88), i.e., g(A\) < fo(z*) where z* is an optimal solution of the problem (1.88). Now, it is natural to ask
what the closest approximation based on the Lagrange dual function for the optimal value fo(z*) is. Thus,
we are led to consider the other optimization problem which is called the dual problem:

maximize  g(\) (1.89)
subject to A\, >0, i=1,...,1
The main advantage to consider the Lagrange dual problem (1.89) is the fact that the Lagrange dual problem
(1.89) is a convex optimization problem whether or not the primal problem (1.88) is convex. The difference
between the optimal values of the problems (1.88) and (1.89) is called the dual gap and when there is no
dual gap, the Lagrange dual problem (1.89) is said to be strongly dual and the strong duality corresponds
to lossless in the S-procedure. The following lemma deals under which conditions the strong duality is

guaranteed.

Lemma 8. (Farkas’ lemma and Slater’s constraint qualifications [87, 17]) Let fo, fi : R™ — R be convex

functionals fori=1,...,l and X € R™ ba a convex set. In addition, let us assume that the so-called Slater’s

42



condition [17], which is a simple constraint qualification, holds for the set C; = {x € R"™| f;(z) < 0,14 =
1,...,1}. That is, there exists a vector & € rel int Cy N int Co where rel int indicates the relative interior of
a set and for its definition, the readers are recommended to see [99, 17]. Then the following two statements

are equivalent:

1. The feasibility problem

fo(x) <0  such that x € CyNCo

is not solvable.

2. There exists a Lagrange multiplier vector X := (A1,---,A\;) > 0 such that
l
fo(x) + > Aifi(x) >0, Va € Cy.
i=1

Note that the constraint Co is relaxed in the second statement by the introduction of the Lagrange multiplier
vector .
I1. The S-Procedure in Control Theory Context

We will mainly consider the use of the S-proceure in finite dimensional spaces and the S-procedure
can applied to quadratic functions as easily as to quadratic forms. Let the real valued functionals f;(z),

7 =0,...,] be quadratic of z € X C R™:
fi(z) = 2" Tz + 2u = + vy, (1.90)

where T;’s are symmetric matrices, u;’s are vectors, and v;’s are scalars. It can be easily seen that if there

exists A > 0 such that

l
folx) = D Nifi(z) 20 VreX, (1.91)
i=1
then
folx) >0 Ve XNC, (1.92)
where C £ {x € R"| f;(x) >0, j =1,...,1}. It is well known that the S-procedure is also necessary when

[ =1 and is called lossless.

Theorem 19. (Yakubovich [128]) Let f; : X = R, j =0,...,l and assume the constraints f;j(x) > 0 for all

43



j=1,...,1 are regular, i.e., there exists T € X such that f;(x) > 0. In addition, let us define sets

Cr & {f(z) e R | f(2) = (fo(a),- -, fila)T, x € XY,
LEDNERT X=X, -, )T}

Then if Cy N L = 0 implies that Co(Cy) N L = () then the S-procedure is lossless.

Proof: The separating hyperplane theorem [69, 17] plays a crucial role in the proof. The details of the proof
are in [128]. O

Remark 5. As a special case, if the set Cy is convex set, which is guaranteed when the functionals f;’s are

convez in x € X, then the S-procedure is lossless.

Sometimes it is very important to know whether the S-procedure is lossless for a certain class of functionals
fj-

Proposition 7. (Lossless S-procedure [75]) There are some special classes of functionals with which the

S-procedure is lossless.

1. If f;(x)’s are linear functionals in x € X, X is a convex set, and there exists a vector & € rel int X

such that © € C, then the S-procedure is lossless.

2. The S-procedure is lossless in the case when | =1 and the functionals are all quadratic forms on a real

linear space X .

3. The S-procedure is lossless in the case when | = 2 and the functionals are all Hermitian forms on a

complex linear space X.
We should note that the first statement is nothing but Slater’s constraint qualification.

Proof: The proof is given in [75]. O
Example: The feasibility problem (1.92) is equivalent to the following LMI condition in the Lagrange

multiplier vector A:

To
uOT Vo

! Tz U;
>N > 0. (1.93)
=1 u

T
i Ui

Uo

Comment 3. The S-procedure also holds for the case of a strict inequality.
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Remark 6. (Multidimensional Circle and Popov criteria) Consider the set @LI;“KZ] of sector-bounded static

nonlinear functions:

Ul £ (4 R 5 R™ [ (¢(0) — K10)T (¢(0) — K20) < 0, Vo € R™},

where K; € R™*" for each index i and the nonlinear function ¢(o) is Lebesque measurable for all o € R™a,

Then the relation in the definition of the set @L{:“Kﬂ can be represented as an equivalent LMI

CT(K, + Ky)T
| CHKTK,+ KIK])C, I

T —CT(KT'Ky + KT'K,)D z
il ) = L P <0
) (K + K5)C, 21 — (K1 + K2)Dyp — DT (K + K5)T ®
_Dg;)(K{K2+KgK1>Cq +Dg;)(K1TK2+K2TK1)qu

With a predefined Lyapunov function V(x) and its time-derivative (or time-difference) function which is
represented by the inequality fo(z, ) = %V(x) < 0 for the continuous-time systems or AV (z) < 0 for the
discrete-time systems, if there exists a scalar X > 0 such that the inequality fo(xz, ) — Afi(x,d) < 0 holds
for all (z,¢) € R™ x R" then the functional £V (x) (or AV (x)) is negative for all (z,¢) € R™ x (fgfl’KZ].

Now, consider the set 7[51;/[1’M2} of slope-restricted static nonlinear functions:

PMLMz] & £ R s R™ | (¢ (0) — Myo)T (¢ (0) — Mao) < 0, Vo € R™},

where M; € R™*"a for each index i and the derivative of the nonlinear function ¢'(o) is also Lebesgue
measurable for all o € R™ . Similarly to @ggl’KZ], the relation in the definition of the set M M2l e

represented as an equivalent LMI

T
z| |CT(MT My + M MT)C,  CT(MT M + MFM)Dy,  —CF(My + M)T | |«

folz,0,0") 2 | ¢ | | DL (MI Mo+ MIM)C, DI (MI My + M M)Dy, —DI (M +M)T| | ¢] <0
¢ —(M; + M)C, —(My + M) Dy, I ¢’

for the continuous-time case. Therefore, if there exists a scalar A1, Ay > 0 such that the inequality fo(z, d) —
A fi(x, @) —Aafalx, ¢, @) < 0 holds for all (x,¢p,d’) € R™ xR™ xR", then the functional %V(m) is negative
for all (z,¢) € R™ x (@SIJI’KZ] N <i>L¥1’M2]).

Proof: The proof is just simple algebraic computation using the S-procedure and omitted due to the limited

space. [
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Chapter 2

Stability and Performance Analysis
for Lur’e Systems

This chapter considers the analysis of stability and performance of Lur’e systems. Sufficient conditions for
the existence of a certain type of Lyapunov function, a modified Lur’e-Postnikov function, are given in terms
of linear matrix inequalities (LMIs). The derived critera for the analysis of stability and performance are
shown to be less conservative than criteria published in the literature. Extensions to cover the performance

analysis for a specific class of uncertain nonlinearities are also included.

2.1 Introduction

Absolute stability theory considers the stability of a nominal linear time-invariant system interconnected
with a static nonlinearity, that is, a real function of real variables with no internal states. The literature
on absolute stability theory can be categorized in terms of the properties of static nonlinearities that are
considered. This chapter develops new sufficient conditions for the stability analysis of discrete-time systems
with the advance being LMI conditions that exploit the static, sector-bounded, and globally slope-restricted
nature of the componentwise nonlinear operators. The results are extended to address performance analysis
for discrete-time systems [98].

Lyapunov methods provide a simple but powerful way to analyze nonlinear systems and design stabilizing
controllers [100, 22, 55, 57, 23]. Many well-known results on absolute stability were developed for a bench-
mark problem called the Lur’e problem [76, 53, 84, 105]. The Popov and Circle criteria are frequency-domain
conditions for absolute stability of the feedback interconnection of a continuous linear time-invariant system
with a sector-bounded nonlinearity [32, 35, 56, 62, 106, 132]. Its counterpart for a discrete-time system is

known as the Tsypkin criterion [60, 85] and the Jury-Lee criterion [49, 48]. Consider the nonlinear system:
w(k+1) = Ax(k) + Bp(k);  q(k) = Ca(k) + Dp(k);  p(k) = —¢(q(k)), (2.1)

where A € R"*" B € R"*" (C € R™*" D € R"*"r the nonlinear operator is given by ¢ € ®, and &

is a set of static functions that satisfy ¢(0) = 0 and have some specified input-output characteristics. This
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chapter considers several classes of nonlinear operator ¢(-) that are applied componentwise to the elements
of the vectors, defined in Definition 7. Suppose that the state-space system representation (A, B,C, D) is
a minimal realization of the transfer function G(z) = C(2I — A)™!B + D such that the triplet (4, B, C) is
controllable and observable. [Alternatively, the controllability and observability conditions can be removed
because strict inequalities will be used in the stability criteria (see Section 2 in [96]). Instead, the condition
KerA NKerB = {0}, which implies that the origin is the one equilibria, is assumed to hold.] As explained
in Chapter 1, the frequency-domain conditions—the Circle, Popov and Tsypkin criteria—for the absolute
stability of the system (2.1) are simply represented by linear matrix inequalities (LMIs) written in terms of
time-domain systems representation, (A, B,C, D), and some matrix variables whose existence corresponds
to the feasibility of LMIs such that determine the stability of the system via the celebrated positive real
lemma and KYP lemma [100, 85, 23].

The S-procedure discussed in Chapter 77 converts constraints over the nonlinearities into LMI condi-
tions, which is a key step in the direct derivation of LMI-based tests for absolute stability [100, 75, 84, 129].
Related results have been derived based on integral quadratic constraints (IQCs) [30, 46, 47, 74, 75, 96] of sys-
tems with repeated monotonic or slope-restricted nonlinearities in continuous-time cases. Since a quadratic
Lyapunov function yields substantial conservatism, we introduce a modified Lur’e-Postnikov function for
less conservative analysis of stability, state performance, and input-output performance. The resulting LMI

problems are solved using off-the-shelf software [83, 108, 66].

2.2 Sufficient Conditions for Asymptotic Stability—Lyapunov
Stability Analysis

2.2.1 Modified Lur’e-Postnikov Stability of a Discrete Time Lur’e System

Due to the conservativeness inherent to quadratic Lyapunov functions when applied to nonlinear systems,
this section considers the use of a modified Lur’e-Postnikov function that includes integral terms whose
sign definiteness are implied by the sector-bounded property of the nonlinear operators (¢ € @[S%’g]). To
derive sufficient conditions for the origin of (2.1) to be globally asymptotically stable, consider the Lyapunov

function:

Tq qk,q "q ~ qk,i
i=1 0 i=1 0
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where

Zp Py Py Pi3
T2 pp|, PT=P2|PL Py Py| >0, Pu>0, Qi>0, Qi>0, Vi=1...,n,

qk Pl Pl P

and the subscript & indicates a sampling instance. Both p; and ¢; are functions of the state variable vector
x), and the above Lyapunov function is radially unbounded and positive for all nonzero z; € R™.

For Pig = 0,Pi3 = 0,Pass = 0,Ps3 = 0, P33 = 0,Q £ diag{@ii} = 0, the Lyapunov function (2.2)
reduces to the Lur’e-Postnikov Lyapunov function used in the derivation of the Popov criterion. All other
Lyapunov functions considered in the Lur’e problem literature are subsets of (2.2). Some papers in the Lur’e
stability literature that appear to have some additional terms than (2.2) are actually just introducing the
S-procedure in a different way. The dependence of the Lyapunov function (2.2) on the nonlinearities and
the states provide additional degrees of freedom for reducing conservatism during stability and performance
analysis. The application of the S-procedure provides a standard way to consider more restrictive classes of
nonlinearities without having modify the Lyapunov function. The degree of conservatism will be compared
for sub-problems with different subsets of the Lyapunov function (2.2), to assess the reduction in conservatism

posed by each term.

2.2.2 Lagrange Relaxations

Yakubovich showed that the positiveness of a quadratic function fo(z) in a constraint set expressed in terms
of quadratic functions, say f;(z) ¢ = 1,...,m, can be implied by the relaxed form with (Lagrange) multipliers.
The S-procedure is a special case of Lagrange relaxation in which the constraints are represented in terms
of quadratic functions, so that the multipliers can be combined into an LMI inequality. The application
of the S-procedure appears not only in control theory but also in the more generic optimization literature.
This chapter applies the S-procedure in finite-dimensional spaces and especially for quadratic inequalities

(see Chapter ?? for the details).

Lemma 9. (S-procedure for Quadratic Inequalities) For the Hermitian matrices ©;, i = 0,...,m, consider
the two sets:

(S1) ¢*©p¢ <0, YC€®2{CEF(*O;( <0, Vi=1,...,m};

(S2) 3r; > 0,i=1,...,m such that Oy — >, 1,0, < 0.

The feasibility of (S2) implies (S1).
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2.2.3 Discrete-Time Lur’e Systems with Slope-restricted Nonlinearities

While conic-sector bounded nonlinearities, which bound the global slope of the nonlinear functions ¢(-),
have been heavily studied in the literature, such a description allows the local slope of the nonlinear functions
¢(+) to vary arbitrarily from one time instance to another. That is, such nonlinearities do not imposes any
local slope restriction. Most nonlinearities in practice have a local slope restriction, in which case a less
conservative analysis condition may be achieved if these constraints on the nonlinearities are included in the
analysis via the S-procedure. A local slope restriction also provides an upper bound on the change of the

integral term in the Lyapunov function, provided that ¢(-) is continuous almost everywhere (a.e.).

Theorem 20. Consider a system of the form (2.1) with the memoryless nonlinearity ¢ € @L%’f] N <I>[SOT’“]
that is continuous almost everywhere. A sufficient condition for global asymptotic stability is the existence
of a positive semidefinite matriz P = PT with a positive definite submatriz Py = P{, and diagonal positive

semidefinite matrices Q, Q, T, T, N € R™*"a sych that

Gui G2 Gis
G= |GT, G Ga| <0 (2.3)

Gy G353 Gss

where

G11 = AT(Pyy + Pi3C 4 CTPL 4+ CTPy3C)A — Py — Py3C — CTPL — OT Py3C + ATCTQeC A — CTQeC

Gz = AT (P11 + Pi3C + CT Pl + CT Py3C)B — Pig — Pi3D — CT Pl — CTPy3sD — CTT + (CA - C)'Q
+ATCTQeCB + (CA—-C)'Q —CTQeD + (CA—C)TuN

Gi3 = ATPiy+ ATPsD + ATCTPL + ATCT PysD — ATCTT — (CA-C)T'Q + ATCTQ¢D — (CA - C) ' uN

Goy = BT(P1y + Pi3C + CTPL + CTP33C)B — Pyy — Py3D — D' PL, — DT Py3sD — 2¢7'T —TD — D'T
+Q(CB—D)+(CB-D)"Q—pu'Q+BTCTQ(CB — D" QD + (CB - D)'Q+Q(CB - D) — ™ 'Q
—2N + Nu(CB — D) + (CB — D)'uN

Gos = BT Py + B'PisD + BTCTPL + B'CTPssD — BTCTT + QD+ Qu~ + n'Q + QD + BT CTQ¢D
+2N — (CB — D)"uN + NuD

Gss3 = Pyy + PysD + DT PL + DT PssD — 26 7'T —TD — D'T — QD — DTQ — Qu~* — n~'Q + DTQ¢D

— 2N — NuD — DTuN
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Proof: The Lyapunov function (2.2) is used to derive the sufficient condition for global asymptotic stability.

The difference in the Lyapunov function between the k + 1 and & sampling instances is

"a Ak+1,i e Ak+1,i
AV(0) = (FATPA, ~ ETPEG + 23 Qu [ oo+ 23 Qu [ (60~ ilo))do, (24
i=1

i=1 ki ki

where
Tk A B 0 I 0 0
G2l |l A2|l0 0o I|. E.2|0 I 0
Pht1 CA CB D C D 0

Slope restrictions on the nonlinearities place an upper bound on the first integral:

"a k41,4 Nq )
2; Qii /qk ¢(0)do < 2; Qii {(d’kﬂ,i — Ok (Qht1,i — Qryi) — o (Prt1,i — ¢k,¢)2}

i

= CgU1Ck7
where
0 (CA - C’)TQ —(CA - O)rQ
Ui £ |« QCB-D)+(CB-D)TQ - Qu" QD +Qu~!
* * _QD_DTQ_Q/'L_I

Similarly, an upper bound can be derived on the second integral:

"a Q41,4 "a Qr41,i "a Qr+1,i
2 Z Qii / [510' — d)(O’)] do = -2 Z Q“ / d)(a)da +2 Z Qii / in'dO'
i=1 qk,i i=1 qk,i i=1 qk,i
Ng _ 1 Nng _
< -2 Z Qii {2“(¢k+1,1’ — ki) + O Qg1 — Qk,i)} + Z Qi [qg+1,¢ - qiz]
i=1 ¢ i=1
= C]{UQCka
where
[ATCTOeCA — CTOeC  ATCTOECB + (CA— )0 — CTOED ATCTOED ]
BTCTQ¢CB — DTQED - .
U £ * (i?g i o8 | w'Q+@QD+BTCTQED
+(CB-D)T'Q+Q(CB—-D) —u~1Q
_ : . —u~'Q + DTQED

Since the (negative) feedback-connected nonlinear function is monotonic with slope restriction in addition
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to being [0, ] sector bounded, i.e., ¢ € @L%’g] N <I>[£:“]7 it can be shown that the following inequalities are

satisfied at each sampling instance k and all indices i =1,...,n4:
Oril€  dri — i) <0, (2.5)
(Drt1,i — Ori) (1 (Prs1i — Prsi) — (@rsr,i — qryi)] < 0. (2.6)

The following notations based on (2.5) are useful when applying the S-procedure:

> 2kl bhi — ral = GFS1Ch D 2Fidki1alé O — Grrrl = G SaG, (2.7)
i=1 i=1
where
0 crT 0 0 0 ATCTT
S1£ |« 27T+ TD+DTT 0|, S22 |x 0 BTCTT
* * 0 x % 27T+ TD+DTT
A similar notation based on the inequality (2.6) is:
Z 2Nii(Grt1i — Dri) [ (Drt1si — Dri) — (@1, — @) ] = CF Sk, (2.8)
i=1
where
0 —(CA-C)'N (CA-C)TN

Ss2 |« 2Nu=' —(CB—-D)'N - N(CB—-D) —2Nu~'+(CB—D)TN—ND
* * 2Nu='+ DTN+ ND

Applying the S-procedure, if the LMI G £ AT'PA, — ET'PE,+ U, + Uy — S; — Sy — S3 < 0 is feasible then
AV (zy) < 0 is satisfied for the specific class of feedback-connected nonlinearities ¢ € @L%’g] N <I>L07-’“ }. All of

introduced matrix (decision) variables are of compatible dimensions. O

Remark 7. The upper bounds on the integral terms in (2.4) are derived by considering the a.e. continuity
of the nonlinearity ¢(-). In those upper bounds the slope-restricted properties of the nonlinear feedback are

exploited, which gives sharper bounds than the upper bounds in [36, 37, 55].
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2.2.4 Discrete-Time Lur’e Systems with Slope-restricted and Odd Monotonic

Nonlinearities

Theorem 20 exploits more information on the nonlinear operator than the original Lur’e problem. This
section derives a less conservative sufficient stability condition for the more restrictive class of nonlinearities

that are odd monotonic, by the introduction of additional quadratic constraints.

Theorem 21. Consider a system of the form (2.1) with the memoryless nonlinearity ¢ € @[S%’ﬂ ﬂq)[sor’”] N®oaa
which is continuous almost everywhere. A sufficient condition for global asymptotic stability is the existence
of a positive semidefinite matriz P = PT with a positive definite submatriz Pi; = P, and diagonal positive

semidefinite matrices Q, Q, T, T, N, L, and L € R"*"™s such that

G Giz2 Gis
G = GY, Gy Ga3| <0 (2.9)

Gy G353 Gss

where

G = AT(Pyy + Pi3C + CTPL 4+ CTP33C)A — Pyy — Pi3sC — CT Py — CT Py3C + ATCTQeC A — 0T QeC

Gy = AT(Pyy + Pi3C 4+ CTPL + CTPy3C)B — Py — PisD — CTPL — CTPysD — CT'T
+(CA-C)T'Q+ ATCTQ¢CB+ (CA—C)Y'Q —CTQED + (CA—C)T'uN — (CA—-C)'L — (CA+CO)T'L

Giz3 = AT Py + ATPi3D + ATCTPL + ATCT PysD — ATCTT — (CA—-C)TQ + ATCTQeD
—(CA-C)'uN —(CA-C)'L—(CA-0O)T'L

Goy = BT(P1y 4 Pi3C 4+ CTPL + CTP33C)B — Pyy — Py3sD — DY P, — DTPy3sD — 2¢7'T —TD — D'T
+Q(CB—=D)+ (CB—D)'Q - 'Q+ BTCTQ¢CB — DTQ¢D + (CB — D)TQ+ Q(CB— D) — = 'Q
— 2N + Nu(CB - D) + (CB - D)'uN — (CB - D)'L — L(CB — D) — (CB + D)L — L(CB + D)

Gas = BT Py + BT PisD + BTCT Pl + BTCT PssD — B'CTT + QD + Qu~" 4+ = 'Q + QD + BTCTQ¢D
+2N — (CB - D)'uN + NuD — (CB —D)'L — LD — ¢ 'L — (CB—D)'L — LD + 'L

Gss = Pyy + PysD + DTPL + DT PysD — 26 ' T —TD — DTT — QD - DTQ — Qu' — = 'Q + DTQ¢D

— 92N — NpyD —DT"uN — DL — LD - LD — DTL
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Proof: The difference in the Lyapunov function (2.2) between the k + 1 and k sampling instances is

AV (xx) = ¢ (AT PA, — EI PE,)G+ 2 Qi /qk“’i ¢i(o)do+ 2 Qii /W’i [¢io — ¢i(0)] do, (2.10)
=1

i=1 qk,i qk,i

where (, A., and E, are the same as in Theorem 20. Sector-bounded, slope-restricted, odd-monotonic
feedback-connected nonlinearities satisfy (2.5) and (2.6) at each sampling time k and all indices i =1,...,n,

for ¢ € @i%’g] N CI>[SOT’“] N ®,qq and satisfy

1

(Qht1,i = Gri) [Pra1,i + O] — ¢k,ig¢k+l,i >0, (2.11)
1

(Qet1,i = Qri) [Pra1,i + D] — ¢k,z’g¢k+1,i < 2Qk+41,iPht1,i- (2.12)

The following notations are motivated by (2.11) and (2.12):

Z 2L;i [, brrri — Qo1 — Qi) (Pt + Pri)] = G Sl (2.13)
=1
where
0 (CA-C)L (CA-C)TL
Si% |« (CB-—D)TL+L(CB-D) (CB-D)TL+LD+¢ 'L},
* * DTL+ LD
and
g 5 1
> 2Ly [Qk,i(¢k+1,i — Oki) = ht1i(Prtri + i) — ¢k,z‘g¢k+1,i = (iS5G, (2.14)
=1 !
where
0 (CA+ )L (CA-C)'L

Ss = |« (CB+D)'L+L(CB+D) (CB—D)TL+LD—¢ 'L
* * DTL + LD
If the LMI G = ATPA, — E'PE, + Uy + Uy — S; — Sy — S3 — S4 — S5 < 0 is feasible then AV (z) < 0 is
satisfied for the class of feedback-connected nonlinearities ¢ € @L?;E] N (I>[SOT’” 'n ®,4q. All of matrix (decision)

variables introduced are of compatible dimensions. [J

Remark 8. The inequality constraints over the odd monotonic nonlinearities (2.11) and (2.12) can be found
in [53, 110, 70]. The inequalities (2.11) and (2.12) are written in terms of quadratic functions of (i, so that

the S-procedure is applied to combine the constraints with the negative definite condition over AV (zy).
Remark 9. (LMIs and FDI) The well-known KYP lemma replaces an LMI with an equivalent frequency-
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domain inequality (FDI) in terms of the system transfer function [123]. The FDI provides a graphical tool
to determine feasibility of the LMI for systems with one nonlinearity, i.e. n, =ng = 1, such as used in the
graphical implementation of the Popov stability criterion. It is straightforward to apply the KYP lemma to

transform each LMI (2.3) and (2.9) into an FDI (not shown for space considerations).

Theorem 20 and 21 described LMI feasibility problems. That is, each criterion ask whether the set
{X € S"|¥(X) < 0,X >0} is empty or non-empty. The Lemma below shows the equivalence between two

sets of matrix decision variables.

Lemma 10. (Feasibility issues in the strict and non-strict LMIs) The set of symmetric matrices affine in
X, {X e S"|¥(X) <0,X >0}, is nonempty if and only if the set of symmetric matrices, {X € S"|¥(X) <

0,X > 0} is nonempty.
Proof: The (only if) part is obvious. To prove the (if) part, the LMIs in the set can be rewritten as:

N
U(X)=Fy+ Y Fai, (2.15)
i=1
where X = X7 € R"*" N = w, and the F; are of compatible dimension. Suppose that X? € {X €
S"¥(X) < 0,X > 0}. With the definition X° £ X0 4 §I, X% > 0 for any value of positive scalar § > 0.
Now we will show that there exists a scalar § > 0 such that X° is in the set {X € S"|¥(X) < 0,X > 0}.
Consider

N
V(X)) =Fo+ Y Fizi+6), (2.16)
=1

where 6; € {0,0} for each i = 1,..., N and the number of nonzero §; is n. Since the eigenvalues of ¥(X?)
are continuous for § — 0, these eigenvalues approach the eigenvalues of ¥(X?) as § — 0. In particular, for

sufficiently small § the eigenvalues of W(X?) have negative real part so that ¥(X?) < 0. O

Remark 10. (Computation for strict and non-strict LMIs in the interior-point algorithm) From the results
of Lemma 10, any LMI solver that is guaranteed to converge for an LMI feasibility problem with strict

inequalities will converge for the above LMI feasibility problems.

2.3 Numerical Examples for Stability Analysis

This section provides numerical examples to illustrate the analysis results in Section 2.2. All LMI

computations were performed with MATLAB’s LMI Control Toolbor. The sector bounds &; and slope
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Stability Criterion Ex 1 Ex 2 Ex 3 Ex 4 Ex 5 Ex 6
Circle (¢ € ®0)  1.0273 018358  0.21792 2.91387 0.03660 0.03716
Tsypkin (¢ € <I>[O ) 10273 018358 0.21792 2.91387 0.03660 0.03716
Haddad et al. (¢ € &9 n <1>[0’“]) 1.0273  0.18358  0.21792 2.91387 0.03660 0.03716
Kapila et al. (¢ € [ 34 o0l 10273 018358  0.21792 2.91387 0.03660 0.03716
Park et al. (¢ € 0 e, a0y 17252 0.18358  0.21792 2.91387 0.03660 0.03716
Theorem 1 (¢ € <1>[0 TnolMy 24475 073082 030203 43.40412  19.18289  0.04613
Theorem 2 (¢ € D0 N @M N D,00) 25576 073082 0.83686  43.40412  19.18289  0.18975

Table 2.1: The maximal upper bound on the sector bound

restrictions p; in each element ¢; of the nonlinearities were taken to be the same. The maximum upper
bound on the & was computed, where p was taken to be linear in £, as shown in each example. A large
enough value for & makes the LMI in Theorem 20 (or 21) infeasible. A small enough value for £ makes
the LMI feasible provided that the system is nominally stable, that is, the system without nonlinearities
is stable. These two values provide upper and lower bounds for the value of ¢ for which the LMI switches
from being feasible to being feasible. The maximum & for which the LMI in each criterion is feasible were
computed by the bisection method.

As discussed in the theory section, the new stability criteria were derived for a Lyapunov function that
has more degrees of freedom than past stability criteria and so have the potential for being less conservative.
Table 1 shows that the criteria in Theorems 1 and 2 are less conservative for the six numerical examples. As
expected, the stability margins are larger when more information is provided on the nonlinearities connected
with the LTI system, and Theorems 20 and 21 provide more accurate estimates of the upper bound on £ or
1. Although Theorems 20 and 21 apply to semiproper and strictly proper systems, the numerical examples
only include strictly proper systems to allow comparison to the other criteria in the literature, which assume

D=0.

1. The following example is from [85]:

w=2:
—0.52+0.1
(22 — 2+ 0.89)(2+0.1)

G(z) =

2. The following numerical example has 5 states and 2 nonlinearities:
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(02048 0 0 0 _1.1878  0.2341 |

0
0 0.4568 0 0 0 —2.2023  0.0215
A= 0 0 0.0226 0 0 , B=10983 —1.0039
0 0 0 0.3801 0 —0.5186 —0.9471
i 0 0 0 0 —0.3270_ i 0.3274 —0.3744_
—1.1859 1.4725 —1.2173 —1.1283 —0.2611
C= ;D =02x2.
—1.0559 0.0557 —0.0412 —1.3493 0.9535

3. The following numerical example has a dense A-matrix and 2 nonlinearities:

p=_E:

0.0469 —0.3992 —0.0835 —0.5673 —0.2785
A=10.3902 —0.5363 —0.2744|, B=]0.1155 —0.0649] :
0.4378 —1.3576  0.4651 —2.1849 —0.5976

0.3587 —1.0802 —0.6802
C= ) D= 02><2~
—1.3833 —1.0677 1.1497

4. The following numerical example has two poles at the same location:

w=2:

0.4030 0 0 —0.2494

A= 0 —0.1502 0 , B=10242 |,
0 0 —0.1502 —0.2036

C=10.9894 0.6649 0.4339, D=0.

5. The following numerical example has three poles at the same location:

56



0.4783

—1.5174

0 0 0
0 0.7871 0 0 1.2181
A= B = ,
0 0 0.7871 1 0.2496
0 0 0 0.7871 —0.5181
C=10.8457 —2.0885 1.2190 0.1683|, D =0.

6. The following numerical example has a wide range of pole locations including two poles near 1:

= o o O

o o O

o o o

o o o

p==E:
05350 0 0 0 0 0 0 0 0 |
0 09417 0 0 0 0 0 0 0
0 0 09802 0 0 0 0 0 0
0 0 0 0.5777 0 0 0 0 0
A= 0 0 0 0 —0.1227 0 0 0 0 B =
0 0 0 0 0 —0.0034 0 0 0
0 0 0 0 0 0 —0.5721 0 0
0 0 0 0 0 0 0 0.2870 0
0 0 0 0 0 0 0 0 —0.3599
11 0000 0 0
0:00 110000’D:04X4'
000O0O0T1T1TU00
0000000 1 1

The stability margins for Example 5 indicate that Theorem 1 can reduce the conservatism compared
to literature results by more than 53,200%. The stability margins for Example 6 indicate that, for odd
nonlinearities, Theorem 2 can reduce the conservatism by more than 400% compared to Theorem 1

and even more when compared to literature results.
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2.4 Performance Analysis for Discrete-Time Lur’e Systems

To quantify input-output properties, consider the system

z(k + 1) = Az(k) + Bpp(k) + B,w(k),
q(k) = Cyx(k) + Dypp(k) + Dgw(k), (2.17)

z(k) = C,x(k) + Dpp(k) + D, ,w(k),

which has (2.1) as a subsystem and p(k) = —¢(g(k)) in the classes of nonlinearities defined previously.
The time difference of Lyapunov function, i.e. AV (z(k)), derived in Theorems 20 and 21 provides more
flexibility in computing estimates for input-output properties than a quadratic Lyapunov function. The
more decision variables, the sharper the bounds computed for analyzing performance of the system. The
sufficient conditions for guaranteed performance are found in many papers. The general frame of optimization

problems for three types of performance analysis of the system (2.17) are given below:

1. Decay rate
If the condition AV (z(k)) < —2aV (z(k)) for all trajectories of the solution in (2.1), then the largest
lower bound on the decay rate is found by solving a generalized eigenvalue problem (GEVP) in the

decision variables X and «:
maximize « subject to A(X)—aB(X) <0, (2.18)

where X is the composition of the (matrix) decision variables introduced in Theorems 20 and 21, and
A(X) = G <0 and B(X) > 0 are affine functions of X. The actual construction of B(X) is omitted

due to limited space.

2. Iy and RMS gains

If the condition AV (z(k)) + 2 zx —y*w] wy < 0 for all trajectories of the solution xj, and wy, in (2.17),

l=113
IKIE

RMS
< v and RMS((Z)) < 5. An upper

then the [ and RMS gains of the system are less than -, i.e.

bound on the I3 and RMS gains is computed by solving the following eigenvalue problem (EVP):

minimize 72 subject to A(X,~?) <0, (2.19)

where A is a jointly affine function of X and +2. The actual construction of A(X,~?) is omitted due

to limited space.
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3. Dissipativity
If the condition AV (z(k)) — 2w} 2, + 2nwfwy < 0 for all trajectories of the solution xj, and wy, in
(2.17), then system has dissipation n, i.e., Y, _,(w} 2z — nwiwg) > 0 holds for all trajectories of the
solution with the zero initial condition and all 7 > 0. The largest such 7 satisfying the inequality is
called its dissipativity. A lower bound on the dissipativity of the system (2.17) is computed by solving
by the following EVP:
maximize 7 subject to A(X,n) <0, (2.20)

where A is a jointly affine function of X and 7. The actual construction of A(X,n) is omitted due to

limited space.

2.5 Summary

This chapter considers the analysis of stability and performance for the so-called Lur’e systems with
multiple nonlinearities, as well as various extensions. Even though the history of analysis of Lur’e problem
can be traced back to 1940s, this is the first publication to consider the Lyapunov function (2.2), for which
other Lyapunov functions in literature are special cases. The S-procedure was applied in the standard way
to construct sufficient conditions for globally asymptotic stability in term of LMI feasibility problems. If the
nonlinear operator, which is connected with a linear time invariant plant in a negative feedback loop, satisfies
other constraints in its input and output behavior, then conservatism can be further reduced. Future work
should be to investigate more general forms of constraints on the nonlinearities, such as ellipsoidal constraints
that contain linear and constant terms, and how these constraints can be imposed into the LMI to imply
negative definiteness of the time-difference Lyapunov function. Numerical algorithms could be developed
to consider rank conditions or reduced forms for the LMIs or methods to exploit structure within the LMI.
The numerical examples are consistent with theory that indicates that the sufficient conditions are less
conservative than the the other criteria in literature. The chapter also briefly presented sufficient conditions
for state and input-output performance. Since the new sufficient conditions for stability and performance
of Lur’e problem and its variants have more degrees of freedom in the LMI feasibility and optimization

problems, the conditions can be considered as supersets of the other conditions reported in the literature.
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Chapter 3

Controller Synthesis Problems for
Lur’e Systems

A popular representation in robust control design is the linear fractional transformation (LFT), which
involves the interconnection of a nominal plant G, a controller K and an uncertainty A. Much of the robust
control literature considers analysis and controller synthesis for problems in which the nominal plant G is
linear time-invariant and the perturbations on the nominal plant are norm-bounded (either assumed to be
linear or nonlinear). Given the nominal plant G, the robust control problem is to design a controller K
that guarantees closed-loop stability and some specified performance in the presence of the perturbations
A belonging to a predetermined family of uncertainties ®A. The controller optimization is usually for the
worst-case or expected value for the performance objective.

Within the worst-case robust control literature, most of the literature assumes very little about the
perturbations other than being norm-bounded. This is not much of a limitation for linear time-invariant
perturbations, as the dynamic effect of the perturbations on the nominal plant can be shaped by using transfer
function weights. On the other hand, for nonlinear perturbations, there is usually a lot of information is
available that is not readily described by transfer function weights. For such systems, constraining the
nonlinear perturbations using only bounds on their norm can be very conservative.

This chapter considers systems described in terms of the standard nonlinear operator form (SNOF),
which is very similar to the LFT. The results of this section are very closely related to standard results in
the robust control literature, but presented in a manner that can be easily extended for more specific classes
of nonlinear operators that correspond to perturbations. These extensions are treated in Chapters 4 and ?7.

This chapter has two objectives. The first objective is to derive LMI feasibility problems for the analysis
of a general description of Lur’e systems. The second objective is to formulate optimization problems
for controller design and to suggest numerical methods to solve these problems. The proposed feasibility
and optimization problems provide only sufficient conditions for quadratic stability, due to use of the S-
procedure. The optimization procedures generate control laws that simultaneously stabilize the overall

system and maximize bounds on the nonlinear perturbations.
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3.1 Introduction

Consider the nonlinear discrete-time system

w(k+1) = f(z(k)) + g(k, z(k)) (3.1)

where z(k) € X C R" is the state at time k € Z,, f : X — R" is a time-invariant nominal part of the
system and ¢ : Z, x D — R"™ is a nonlinear time-varying perturbation function. Suppose that f(x) is twice

continuously differentiable. Equation (3.1) can be represented as

x(k+1) = Ax(k) + | f(x(k)) — g—i(O)m(k) + g(k,z(k)) (3.2)
= Az(k) + f(z(k)) + g(k, z(k)) (3.3)
= Ax(k) + Bpo(k, x(k)) (3.4)
where
Fath) = 7)) — L)k (35)
is twice continuously differentiable and
fo=0  Zo-o (36)

The nonlinear function ¢(k,z(k)) is assumed to be uncertain and satisfy the quadratic inequality for all

(k,x(k)) € Zy x D

o" (k,z(k))o(k,x(k)) < oz CF Cyu, (3.7)
which can be written as "
x —a?Crc, of |z
<0 (3.8)
¢ 0 I |¢

where a > 0 is the bounding parameter on the uncertain perturbation function ¢, and C, is a constant
matrix with the compatible dimension. Suppose the nominal system has a uniformly asymptotically stable
equilibrium point at the origin. The natural approach to address the stability condition is to use a Lyapunov
function for the nominal system as a Lyapunov function candidate for the perturbed system. As a matter
of fact, the conclusions we can arrive at depend critically on whether the perturbation term vanishes at the

origin. If ¢(k,0) = 0 for all &k € Z, then the perturbed system has an equilibrium point at the origin. In
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this case, we analyze the stability behavior of the origin as an equilibrium point of the perturbed system. If
¢(k,0) # 0 for some k € Z; then the origin will not be an equilibrium point of the perturbed system. In
this case, we study ultimate boundedness of the solutions of the perturbed system. We note that for any

given Cy, the inequality (3.7) defines a set of functions
0% £ {¢: Zy x R" 5 R"| 9" ¢ < o’z C] Cyu, for all (k,x) € Zy x R"} (3.9)

Since the class ®% is a subset of the set of vanishing perturbations we can analyze the stability of the system
around the origin as an equilibrium point of the perturbed system. By introducing the following definition

of robust stability we have a tool for measuring the degree of stability of a system.

Definition 9. System (4) is robustly stable with degree « if the equilibrium x = 0 is globally asymptotically
stable for all ¢(k,z(k)) € ®%,.

Let us consider a quadratic Lyapunov function
V(z) = 2" Px (3.10)

with a symmetric positive definite matrix P denoted P > 0. By computing the time difference of the

Lyapunov function, a sufficient condition for stability is

AV (xg) = V(zge1) — V(zg) (3.11)
=z (ATPA — P)ay + xi, A"PByoy, + ¢} Bl PAxy, + ¢}, BL PByoy, (3.12)
T

Tk ATPA—P ATPBp Tk
= <0. (3.13)
bk BI'PA  BI'PB,| |

Using the S-procedure, the inequality (3.13) with the quadratic constraint (3.7) can be rewritten as:

ATPA-P+7a2CTC,  ATPB,

<0, (3.14)

BI'PA BI'PB, — 71
P >0, (3.15)
T > 0. (3.16)

Recalling that the minimization under non-strict LMI constraints produces the same result as minimiza-
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tion under strict LMI constraints when both strict and non-strict LMI constraints are feasible, replacing
7> 0 by 7 > 0 allows the optimization problem to be rewritten in the equivalent form:
ATPA-P+o?CFC, ATPB, _

i ) <0, P>, (3.17)
BTPA BIPB, I

where P = %P. Now apply the Schur complement lemma to obtain the equivalent LMI:

-Pp 0 ATP (7
0 —-I BI'P 0

<0, P>0, (3.18)
PA PB, —P 0

c, O -

which is an LMI in P and v £ 1/a? and where P in (3.17) is replaced by P without loss of generality. To

establish robust stability under constraint (3.7) with maximal «, propose the eigenvalue problem:

minimize y (3.19)

subject to P>0 (3.20)

-P 0 ATpP (CT

0 —I B'P 0
<0 (3.21)
PA PB, —-P 0

c, 0 0 —

With Q = P~!, the LMI constraints (3.21) are also equivalent to the LMI condition

Q0 QAT QCT]
0 —-I By 0

AQ B, —Q 0

cQ 0 0

<0. (3.22)

To derive a feasibility problem for the sufficient condition for stability of the closed-loop system, consider

the more general class of nonlinear functions: ¢ € @L(gl. This component-wise nonlinear mapping satisfies
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the inequality
T

20T (.
x —a;C,;Coi O |

o 0 1] | ¢

<0 (3.23)

where the subscript 7 indicates the ith row of a matrix.

Proposition 8. (Sufficient condition for the stability of Lur’e system with ¢ € @L%') Consider the system

. . . ||
of the form (3.4) with the memoryless nonlinear mapping ¢ € @,

which is continuous almost everywhere.
A sufficient condition for global asymptotic stabiltiy is the existence of a positive definite matriz Q = QT

and diagonal positive definite matriz T such that the following LMI is feasible:

Q0 Q4T QCT |

0 -T TBI' 0
<0, (3.24)
AQ B, T -Q 0

CqQ 0 0 _SaT
where Sy = diag{1/a3,- - 71/04%,,}'

Proof: To apply the S-procedure, let us consider the sector condition given by (3.23) and rewrite it as

T
7 x —CgiSaTCq7i 0| |z
> 7i(3.23) = ’ <0. (3.25)
i=1 10) 0 T |¢

Uy

Now, the matrix inequality G = AV (z) — U, yields

ATPA-P+CTS,TC, A'PB,
<0, (3.26)
T T
BI'PA BI'PB,—T

where P = PT > 0 and T > 0 is diagonal. When applying the Schur complement lemma, we have

-pP 0 ATP CIT

0 -T B'P o0
<0 (3.27)
PA PB, -P 0

TC, 0 0 —S,T
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and equivalently

-Q 0 QAT QcCr
0 -7t T'BT 0
<0. (3.28)
AQ B, TV —Q 0
C,Q 0 0 —S.T!

Now, replacing T—! by T we have the inequality (3.24). O

Similar to the discrete-time system, let us consider the continuous-time system

#(t) = Ax(t) + Byo(t, z(t)) (3.29)

where z(t) € X C R" is the state at time t € Ry and ¢ : Ry x X — R™ is a time-varying perturbation
function. It is assumed that the nonlinearity ¢(¢, z(t)) is a piecewise continuous function in both ¢ and z in

the right-hand side of (3.29). Consider a quadratic Lyapunov function

V(z) = 2T Px (3.30)

with a symmetric positive-definite matrix P denoted P > 0 and the sector-bounded nonlinear function
¢ € ®%. By computing the time derivative of the Lyapunov function (3.30), a sufficient condition for

stability is

V(z) = 2" (AP + PA)z + ¢" Bl Pz + 2" PBy¢ (3.31)
T
T ATP+ PA PBy| |z
= <0. (3.32)
¢ Br'p 0 | |¢

Using the S-procedure, the inequality (3.32) with the quadratic constraint (3.7) can be rewritten as:

ATP + PA+7a2CTC, PB,

<0, (3.33)

BTP —rI
P >0, (3.34)
7> 0. (3.35)
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This is further equivalent to the existence of a matrix @ so that

Q >0, (3.36)
AQ + QAT +a?QCTC,Q B
@ ! (3.37)
T
B, -1
where Q = 7P~! and 7 > 0 without loss of generality.

From the Schur complement formula, (3.36) and (3.37) can be rewritten as

Q >0, (3.38)

AQ+QAT B, QCT
BT -1 0 |<0 (3.39)

CqQ 0 -1

where v = 1/a2. Robust stability under constraint (3.7) with maximal « is established for the eigenvalue

problem:

minimize vy (3.40)

subject to Q >0, (3.41)
AQ+ QAT B, QCT

BT -1 0 | <o (3.42)

CqQ 0 -1

To derive a feasibility problem for the sufficient condition for the stability of the closed-loop system,

consider the more general class of nonlinear functions ¢ € @L%l defined in (3.23).

Proposition 9. (Sufficient condition for the stability of Lur’e system with ¢ € @L%') Consider the system
of the form (3.29) with the memoryless nonlinear mapping ¢ € @L%‘ that is continuous almost everywhere.
A sufficient condition for global asymptotic stabiltiy is the existence of a positive definite matriz Q = QT

and diagonal positive definite matriz T' such that the LMI

AQ+QAT B, T QCT
BT -T 0 |<0, (3.43)
C,Q 0 —S8.T

66



is feasible, where S, = diag{1/aZ,- - ,1/a%p .

Proof: Similar to the discrete-time case, the matrix inequality G £ V(x(t)) — U; yields

ATP + PA+CTS,TC, PB,
<0, (3.44)

T
BTP -T

where P = PT > (0 and T > 0 is diagonal. Applying the Schur complement lemma and taking a congruence

transformation results in
AQ + QAT BpT_1 QCqT

gl 1! 0o | <o, (3.45)
C,Q 0 =S,

Replacing T—! by T gives the inequality (3.43). O

3.2 State-Feedback Control via LMI Optimization

3.2.1 Continuous-Time Lur’e Systems

To introduce a stabilizing state feedback controller to the system (3.29) such that closed-loop stability
is achieved is a feasibility problem and its maximum tolerance to the uncertain nonlinear perturbations is

achieved in an optimization problem, let us consider the system with affine control input described by

#(t) = Az(t) + Buu(t) + Byo(t, x(t)) (3.46)

= (A4 B,K)z(t) + Bpo(t, z(t)) (3.47)
where B, € R™ ™« is a constant matrix, v : R™ — R™ is the linear feedback control law
u(t) = Kz(t) (3.48)

and K € R™*" ig a control gain matrix. That is, it is assumed that full information about the system states
are available—even through this assumption is not generally true in practical cases it gives a tool for potential
extensions of its developments. It can be further assumed that the pair (A4, B,) is controllable or at least
stabilizable. Now, let us consider the optimization problem in which the control objective is to achieve the

maximum sector-bounds of the nonlinear function ¢ € ég‘b such that the closed-loop system is stable.
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Theorem 22. Using quadratic function V(x) and computing its derivative V(x), the design of the state
feedback controller u(t) = u(t) = Kx(t) that mazimizes the quadratic robust stability margin « of the closed-

loop system (3.47) can be formulated as the EVP:

minimize v (3.49)
subject to Q>0 (3.50)
AQ+ QAT + B, L+ L"B] B, QCT
BT -I 0 | <0 (3.51)
c,Q 0 —I
where v = 1/a? and L = KQ such that K = LQ ™.

Proof: Replacing the system matrix A by A+ B, K in (3.42) and defining L = K@, we have the inequality
(3.51) for @ and L. O

In addition, let us consider a sufficient condition for the stability of the closed-loop system (3.47) for a
general Lur’e system with the nonlinear function perturbation ¢ € @L(Z‘ where the component-wise sector

condition is assumed to be known.

Theorem 23. Using quadratic function V(z) and computing its derivative V (), a sufficient condition for
the stability of the closed-loop system (3.47) with known sector condition S, can be formulated as a feasibility

problem for @ = QT >0 and T > 0:

AQ+ QA" + B,L+L"B] B,T QCT
TBI T 0 | <O, (3.52)
C,Q 0 —S.T

where S, = diag{1/a3, - 71/@%”} and L = KQ such that K = LQ ™.

Proof: The proof is trivial from the previous theorem. [

3.2.2 Discrete-Time Lur’e Systems

In order to apply the stabilizing state feedback to the perturbed system, and to solve a problem using

convex programming tools for LMIs, we consider the system with a control affine term

z(k + 1) = Az(k) + Byu(k) + Bpo(k, z(k)) (3.53)
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where z(k) € R™ is the state variable and u(k) € R™ is the control input at sampling time k € Z,.
A € R and B, € R™™ are constant matrices. It can be further assumed that the pair (4, B,) is

controllable. Considering the linear state feedback control law

u(k) = Kz(k) (3.54)

where K is a control gain matrix of the compatible dimensions. Applying the feedback control law (3.54) to

the system (3.53) results in the closed-loop system:
z(k+1) = Ayz(k) + Bpo(k, z(k)) (3.55)
where
A, 2 A+ B, K

is the closed-loop system matrix. The system (3.53) is robustly stabilized by the state feedback control law

(3.54) if the closed-loop system (3.55) is robustly stable with degree a.

Theorem 24. Using quadratic function V (xy) and computing its derivative AV (xy), The design of the state
feedback controller that mazimizes the quadratic robust stability margin « of the closed-loop system (3.53)

can be formulated as the eigenvalue problem (EVP):

minimize 5 (3.56)
subject to Q >0, (3.57)
-Q 0 QAT +L"Bl QCT
0 —I B 0
<0 (3.58)
AQ+ B,L B, —Q 0
,Q 0 0 I

where v = J3 and L = KQ such that K = LQ™*.

Proof: Replacing the system matrix A by A+ B, K in (3.42) and defining L = KQ, we have the inequality
(3.71) for Q and L. O

In addition, let us consider a sufficient condition for the stability of the closed-loop system (3.55) for a

general Lur’e system with the nonlinear function perturbation ¢ € CIDLO‘b where the component-wise section

condition is assumed to be known.
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Theorem 25. Using quadratic function V(xy) and computing its derivative AV (xy), a sufficient condition

for the stability of the closed-loop system (8.55) with known section condition S, can be formulated as a

feasibility problem for Q = QT >0 and T > 0:

—Q
0

c,Q

0 QAT+ LTBT QCT

=T

AQ+ B,L B,T

0

<0,

T
TB! 0
-Q 0
0 ~SaT

where Sy = diag{1/a?,- - 71/0(,2LP]» and L = KQ such that K = LQ™!.

Proof: The proof is trivial from the previous theorem. [

3.2.3 Illustrative Examples

(3.59)

We consider some numerical examples to show the applicability of the previously defined LMI synthesis

problems for a certain case of Lur’e systems where the feedback connected nonlinear mapping is classified

as ¢ € % or p € @

o
sb *

Example 1. (Optimal state-feedback control for the system (3.53) with ¢ € ®% ) Consider the system (3.53)

whose state space realization is given by

1.0000 0

0
0

0.8000 —0.2500 0

0
0.2000
1.0000

1.0000
0
0.3000

0

o o o

) Bp: )

Cq = 10.8000

—0.5000 0 1.0000] -

Let us consider the optimization problem where the control objective is to maximize the upper bound o on

the sector condition such that the closed-loop system (3.53) is stabilized by the state-feedback control law

u(k) = Kz(k).

Q*

8.3243
6.8006
—0.8894

—3.2592

6.8006
10.5381
—0.9147
—0.1714

—0.8894
—0.9147
1.8296
0.2542

—3.2592
—0.1714
0.2542

)

2.5216

K* = 10.1568 0.0426
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Then, the optimal solution for Q* and K* of the EVP in Theorem 24 is obtained as

—0.5852]



such that the mazimum upper sector bound is given as o = 2.4601 x 10%. The simulation below is for the

system (3.53) with ¢(-) = o* tanh(-).

ot Trajectory of state variables et state-feedback control signal
T T T T T T

Figure 3.1: Trajectory of solution for the closed-loop Figure 3.2: State-feedback control law u(k) = Kx(k)
system

Example 2. (Feasible state-feedback control for the system (8.53) with ¢ € @Li‘) Consider the system (3.53)

whose state space realization is given by

0.0469 —0.3992 —0.0835 1 0 —0.5673 —0.2785
A=10.3902 —0.5363 —0.2744|, Bu= |0 1|, Bp= 01155 —0.0649]

0.4378 —1.3576  0.4651 0 1 —2.1849 —0.5976

0.3587 —1.0802 —0.6802

—1.3833 —1.0677 1.1497

Let us consider the optimization problem where the objective is to design a state-feedback control law u(k) =
Kx(k) that stabilizes the closed-loop system (3.53) where ¢ € @s%‘ with o = [0.1,0.2]T. Then, a solution for
Q and K of the EVP in Theorem 25 is obtained as

0.6089 —0.1635 0.5807

—0.1361 —0.5379 0.7482
Q= 1-0.1635 0.0439 —0.1560|, K=

—0.4108  0.4270 0.0410
0.5807 —0.1560  0.5539

The simulation below is for the system (3.53) with ¢(-) = atanh(-).
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Trajectory of state variables state-feedback control signal
T T T T

1
.
R u
2 . 2
3 e 1 B
1 —%
4 05

Figure 3.3: Trajectory of solution for the closed-loop Figure 3.4: State-feedback control law u(k) = Kx(k)
system

3.3 Observer-Based State-Feedback Control via LMI
Optimization

In the previous section, it has been assumed that all state variables of the system are available for feedback.
However, only part of the state variables are measurable or measured for feedback control in practice. In
such a case, to apply state-feedback control, one needs to construct a scheme to estimate the actual state
based on the available outputs, which is called an (closed) state observer (or estimator), so that the output
from the observer would give an estimate for the states of the system. Our objective, therefore, is to design a
state observer where the estimated state & converges to the true state variable x such that the state-feedback
control with the estimated states, u(k) = Ki(k), stabilizes the actual system which is a special class of Lur’e

systems with the feedback connected nonlinear mapping ¢ € ‘f?b NnoL.

3.3.1 Discrete-Time Lur’e Systems

The system dynamics for the plant is given by

2(k+1) = Az(k) - B,olq(k))
y(k) = Cya(k) (3.60)
ak) = Cualk).
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Figure 3.6: Error Dynamics

Figure 3.5: Observer-Based State-Feedback Control
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Consider the following estimator which is introduced in [11]:

(k+1) = Az(k)+ Li(§ —y) — Bpd(a(k) + L2(§ — y))
g(k) = Cyi(k) (3.61)
q(k) = Cqi(k)
Then, the estimation error dynamics with the estimation error e £ z — & becomes
(1) = (A+ LiCy)elk) = Byo(:(h):a(k) 562
z(k) = (Cq+ L2Cy)e(k),

where ¢(z(k); (k) £ ¢(q(k)) = ¢(4(k) + L2(j — y)) and 2(k) £ q(k) — G(k) — L2(§ — y). A block diagram
for the error dynamics is given in Figure 3.6. Now, the error dynamics can be considered as a special class

of Lur’e systems.

Corollary 2. The feedback connected nonlinear function gzg has the following properties:
1. for any q(k), ¢ vanishes at z(k) = 0, i.e., $(0;q(k)) = 0 for all q(k) € R";
2. if ¢ € B NBL then ¢ € DY,

Proof: From the definition of qAS and z(k), proof for the first property is trivial. For the second property,

since ¢ € X one can derive

0 < &7 (2(k); a(k)S(=(k); alk)) = (k) — dla(k) — (k) (a(k)) — dla(k) — 2(k)) < p=" (k)z(k) (3.63)

for all z(k) € Z C R with any fixed ¢(k) € R™ for each sampling time k € Z,.. Therefore, be @ in this

sense. [

Now, from the results of Section 3.1, a sufficient condition for the asymptotic stability of the error

dynamics can be written as the following LMIs:

P >0, (3.64)
[ T TN T T T T_
-P 0  ATP+CIYT CT +CIL]
0 ~I ~BTP 0
<0, (3.65)
PA+Y,C, —PB, -P 0
[ Cy+LCy 0 0 — LT

74



where Y; = PL;.

Theorem 26. (Maximization of the decay-rate of the estimation error dynamics) If the condition AV (z(k)) <
—(1 = XNV (z(k)) for all trajectories of the solution in the estimation error dynamics, then the largest lower
bound on the decay rate is found by solving a general eigenvalue problem (GEVP) in decision variables P,

Y1, Lo, and A for a fixed value of w:

minimize A (3.66)
subject to P >0, (3.67)
—\P 0  ATpP+cClY!" CcIl'+cClLY
0 I ~BTP 0
<0, (3.68)
PA+Y,C, —PB, -P 0
(Cot L2Cy 0 0 ~XI

where Y1 = PLy such that Ly = P7'Y]. One can easily see that the smaller value of \ such that A € (0,1],

the faster rate of convergence.

Proof: The proof follows from the inequality (3.65) and A = 1 corresponds the asymptotic stability of the

error dynamics. [J

Proposition 10. (Design process for observer-based state-feedback controller)

e Step 1: To determine the control gain Ky, which guarantees the optimal robust stability of the limit-
ing dynamics of the discrete-time linear time-invariant system interconnected with a certain class of
perturbations ¢ € <I>§‘b N®H . solve the EVP

sr’

minimize o (3.69)
subject to Q >0, (3.70)
—-Q 0 QAT+L"BL QcCf
0 —I —BT 0
<0 (3.71)
AQ+B,L -B, —Q 0
c,Q 0 0 —~I

where v = % and L = K,Q such that K, = LQ ™.
e Step 2: To determine the estimation gains L1 and Lo, which maximize the decay-rate of the estimation
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error dynamics, solve the GEVP

minimize A (3.72)
subject to P >0, (3.73)
[ T T AT 7]
—\P 0 ATP+CY! Cp+C Ly
0 -1 ~BTP 0
<0, (3.74)
PA+Y,C, —PB, P 0
C,+ 1,0, 0 0 ~%I

where Y, = PLy such that Ly = P~'Y; and i = « is the optimal solution of the problem in Step 1
provided that the upper bound on the slope is the same as the mazimum sector bound. Moreover, p > «

in general.

Proof: Using the properties of the feedback connected nonlinear function in the error dynamics and from

controller synthesis problem for the so-called Lur’e systems, the proof is trivial. [

Now, instead of using the design process in Proposition 10 which consists of successive EVP and GEVP,
consider an EVP with a fixed decay-rate for the closed-loop system. Then, the closed-loop system with the

observer-based state-feedback becomes

slk+1)| A+ BuK,  BuK, | |a(k)| By 0 ¢(a(k)) 575
e(k+1) 0 A+ LGy | |elk) 0 By| |o(z(k);qlk))
_ _ Act By, el bet
k) _ |G ’ ds (3.76)
#(k) 0 Cy+LaCy| |e(k)
_ _ Cq.el

Therefore, the stability of the closed-loop system which is the feedback interconnection of the system, whose
transfer function is G(s) £ Cu(sl — Ay) ' B and the feedback connected set-valued nonlinear function

is characterized by ¢, € @gb, can be seen as the feasibility of the following matrix inequality for some
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Figure 3.7: Closed-Loop System with State Observer

X = X7 > 0 provided o = p:

-X 0 Alx ¢,
0 -1 —BpTClX 0
’ <0. (3.77)
XAcl _XBp,cl -X 0
_Cq,cl 0 0 —ﬁ[_

We should note that this is not a convex optimization (or feasibility) problem since there are bilinear
product terms of decision matrix variables. The following theorem shows that the non-LMI condition (3.77)

reduces to two LMI conditions with a conservative Lyapunov matrix.

Proposition 11. (Design scheme for observer-based state-feedback controller) Let consider the diagonal
block Lyapunov matriz X = diag{X1, X2} = XT > 0. Then the BMI (3.77) is feasible for a diagonal
block Lyapunov matriz X, L1, K, and Lo if and only if the following two LMI conditions for Y, = Xfl,
Wy 2 KXY Xo, Wo 2 XoLy, and Ly:

BI(BHT <0 and (ET)*TII((ET)H)T <o, (3.78)



where

Y, AT+
= 0 0 0 0 eter) 0
WiB;
AT X+ CT+
0 —X, 0 0 0 0
cTwy criy
0 0 —-I 0 -BT 0 0 0
0 0 0 -1 0 —-BI'X, 0 0
= AY 1+ ’
0 -B, 0 -Y; 0 0 0
Buwl
Xo A+
0 0 —X3B, 0 — X, 0 0
W,C,
cYh 0 0 0 0 0 -Lr 0
C,+
0 ‘ 0 0 0 0 — LT
LyC,

and

BEAOOOOBEOOO},EA[OIOOOOOO-

Proof: Let us take a congruence transformation to (3.77) with transformation matrix T' = diag{Y1,I,I,I,Yy,I,1,1,1}.

Then we have the equivalent LMI condition
1+ B,K.,E+ET"KI'BI <.

From the Finsler’s lemma or the elimination lemma for an unstructured, unknown variable K, one can

conclude that the feasibility of the BMI (3.77) is equivalent to the feasibilities of two LMIs in (3.78). O

3.3.2 Illustrative Examples

We consider some numerical examples to show the applicability of the previously defined LMI synthesis
problems for a certain case of Lur’e systems where the feedback connected nonlinear mapping is classified

as ¢ € O

Example 3. (Design scheme for observer-based state-feedback controller in Proposition 10) Consider the
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system (3.60) whose state space realization is given by

0 1.0000 0 0 0 0 0

—0.2703 —0.0124 0.2703 0 0.0216 0.2703 0

A= ) B, = ) Bp = 3

0 0 0 1.0000 0 0 0

0.1075 0 0.0743 0 0 —0.1075 0.0332

1 0 0 O -1 0 1 0

Cy = 5 Cq =
01 0 O 0 0 1 0

Let us consider the optimization problem where the control objective is to maximize the upper bound o on
the sector condition and to mazimize the decay-rate of the error dynamics (3.62) such that the closed-loop
system (3.60) is stabilized by the control law u(k) = K& (k). Then, the optimal solution for Q*, P*, K, L7,

and L3 of the successive EVP and GEVP in Proposition 10 is obtained as

—0.2988 0.0000 0.1476 0.0000— —109.3211 0.0000 0.0000 0.0000 ]

. 0.0000 0.2988 0.0000 0.1476 P 0.0000  55.8375  0.0000  126.2874
v - 0.1476 0.0000 0.1509 0.0000 ’ N 0.0000 0.0000  103.2043  0.0000 ’

_0.0000 0.1476 0.0000 0.1509_ i 0.0000 126.2874  0.0000 348.8080_

0.0000 —1.0000

.0 . 0.2703 0.0124 1.0000 0.0000
K; = |18.8558 0.5750 —8.1083 0.0000|, Li= Ly 5
L 0.0000 0.3621 0.0000 0.0000

—0.1075  0.0000

such that the mazimum upper bound on the sector and slope for the nonlinear function ¢ is given as o =
p* = 2.5281 and the optimal decay rate \* = 0.2959 is achieved. The simulation in Figure 3.8 and Figure

3.9 is for the system (3.60) with ¢(-) = o™ tanh(-).

Example 4. (Design scheme for observer-based state-feedback controller in Proposition 11) Consider the
system (3.60) whose state space realization is the same as in Example 3 Let us consider the problem where
the control objective is to maximize the upper bound o on the sector condition such that the closed-loop

system (3.60) is stabilized by the control law u(k) = K&(k). Then, the optimal solution for X7, X5, KZ,
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Trajectory of estimation errors

Figure 3.8: Trajectory of solution for the closed-loop  Figure 3.9: State-feedback control law w(k) = Ksz(k)
system and the error dynamics

Trajectory of state variables State-feedback control signal

2 025 03
time (sec)

Trajectory of estimation errors

Figure 3.10: Trajectory of solution for the closed-loop  Figure 3.11: State-feedback control law u(k) = K& (k)
system and the error dynamics

Ly, and L3 of the EVP in Proposition 11 is obtained as

6.4747  0.0000 —6.3332 0.0000 3.2485 —0.0000 0.0000  0.0000

X 0.0000 6.4747 0.0000 —6.3332 X 0.0000  2.5393 0.0000  0.4391
1= ) 2 = )

—6.3332 0.0000 12.8220  0.0000 0.0000 0.0000 13.6026 0.0000

0.0000 —6.3332 0.0000 12.8220 0.0000 0.4391 0.0000 14.5500

0.0000 —1.0000

. . 0.2703 0.0124 . 1.0000 0.0000
K; = |18.8558 0.5750 —8.1083 0.0000|, Lj= , Ly = )
0.0000 0.0301 0.0000 0.0000

—0.1075  0.0000

such that the maximum upper bound on the sector and slope for the nonlinear function ¢ is given as o =

w* =2.5281. The simulation in Figure 3.10 and Figure 3.11 is for the system (3.60) with ¢(-) = o* tanh(-).
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3.4 Output-Feedback Control via LMI Optimization

While the state observer-based state-feedback control gives an easy way to handle the so-called measure-
ment deficiency problems in feedback control, it is generally not applicable in the presence of uncertainties,
especially with the unmodeled dynamics. For robustness purpose, the static output-feedback (SOF) and
dynamic output-feedback (DOF) control problems are among the most important classes of questions in
control context. Moreover, the state-feedback control problem is a special case of SOF problem with C, = I.
In this section, the main objectives are to suggest LMI conditions for the existence of a stabilizing SOF and
DOF control laws and to give a tool to design such controllers for a certain class of Lur’e systems which have
the nonlinear mapping characterized by ¢ € i)?b or ¢ € @L%l as a feedback connection. The results obtained
in SOF control problems can be trivially extended for the so-called differentiator-free control model which

will be introduced in Section 3.4.3.

3.4.1 Static Output-Feedback Control via LMI Optimization

Let us consider the SOF control problems for a certain class of Lur’e systems which is given by

2(k+1) = Ac(k)+ Bou(k) + Byo(q(k))
y(k) = Cya(k) (3.79)
ak) = Coalk),

where the feedback connected nonlinear function ¢(-) is known to be in a specific class ®% or CDISabl. Fur-
thermore, the triplet realization (A, Bu,Cy) is assumed to be stabilizable and detectable without loss of

generality.

LMI Optimization Problems for Discrete-Time Lur’e Systems with ¢ € &%

Necessary and sufficient conditions for static output-feedback can be formulated in terms of coupled
Lyapunov matrix inequalities which follows a quadratic Lyapuonv function approach. From Lyapunov
stability theory, it has been known that the closed-loop linear time-invariant continuous-time system which
is given by

z(k+1) = Ax(k)+ Byu(k)
y(k) = Cya(k)

(3.80)

is GUAS with an output-feedback control law u(t) = K,y(t) if and only if the matrix A + B,K,C, is

Hurwitz, or equivalently, there exists a gain matrix K, such that the following matrix inequality holds for
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some X = XT > 0:

(A+ B,K,C,)X + X(A+ B,K,C,)" <0. (3.81)

We should note that in the LMI (3.81), there are bilinear terms which are composed of the multiplications
of the unknown (decision) matrices X and K, and constant system matrices and so, to check the solvability

or feasibility of the LMI (3.81) is a non-convex problem and known to be NP-hard [41, 16] in general.
Lemma 11. (Coupled linear matriz inequality formulation [{1]) There exists a stabilizing static output-

feedback control gain matriz K, for X > 0 if and only if X satisfies the following two matriz inequalities:

BH(AX + XATY(BHT <0, (3.82)
CHHATY + Y A)((CHHT <o, (3.83)
where XY =YX =1 and (-)* indicates a full rank matriz that is orthogonal to (-).

Proposition 12. (Parameterization of static output-feedback control gains [41]) All stabilizing static output

control gain matrices are parameterized by

K,=-R'BIXwcl(c,wcl)=t + 52 z(c,wch)=1/2, (3.84)

where
U =X1AT y Ax~! (3.85)
R~ > B —W(B)" (B (B;)") ' By w](B])" (3.86)
W t=XB,R'BIX - XA ATX (3.87)
S=R"'-RI'BIXWW ™ -Cl(C,WC])T'C,)]T' W' XB,R™ >0, (3.88)

in which X is any positive definite matriz satisfying two LMIs (3.82) and (3.83), and Z is any matriz with
||Z|| < 1. In addition, ||-|| can be any matriz norms and (-)1 indicates the pseudo-inverse of (-). This control

gain parameterization is based on the solution of the Riccati equation for LQR problem. For more details,

see [41].

Finding X = X7 > 0 (or Y = Y7 > 0) which satisfies the two matrix inequalities (3.82) and (3.83)
is also a non-convex problem, since these are not convex in X (or Y). Some alternative computational

methods based on iterative sequential solutions of the two LMI problems with respect to X and Y have been
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proposed to handle this non-convex problem, where the purpose of the feasibility problem to find a stabilizing
static output-feedback gain matrix K,. However, those approaches do not guarantee the convergence of the
algorithms.

For a certain class of state-space representation used for describing the system, a sufficient LMI condition

for the original non-convex feasibility problem (3.176)(3.81) has been derived in [24].

Proposition 13. Let us consider a particular state-space representation for the system where the system
matrices A, By, Cy (Dy, = 0) are given and Cy is full row rank. Then if there exist the matrices X, M, N

such that

AX + XA" + B,NC, + C/N"B] <0
X>0 (3.89)

MC, = C,X

hold for some X, M, N, then a stabilizing static output-feedback control gain K, is NM ™', i.e., the feedback
control signal

u(k) = NM~ty(k)

stabilizes the discrete-time linear time-invariant system whose realization is the triplet (A, By, Cy). In other
words, the existence of the matrices satisfying (3.89) is sufficient for the feasibility of (3.81) with the same

Lyapunov matriz X, where the quadratic Lyapunov function is V(£) = ¢TX¢, and K, = NM 1.

Proposition 14. Let us consider a particular state-space representation for the system where the system
matrices A, By, Cy (Dy, =0) are given and B, is full column rank. Then if there exist the matrices Y, M, N

such that

YA+ A"Y + B,NC,+Cy N"B} <0
Y >0 (3.90)

B,M =YB,

hold for some Y, M, N, then a stabilizing static output-feedback control gain K, is M~'N, i.e., the feedback
control signal

u(k) = M~ Ny(k)
stabilizes the discrete-time linear time-invariant system whose realization is the triplet (A, B, Cy). In other
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words, the existence of the matrices satisfying (3.90) is sufficient for the feasibility of (3.81) with the same

Lyapunov matriz X, where the quadratic Lyapunov function is V() = ¢1YE, and K, = M~1N.

The proofs for the previous two propositions are given in [24], which requires simple linear algebra.
Replacing A by A+ B,K,C, in the LMI constraint (3.22), the following optimization problem is con-

structed for a robust static output-feedback controller synthesis:

minimize y (3.91)
subject to Q >0, (3.92)
-Q 0 QAT +QCyKIBI QCy
0 —I B 0

<o0. (3.93)
AQ+ B, K,C,Q B, —-Q 0
C,Q 0 0 _—

The LMI constraint (3.93) can be rewritten in the same form as (3.81):

(A+ B,K,C,)Q + Q(A+ B,K,C,)T <0, (3.94)
where
-1 0 0 0 0
_ 0 —ir 0 0 _ 0 _
Az ? , B,2 : Oyé{cy 0 0 0}, (3.95)
A B, -3iI 0 B,
| G, 0 0 =3 0 ]
Q 0 0 0
.10 1 00
02 (3.96)
00 Q 0
00 0 I

Now, the next theorem follows Lemma 11.

Theorem 27. There exists a stabilizing static output-feedback control gain matrix K, for linear time-

invariant discrete-time plant interconnected with a nonlinear mapping ¢ € @?‘b with the upper sector bound

84



as % if and only if there exists Q = QT > 0 such that

I 0 0 0f|-Q 0 QA" QCT||[r 0o o0 0

o7 0 of|lo -1 BT o |floI o0 o0
<0, (3.97)

00 B o||4Q B, —-Q 0 ||0o 0 (BHT o0

00 o0 I||lc,@ 0 0 —yI|l0o 0 0 I

€t 0 0 of |- 0 ATP CT|[((CD)HT 0 0 0

0o 1 00/|0 —I BTP 0 0 I 00
<0, (3.98)

0o o0 I ofl|PA PB, —P 0 0 01 0

o oo Il|lc, o 0 —I 0 00 I

where PQ = QP = 1.
From the results in Proposition 12, we can conclude the following theorem.

Theorem 28. All stabilizing static output-feedback control gain matrices K, for linear time-invariant

discrete-time plant interconnected with a nonlinear mapping ¢ € (i)?b with the upper sector bound o £ -

W

are parameterized by
K,=-R'BIQWCl(C,wCI =" + s z(C,wCl)~1/2, (3.99)

where

U =Q AT + AQ7! (3.100)
R~ > BI[W - W(B,) (B W(B;)") ' By w](B)" (3.101)
W='=QB,R'BIQ-QA—- ATQ (3.102)
S=R'-RI'BJQWW ' - CJ(C,WC])'C,)TTWTIQBL,RT! > 0, (3.103)

in which X is any positive definite matriz satisfying two LMIs (3.97) and (3.98), and Z is any matriz with

||Z|| < 1. In addition, || - || can be any matriz norm and (-)! indicates the pseudo-inverse of (-).

For a certain class of state-space representation used for describing the system, a sufficient LMI condition
for the original non-convex feasibility problem (4.20) can be derived and a suboptimal robust static output-

feedback controller synthesis also can be constructed.
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Theorem 29. Let us consider a particular state-space representation for the system where the system matri-
ces A, By, Cy (Dy, =0) are given and Cy, is full row rank which implies that C_'y is also full row rank. Then
the following convex optimization problem gives a tool for designing a robust static output-feedback controller

to mazimize the robustness of the system under a certain class of perturbation (or uncertainty) ¢ € @S :

minimize 0% (3.104)
subject to Q >0, (3.105)
AQ + QAT + B,NC, + CTNTBT <, (3.106)

where A, B,,C,, are the ones defined earlier and v = é Moreover, a static output-feedback control gain
K, is given by NM =1 with the full rank matriz M satisfying MC, = C,Q, or equivalently MC, = C,Q.

Therefore, the static output-feedback control signal

u(k) = NM~Yy(t)

stabilizes the system (3.79) with the degree of robustness a* = \/ET where v* indicates the optimal solution

of the above optimization problem.

Theorem 30. Let us consider a particular state-space representation for the system where the system ma-
trices A, By, Cy (Dy, =0) are given and B, is full column rank which implies that B, is also full row rank.
Then the following convexr optimization problem gives a tool for designing a robust static output-feedback

controller to maximize the robustness of the system under a certain class of perturbation (or uncertainty)

¢ € Py
minimize 0% (3.107)
subject to P >0, (3.108)
PA+ AP+ B,NC,+ C/N"B! <0, (3.109)

where P = diag{P,1,P,I} and A,Bmc‘*y are the ones defined earlier, and v = % Moreover, a static
output-feedback control gain K, is given by M YN with the full rank matriz M satisfying ByM = PB,,, or

equivalently B,M = PB,,. Therefore, the static output-feedback control signal

u(k) = M~ Ny(t)
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stabilizes the system (3.79) with the degree of robustness a* = \/% where v* indicates the optimal solution

of the above optimization problem.

LMI Optimization Problems for Discrete-Time Lur’e Systems with ¢ € @L%l

All of the results in the previous section can be reformulated for the Lur’e system whose feedback
interconnected nonlinear function is a more general class of sector conditions, ¢ € <I>‘S°‘b|, which is supposed
to be defined in componentwise mapping sense. Replacing A by A + B, K,Cy in the LMI constraint (3.24),

the following feasibility problem is constructed for a static output-feedback controller synthesis: there exist

a positive definite matrix Q@ = Q7 > 0, a positive definite and diagonal matrix 7', and K, such that

-Q 0 QAT +QCJKIB] QC
0 -T TB} 0
<0. (3.110)
AQ + B,K,C,Q B,T -Q 0
i CyQ 0 0 —SaT |
The LMI constraint (3.110) can be rewritten in the same form as (3.81):
(A+ B,K,C,)Q + Q(A+ B,K,C,)" <0, (3.111)
where
-1 0 0 0
. 0 —3I 0 _ 0 _
A2 2 , B,%2 c, 2 {Cy 0 0 0} : (3.112)
A B, - 0 B,
Cy O —15, 0
Q 0 0 0
o7 0 o0
Q2 (3.113)
00 Q 0
0 0 0 T

With these definitions for A, B, C, and @, all of the LMI conditions for the Lur’e systems with its

feedback connected nonlinear function ¢ € i)‘s"b can be applied to the stability of the Lur’e systems with its

feedback connected nonlinear function ¢ € @Lab‘. The detailed algebraic computations and derivations of the

LMIs are left for the readers to derive.
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Control

3.4.2 Extension for Dynamic Output-Feedback Control

For the case where the order of the dynamic output-feedback controller is less than or equal to the order
of the nominal system, i.e., ng < n, the design problem for such DOF controls can be reformulated as
an equivalent SOF problem. Let us consider a state space realization of the dynamical output-feedback

controller given by
rg(k+1) = Agzg(k)+ Bry(k)
u(k) Crxi (k) + Dry(k),

(3.114)

and whose transfer function K (z) = Ok (2] — Ax) ! B + Dg. Then an augmented closed-loop Lur’e system

with the output feedback control law given by

u(z) = K(2)y(2), (3.115)

88



where u(z) and y(z) are the z-transformations of w(k) and y(k), respectively, becomes

T(k+1) = Az(k)+ Byu(k) + Bpo(k, x(k))

~ (3.116)
ylk) = Cyz(k),
where the output-feedback control law is given as
u(k) = Kaory(k), (3.117)
where
Kdof £ DK CK
BK AK
and
x _ A 0 _ B, 0 _ B _ c, O _
jé ) gé y 9 Aé Y Bué I Bpé g 9 Cyé Y 9 CqA|:Cq 0:|

Therefore, all of the results for SOF control problems can be extended for DOF control problems when

ng < n with transformed state space realization,

3.4.3 Static Output-Feedback Control Based on Differentiator-Free Control
Model

In the adaptive output-feedback control literature [78], it is well known that there exists k* such that the

transfer function of the plant

Yp(s) = Wp(s)u(s) =k, u(s) (3.119)
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together with a so-called differentiator-free controller of ideal adaptive and control parameters, which is

given by

Gk +1) = FG(k) + gu(k); C1(0) =0, Gk +1) = FG(k) 4 gyp(k); (2(0) =0

T (3.120)
u(k) = Ko sC(k);  C(k) = |y, (k) (T (k) gg(k)] and K,y £ {KO K KQ}
matches the reference model
Ym (8) = Wi (s)r(s) = km, z:gj; r(s) (3.121)

For a stabilizing controller design, the reference input r(¢) is a constant, the origin, and the ideal control
gain k) becomes the unit. Motivated by this output-feedback control structure, our control objective is to
} T

find a constant control gain vector k = [k, k{ k3 | such that the origin of the closed-loop system with the

output-feedback controller u(t) = k7((t) is globally asymptotically stable.
Augmented Controller Synthesis for Discrete-Time Systems

Introducing the differentiator-free control model is promising for the controller synthesis problem to

optimize the performance of the closed-loop system. Let us consider the following nominal system dynamics

z(k+1) = Ax(k)+ Byu(k) (3.122)
y(k) = Cya(k)
with a differentiator-free control model given by
Gk +1) = FGi(k) + gu(k);  ¢(0) =0 (3.123)
Gk +1) = FG(k) + gyp(k);  (2(0) =0 (3.124)
T
(k) = [ypuc) (k) @T(k)] (3125)
Koz = [KO K KQ} (3.126)
u(k) = K, ;((k), (3.127)

where (1,(2 € R"~! and the realization (F,g) is the minimal state-space realization of ;\((Z)) with the Schur

polynomial A(2) = 2"t + X\, 22" 24+ -+ + N1z + N\ = det(z] — F).

Comment 4. (Flexibility of the differentiator-free control model) For two pseudo state variables (1,2 of

the differentiator-free control model, the same system matrices (F, g) are introduced. If different realizations
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are introduced for each pseudo dynamics, i.e.,

s2(2)
Ao(2)

s1(2)
A1 (Z) ’

(SI - Fl)ilgl = (SI — Fg)ilgg = (3128)

then there is more flexibility in output-feedback controller design. However, for convenience, F' = F; = Fy

and g = g1 = g2 are assumed in the remainder.

Now, the overall system can be represented by the following augmented system dynamics:

.If(k + 1) = Afl‘f(k) + Bu7fu(k)
y(k) = Cyrxp(k),
where
A 0 0 B C, 0 0
As2 10 F 0|, Bus=|g|s Cr=]0 I 0f, Cy,fé|:cy 0 0] (3.130)
gC, 0 F 0 0 0 I

Proposition 15. (Controllability and Observability) The triplet realization (Ay, By, ¢, Cy.¢) of the augmented
system (3.129) is controllable and/or observable if and only if the triplet realization (A, B, Cy) of the original

system (3.129) is controllable and/or observable.

Proof: The triplet realization (A, B,,) of a system is controllable if and only if

rank[A— A B,J=n VAeC

This controllability test is called Popov-Belevitch-Hautus (PBH) tests [54, 10]. It is easy to see that the
matrix

[Af — M B, ¢]

has full row rank for all A € C if and only if the matrix

[A— A B,

does for all A € C. The proof for observability is the dual part of the proof for controllability. [
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Corollary 3. (Stability Analysis) The augmented system is stable if there exists Q = QT > 0 such that the

following matriz inequality holds:

ATQ7'Ay - Q7' <. (3.131)
Further, the original system is stable if and only if the augmented system is stable.

Proof: The stability condition (3.131) is from the Lyapunov function V(&) = ¢7'Q~1¢. Moreover, since the
eigenvalues of Ay are the union of the eigenvectors of A and F', Ay is Shur stable if and only if is A, provided

that F' is also Schur. O

Stabilizing controller design: convex optimization (feasibility) problems

Lemma 12. (Stabilizing Static Output-Feedback Controller Synthesis) The static output-feedback control law

u(k) = Ko ryr(k) (or u(k) = K, s((k)) stabilizes the system (3.122) if K,y satisfies the matric inequality
(Af + Bu Ko s Cr)T Q7 (Af + BusKo,;Cp) = Q71 <0 (3.132)

for some Lyapunov matriz Q=% > 0. Further, the matriz inequality (3.132) is equivalent with the following

inequality:
-Q Q(Af + Bunyo,fo)T
(A + Bu, 1 Ko ;Cr)Q -Q

<0. (3.133)

Proof: The Lyapunov function V(£) = ¢7'Q~1¢ is considered to analyze the stability of the origin of the
system (3.129). Further, using the Schur complement lemma and congruence transformation one has the

equivalent matrix inequality in K, s and Q = Q7 > 0. O

Extensions to Lur’e Systems with the feedback interconnected nonlinear function ¢ € @‘;‘b
Introducing the differentiator-free control model is promising for the controller synthesis problem to

optimize the performance of the closed-loop system. Consider the nominal system dynamics

z(k+1) = Ax(k)+ Bpp(k,z(k)) + Byu(k)
y(k) Cyx(k)

(3.134)
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with a differentiator-free control model given by

Gk +1) = F¢ (k) + gu(k) (3.135)
G-+ 1) = FG(8) + g4 3130
2w dm dw| (3.197)
K2 {Ko e Kz} (3.138)

u(k) = K¢ (k). (3.139)

Now, the overall system can be represented by the following augmented system dynamics:

vp(k+1) = Apzp(k) + By sd(k, x(k)) + Bu,su(k)

k) = ze(k
CI( ) q.f f( ) (3.140)

y(k) = Cy yas(k)

yr(k) = Cray(k),

where

A 0 0 B, B, Cy
As2 10 F 0|.Bps=|0|.Buss]yg ,Cq,fé{cq 0 0:|aCy,fé|:Cy 0 0},(/&% 0
gC, 0 F 0 0 0
(3.141)

Corollary 4. (Stability Analysis) The stability condition for the system (3.140) can be written as a feasibility

condition for a Lyapunov matriz Q=" which is an eigenvalue problem:

-Q 0 QA} QCT,
0 -1 BT 0
Q=Q" >0, ».f <0, (3.142)
AfQ By —Q 0
Ces@ 0 0 —~I

where v 2 1/a?. As linear time-invariant systems, the original system is stable if and only if the augmented

system is stable.

Proof: The proof is nothing but an extension of the stability condition for the original Lur’e system (3.134)

to the augmented Lur’e system (3.140). O
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Stabilizing controller design: convex optimization (feasibility) problems
Since state-feedback control is a special case of static output-feedback control, we will only focus on finding

static output-feedback control law without loss of generality.

Lemma 13. (Stabilizing Static Output-Feedback Controller Synthesis) Replacing Ay by Ay + By K, ;Cy
in the LMI constraint (3.142), if there exists a static output-feedback gain matriz K, ; satisfying (3.142) for
some Q = QT > 0 then the closed-loop system is stabilized by that control law u(k) = K, yys(k). The LMI

constraint can be rewritten in the canonical form for the static output-feedback control problem:

(Af + Bu7fKo7fC_'y7f)Q_ + Q(Af —+ Bu,fKo,fC_' ,f)T < 0, (3143)
where
-ir 0 0 0 0 Q 0 0 0
_ 0 —ir o 0 _ 0 _ _ 0 I 0 0
A = ? , Bu s = ,Cy,fé{cf 00 0}762é
Ay Bpy —3I 0 Bu.f 00 Q 0
Cys 0 0 —iq1 0 0 0 0 I
(3.144)

Proof:  The proof is nothing but an extension of the existence condition for a stabilizing static output-

feedback control law of the original Lur’e system (3.134) to the augmented Lur’e system (3.140). O

Remark 11. (Extensions to Lur’e Systems with the feedback interconnected nonlinear function ¢ € @Lﬁl

The results for the Lur’e system with the feedback interconnected nonlinear function ¢ € Cf{fb can be triv-
ially extended to Lur’e Systems with the feedback interconnected nonlinear function ¢ € @L(;‘, The detailed

algebraic computations and derivations of the LMIs are left for the readers to derive.

3.4.4 Dynamic Output-Feedback Control via LMI Optimization
Discrete-Time Lur’e Systems with ¢ € @gb

The critical change of variables defined in the continuous-time cases [21] can be applied to the discrete-time

cases. The goal is to design a dynamical output-feedback controller

K(z) &2 Cg(2I — Ag) 'Bk + Dk (3.145)
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that stabilizes the closed-loop system and is described by

ex(k+1) = Agzr(k)+ Bry(k) (3.146)
u(k) = Crag(k)+ Dgy(k).
Consider the nominal system
w(k+1) = Awx(k)+ Byu(k) + Byo(k, (k) (3.147)

y(k) = Cya(k),

where z(k) € X C R™ is the state variable of the system at time £ € Zy and ¢ : Z; x X — R} is a time
varying perturbation function. With the plant and controller defined above, the closed-loop system admits

the realization

#(k+1) = Ayz(k) + Bao(k,z(k)) (3.148)
where
T A+ B, DgC, B,C B _
T2 , Aa 2 o MU, B2 |77, Gk a(k) = bk, 2(k)) Yk € Zy. (3.149)
Tk BkCy Ag 0

To establish robust stability under the constraint

T
z —QQC'(ITC'Q 0| |z
_ | <0 (3.150)
¢ 0 I |¢
with maximal «, the following EVP is solved:
minimize 5 (3.151)
subject to Q>0 (3.152)

-Q 0 QAd" QCT
0 —-I BT 0

cl

ACZQ Bcl _Q 0

<0, (3.153)
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where a £ % is the robust stability margin and

C, = [Cq 0] (3.154)

is a constant matrix with the compatible dimensions. Moreover, for any given C,, the inequality (3.150)

defines a class of piecewise continuous functions
D% £ {¢: Zy x RV - R | ¢ < 27 CF Cyz, for all (t,2) € Zy x R"TY (3.155)

Recall that P € R(+7x)x(n+nk) is 3 symmetric matrix. Define the matrices X and Y as nxn submatrices

of P and P!, by
Y N X M
= , pt2 : (3.156)
NT & MT o«

From the definition of the inverse matrix, we infer

X I I Y
I, £ , I & ) (3.158)
M 0 0 NT

Define the change of controller variables introduced in [21]:

A2 NAgMT + NBxC,X +YB,CxMT + Y (A + B,DrC,)X (3.159)
B2 NBg +YB,Dg (3.160)
C2CxMT + DgCyX (3.161)
D2 Dy. (3.162)

Note that if M and N have full low rank and 121, B , C , ﬁ, X, Y are given, we can always compute controller
matrices Ax, Bi,Ck, and Dg. If M and N are square (nxg = n) and invertible matrices, then Ax, Bi, Ck,
and Dy are unique. For full-order design, we can assume that M and N have full row rank. Hence the
variables Ax, Bi,Ck, and Dk can be replaced by their one-to-one correspondences /l, B ,C, and D without

loss of generality. When performing a congruence transformation with diag(Ils, I,II2, I) on the inequality
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(3.153), the following inequality is derived:

—TIQI, 0 TIQALI, TIQCT
0 —I B, 0
<0
IJAQI, II3B, —IJQIL 0
HQIIL, 0 0 I
which is equivalent to
-X —I 0 XAT +(B,O)T AT
—I -y 0 (A+B,DC,)T ATY +(BC,)T
T T
0 0 —I B! Bl'y
AX +B,C (A+B,DC) B, -X —I
A YA+ (BC,) YB, —I -Y
C,X c, 0 0 0

T
Xc!

e
0
0
0

—~I

<0.

(3.163)

(3.164)

The LMI (3.164) is clearly affine in A,B,C’,ﬁ,X , and Y. Thus we have proved that the solvability or

feasibility of this LMI is necessary for the existence of a robust stabilizing controller which resists the sector-

bounded (or norm-bounded), possibly time-varying, perturbations. Thus the design of the (dynamic) full-

order output feedback controller that maximizes the quadratic robust stability margin « of the closed-loop

system can be formulated as the EVP:

minimize vy
X I
subject to > 0,
IY
-X —I 0 XAT +(B,O)T
—1 -Y 0 (A+B,DC,)T
0 0 —I BT
AX +B,C (A+B,DC,) B, -X
A YA+ (BC,) YB, —I
C,X c, 0 0
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(3.166)

<0

(3.167)



where since the requirement P > 0 must be satisfied, the constraint

X I
>0 (3.168)

1Y

should always be included in the list of synthesis LMIs, either explicitly or as part of some other LMI
constraints. After solving the synthesis optimization problem above, the controller construction proceeds as

follows: find nonsingular matrix M to satisfy

MNT =1 - XY (3.169)

and define the controller by

Dx = D
Ck
Bx = NYB-YB,Dg)

(C - DrCyX)M-T

(3.170)

Ax

N~ (A = NBkC,X = YB,CkMT =Y (A+ BuDxC,)X ) M7

This gives a formal description of all problems to which we can apply the controller parameter transfor-
mation in order to obtain the synthesis LMIs. Note that the necessity part of the proof does not restrict the
order of the controller and that the construction in the sufficiency part leads to a controller that is of the

same order as the plant.

3.4.5 Illustrative Examples

We consider some numerical examples to show the applicability of the previously defined LMI synthesis
problems for a certain case of Lur’e systems which is given as (3.79) where the feedback connected nonlinear
mapping is classified as ¢ € @?b for the optimization problems previously formulated or ¢ € @Lﬁl for the

feasibility problems previously formulated.

Example 5. (Optimal SOF control for the system (5.79) with ¢ € ®% ) Consider the system (3.79) whose
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state space realization is given by

0.9996 0.0000 0.0000 0.0000 0.0000 0.0200

0.0002 0.9998 0.0000 0.0000 0.0200 0.0000
A= ) Bu = ) Bp = ;

0.0002 0.0000 0.9994 0.0000 0.0000 0.0000

0.0000 0.0000 0.0001 0.9999 0.0200 0.0000

1.0000 0.0000 0.0000 0.0000
C, = , Cq=10 —0.0100 0 —0.0100] -
0.0000 1.0000 0.0000 0.0000

Let us consider the optimization problem where the control objective is to maximize the upper bound a on
the sector condition such that the closed-loop system (3.79) is stabilized by the output-feedback control law
u(k) = Koy(k). Then, the optimal solutions K* for the optimization problems in Theorem 27, 29, and 30

are obtained as

Theorem 27: K* = - —0.00554519341685 0.00288799826175 ] )
Theorem 28: K* = _ —0.01302109408254 —0.29231658319437 } )
Theorem 29: K* = _ —0.00133373405726 —0.00799964157676 } )
Theorem 80: K™ = _ —0.00530655880274 0.00222723380322 ] -

Example 6. (Optimal SOF control for the system (3.79) with ¢ € ®%,) Consider the system (3.79) whose
state space realization is given by

0.9722 —0.0103 —0.0370 0.0046 —0.0034 —0.0258
A=1-0.0338 0.9664 —0.0233|, Bu.=10.0078], B, = | 0.0159 0.0192 |,

0.0183 0.0398 0.9506 0.0129 0.0083 0.0128
o —0.4100 0.4400 0.6800 o 1.0000 0.0000 0.0000
y = ) q =

—1.7700 0.5000 —0.4000 0.0000 1.0000 0.0000

Let us consider the optimization problem where the control objective is to maximize the upper bound a on
the sector condition such that the closed-loop system (3.79) is stabilized by the output-feedback control law

u(k) = Koy(k). Then, the optimal solutions K* for the optimization problems in Theorem 27, 29, and 30
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are obtained as

Theorem 27 -

Theorem 28 :

Theorem 29 :

Theorem 30 :

K‘*

K*

K*

K*

10* x | —1.67396832729383

—5.62391896169544 1.47109250263480 } )

—64.01393096811263 14.73009846418861 ] 5

—15.82846011893918 3.57952990338737 } .

—0.38942209046374

|

Example 7. (Optimal SOF control for the system (5.79) with ¢ € ®% ) Consider the system (3.79) whose

state space realization is given by

0.0469  0.0000

0.0000

A= 10.0000 —0.1512 0.0000

0.0000  0.0000

0.1512

1.0000 0.0000 0.0000

)

0.0000 1.0000 0.0000

0.2365 —0.9876 —0.2494  0.2341
B, = |-1.5164 12181 |, DBp= 02542 0.0215 |,
0.2496 —0.5181 —0.2036 —0.3744

1.0000 0.0000 1.0000
0.0000 1.0000 1.0000

Let us consider the optimization problem where the control objective is to maximize the upper bound o on

the sector condition such that the closed-loop system (3.79) is stabilized by the output-feedback control law

u(k) = Koy(k). Then, the optimal solutions K* for the optimization problems in Theorem 27, 29, and 30

are obtained as

Theorem 27 :

Theorem 28 :

Theorem 29 :

Theorem 30 :

K*

K*

—0.01938448484711 —0.02871614200279
—0.02871614200279 —0.01185342501961

0.04190432483494  0.01148477459598
—0.11549610629164 —0.05097686400942

—0.14258812542474 —0.12686178592710
0.12820257392364  0.27846823294168

0.04791671972032  —0.12540884561053

—0.33039453130135 —0.23684835212644

Example 8. (Optimal DOF control for the system (3.116) or (5.147) with ¢ € ®% ) Consider the system

(8.116) or (3.147) whose state space realization for the nominal plant is the same as in Example 5. Let
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us consider the optimization problem where the control objective is to maximize the upper bound o on the

sector condition such that the closed-loop system (3.79) is stabilized by the output-feedback control law u(z) =

K (2)y(z) where £(z) is the z-transform of (k) for each & in{u,y, K}. Then, the optimal solutions K,(z)

for the optimization problems in Section 3.4.2 and 3.4.4 are obtained as

Section 3.4.2 :

K,(2)

Ck

Dg =

AK Bk

Ck | Dy

[ 0.00000000000004
—0.00000000000004
0.00000000000001
| —0.00000000000003

_—0.00000000482683
—0.00000005476478
—0.00000000314110

| 0.00000000405537

—0.00000009254012

—0.12463151573796

—0.00000000000002  0.00000000000003  —0.00000000000006
0.00000000000011  —0.00000000000004  0.00000000000008
—0.00000000000002  0.00000000000004  —0.00000000000004

0.00000000000011  —0.00000000000004  0.00000000000005

—0.00000004832344
0.00000046669972
—0.00000002877317

0.00000018313272

0.00000058061119  —0.00000005652954  0.00000037704576 | »

—0.00041376802662 | -
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A B
Section 3.4.4: K,(z) = a r ;
Ck | Dy,

—0.09438308068412  —0.64758523926930 —0.00230545695179 —0.00024376280078
—0.68119470507844  —0.11276229377833 —0.00266195332435  0.00098217901763

Ay =
—0.36869938691084 0.19774166820556 0.00015087641080  —0.00007797185095
—47.06343894684123 —10.24014681053870 —0.14349557136522  0.08069214977010
—0.00117518986784 —0.11714899136500

B 0.06569434370426 —1.71655962342927

K — y

—0.07142219208562  —0.60188578881433

—56.56650343686050 —125.16716273829300

Ck = [12.33330341910328 —3.71599785603426 0.01420494573434 —0.00203461338737| »

Dk = {—0.00144086465809 —27.27591728963192 -

Example 9. (Optimal DOF control for the system (3.116) or (3.147) with ¢ € ®% ) Consider the system
(3.116) or (3.147) whose state space realization for the nominal plant is the same as in Example 6. Let
us consider the optimization problem where the control objective is to maximize the upper bound o on the
sector condition such that the closed-loop system (3.79) is stabilized by the output-feedback control law u(z) =
K (2)y(z) where £(z) is the z-transform of £(k) for each & in{u,y, K}. Then, the optimal solutions K,(z)

for the optimization problems in Section 3.4.2 and 3.4.4 are obtained as

Ax | B
Section 3.4.2 : K,(z) = :
Ck | Dg

0.00000000000548 0.00000000000088 0.00000000000073
Ag = 10” X {0.00000000000088 0.00000000000014 0.00000000000012 | ;
0.00000000000073  0.00000000000012  0.00000000000010

—0.00000202270988 —0.00000136477133
Bg =10% X | —0.00000032548647 —0.00000021910356 | »

—0.00000027105445 —0.00000018282697

Cx =10 x {0.00000137154146 ~0.00000021836004 0.00000018351858} )

Dk =10 x | —2.10988117920826 0.77746531450058} .
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Section 3.4.4: K,(z) = ;
Ck | Dy

—0.01612395466721 —0.00479276552508  0.00688942417057
Ak = | 0.95342728765310  0.85955992922295  0.01944695054919 | ,
—7.79414061121223 —7.16554494648548 —0.26162587289086

0.11521191111547  0.08615317152045
Br = | 0.43763488357333  0.08970208601816 | ,
—4.80743529087313 —1.60981658615619

Ck = [15.59181171535629 9.61926447352134 3.12719806437947} )

Dy =10% x {—1.27292064065320 —0.15203017584326] .

Example 10. (Optimal DOF control for the system (3.116) or (5.147) with ¢ € ®% ) Consider the system
(3.116) or (3.147) whose state space realization for the nominal plant is the same as in Example 7. Let
us consider the optimization problem where the control objective is to maximize the upper bound o on the
sector condition such that the closed-loop system (3.79) is stabilized by the output-feedback control law u(z) =
K(2)y(z) where £(z) is the z-transform of £(k) for each & in{u,y, K}. Then, the optimal solutions K,(z)

for the optimization problems in Section 3.4.2 and 3.4.4 are obtained as

Ak | Br
Section 3.4.2: K,(z) = :
Cx | D

0.00153264721512  0.00739742518440 —0.00074014941071
Ak = | 0.00739742518440  0.16700774306169  0.03209087166099 |
—0.00074014941071 0.03209087166099  0.01004390072236

0.00133426941877  0.00368129857959
Bk = |0.04466024627003  0.00418820864814 | ,
0.00973663652653 —0.00546618881788

o 0.00133426941877 0.04466024627003  0.00973663652653
K )
0.00368129857959 0.00418820864814 —0.00546618881788

D —0.04365449948212  —0.08999104228215
K =
—0.08999104228215 —0.09456809489039
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Control Schemes Ex5 &8 Ex6 &9 Ex 7 & 10

Theorem 27 & 28 21.8420 1.5325 2.0607
Theorem 29 4.1535 0.4367 1.2322
Theorem 30 37.4841 0.3882 1.4358
Section 3.4.2 25.4709 1.5325 2.0754
Section 3.4.4 22.1679 1.7502 2.0540

Table 3.1: The maximal upper sector-bound achieved by the output-feedback control schemes

Ak | B
Section 3.4.4: K,(z) = KoK :
Ck | Dy

0.00005539158542  0.00000017085965 —0.00000000122581
Ak =10° x |0.02689099890390 0.00008548551544 —0.00000001002758 |
9.99905232328686 0.03224763285586  0.00010649556568

0.00020788964672  0.00031606307571
Br = |0.10014135234422  0.15416936092571 | ,
37.09397281334177  57.45846222071164

o 39.89768712841692  0.26594096699122  0.00027787750491
K

)

31.72975576809898  0.20751916077895 0.00020206180352

0.15523936011026 0.14587516460479
K =
0.14587516460479 0.18346177851977
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3.5 Computational Issues in SOF Controller Synthesis Problems

3.5.1 Introduction

The main objective of this section is to introduce the numerical algorithms to solve the stabilizing static
output-feedback control problem and to discuss associated computational issues. Given a triplet state-
space realization of a system (A, B, C,) with compatible dimensions, an interesting problem is to find a
static output-feedback control gain K,, if any, such that the closed-loop system is asymptotically stable.
The existence of such a stabilizing static output-feedback control gain K, is equivalent to the feasibility
condition of two convex constraints involving a positive definite matrix and its inverse [40, 41]. This problem
can be formulated as a problem to locate a common point in two convex sets and there are many papers in
control and optimization literatures that tackle the problem, where alternating or successive projection (or
proximity) mappings are considered with convex constraints that have been specified in different ways at

each paper [43, 59, 15].
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Figure 3.32: Successive Projections: relint C; N Figure 3.33: Successive Projections: relint C; N
rel int Co = 0 rel int Co #
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3.5.2 Swuccessive Projection Algorithm
Projection onto A Convex Set

The method of projection is applied to the problem of finding points in a convex set of minimum distance

from a point in another convex set, and vice versa.

Definition 10. (Projection mappings) Given a closed conver set C C R™, let P be the mapping which
projects each point x in another conver set D C R™ onto C such that Px € D is the closet point in D to
x. Then the mapping P is called the projection mapping or proximity mapping for the set C. Consider two
closed convex sets or two conver sets whose interiors are non-empty and one of them is possibly open such
that their intersection is non-empty. Then the composition of two successive projection mappings has at least

one fixed point and this point is a point of a set closest to the other set.

Proposition 16. (Composition of projection mappings [117]) Let S be a projection mapping of a metric

space C € R™ onto itself. Then it has the following properties:
1. d(SSL‘l, SSL’Q) S d(ml,mg),

1. If © is not a fized point of S, then the mapping S is strictly non-expansive in the following sense:

d(Sz, S*z) < d(z, Sz),

i11. For each x the sequence of mappings S™x has a cluster point. Then for each given x in a matric space,

the sequence of mappings S™x converges to a fized point of S.

The function d(-,-) on the cross product space C x C indicates the distance between two points (or sets) in a
metric space, which is equal to the metric norm of the difference of two points (or the metric norm of the

difference of two closest points to each set).

Proof: It can be easily seen that a successive n mapping S™ of a projection operator S has contraction

mapping properties [26] such that it has the properties described above. See [117] for more details. O

Now, the successive projection mapping is applied to tackle alternating projection mappings for two

convex sets in a matric space.

Lemma 14. (Projection mappings for two convez sets [117]) Consider (i) two closed convex sets or (ii) two
convex sets whose interiors are non-empty and one of them is possibly open such that their intersection is
non-empty. Let P; denote the projection mapping for a convex set C; for each j = 1,2. Then any fized point

of their composition mapping P;P; is a closest point of C; to C; for (i,7) € {(1,2),(2,1)}. Further, such
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fized point of P;P; is on the boundary of C; for (i,j) € {(1,2),(2,1)} in the case (i), and in the intersection

of two convez sets in the case (ii).

Proof: Let S = P;P; be a projection mapping of a subset C; in a metric space onto itself for (i,j) €
{(1,2),(2,1)}. With this definition for the alternating projection mapping, the proof is trivial, which follows

Proposition 16. The details are given in [117]. O

Alternating Projection and Its Convergence to a point in the intersection of some convex sets

Suppose that the interiors of two convex sets C1,Co € R™ are non-empty and let P, denote projection
on the set C; for each ¢ = 1,2. In addition, it is assumed that a starting point 2{ € C; is given. Then the
alternating or successive projection mappings are defined as :c(zk) = P, (:z:gk)) and xng) = P, (a:ék)) for
each iteration index k£ = 0,1, ... such that two sequences of points {xz(-k)} are generated for ¢ = 1,2. There
have been many research papers that have proven convergence of the alternating or successive projection

mappings in the literature and whose basic idea should be considered as von Neumann’s work in 1930s [116].

Lemma 15. (Convergence of alternating projection algorithm in Hilbert Spaces) If two convex sets C1 and Co
have the non-empty intersection, i.e., CyNCa # B, then the sequence of points {y*)} = {xgo), xgl), x§1)7 xéQ), ..
has a cluster point in C; N Cz. In other words, the composition of successive mappings S := Fe,c, for

(i,7) € {(1,2),(2,1)} gives a point in the intersection of two conver sets, provided that their intersection is

non-empty.

Proof:  Since two closed and convex sets C; and Cy in a Hilbert space have non-empty intersection, there
exists a point z* in their intersection, i.e., * € C; N Cy. Further, since xék) = P, (mgk)) and Cs is a convex
set in a Hilbert space, we have

(xik) - a:ék),x - a:ék)> <0 Vz el

where (-,-) denotes the inner product of two elements in a Hilbert space. Thus, we can observe that

o — 2|12 = |2t — 28 + 28 — 27 |2 (3.171)
k k k * k k k *
=[] — 2| + ]2 — 272 + 2(2{" — 2, 2l — 2%) (3.172)
k k k *
> |28 — 2§92 + (|28 — 27|12, (3.173)

Similarly, we also have

(@8 =2 w2y <0 vz ec,
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so that

k * k k+1 k+1 *
S — 212 > |2 — 2PV 4 D — 22 (3.174)

Now, we have the following inequalities:
k * k * k+1 * k+1 *
e e | [ il | L S s L (3.175)

Therefore, one can conclude that the sequence {y*)} is bounded and monotonic as well as are {xgk)} and

{xék)} This implies that there exists an accumulation point 4 such that
(k)

lim y® = lim
ki>ooy ki>oox1

= lim xék) =7.
k—o0

Since the convex sets C; and Cs are closed, one can observe that g € C; NCy. O

3.5.3 Computational Issues in Fixed-Order Output-Feedback Controller
Design

Necessary and sufficient conditions for static output-feedback can be formulated in terms of coupled
Lyapunov matrix inequalities by following a quadratic Lyapuonv function approach. From Lyapunov stability
theory, it has been known that the closed-loop linear time-invariant continuous time system is GUAS if and
only if the matrix A + B,K,C, is Hurwitz, or equivalently, there exists a gain matrix K, such that the

following matrix inequality holds for some X = X7 > 0:
(A+ B,K,C,)X + X(A+ B,K,C,)T <0. (3.176)

To handle this BMI problem, the so-called coupled linear matrix inequality formulation has been introduced—

see Section 3.4.1. That is, introduce the following two matrix inequalities to solve:

BH(AX + XATY(BHT <0, (3.177)

(CHHATY + Y A)(Cc)HH)T <o, (3.178)

where XY =Y X = I-these are also introduced in (3.82) and (3.83).
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Definition 11. Define the two convex sets for X and Y, respectively:

€ ={X €S"|X >0,(3.82)} (3.179)

Co={Y eS"Y >0,(3.83)}, (3.180)

where XY =YX =1.

In this section, we will show three numerical algorithms to find a feasible solution X (or Y') such that the
inequalities (3.177) and (3.178) hold. The existence of such a feasible solution is equivalent to the existence
of a static output-feedback control gain K, that stabilizes the system whose realization is (A, By, Cy).
The first algorithm is called the min/max algorithm whose properties are not very mathematically clear,
but heuristically has shown good convergence, and the other two algorithms are based on the alternating

projection mapping in Hilbert space such that their properties including convergence are clearly understood.

The Min/Max Algorithm

Proposition 17. (The Min/Maz Algorithm) Let us consider the following successive optimization problem

to approzimate the best solution at each step, which has been suggested in [40, 43]:

X =arg min {l, : X € C1,I < Ykl/zXYkl/2 <Il,I}

Vi1 = arg maz {l, : Y € Co, ,I < X;PY X2 <1}

Semi-Definite Programming (SDP) Approach

The following lemma shows that the successive projection mappings can be formulated as the alternating

two projection problems where one needs to solve a SDP problem at each projection step.

Lemma 16. Let C; and Co be the conver sets described by LMIs. Then the projection Xy = Pe, (Yi) and

Yi+1 = Pe,(Xk) can be characterized as the unique solutions to the following SDP problems:

Xk = Pe, (Yi) = arg miny e, [|Yi — X||F,

Yii1 = Pe,(Xi) = arg miny ., ||Y — Xil|F,

where || - ||F indicates the Frobenius norm.

The next two algorithms suggest different SDP problem formulations for the alternating projections.
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Proposition 18. ([15]) Let C1 be the convex set described by LMIs. Then the projection Xi = Pe,Y), can

be computed as the unique solution to the following SDP problem:

S v, -X _
Xy = arg min < Tr(S): X € Cy, >0,5eSYy 5,
vl - X S

for a given Yy, € Co. Similarly, the projection Yiy1 = Pe, Xy can be computed as the unique solution to the

following SDP problem:

S Y - X! .
Yit1 = arg min ¢ Tr(S):Y € Ca, >0,5eSY 5,
Y - X! S

for a given Xy, € Cy.

Proposition 19. (A cone complementary problem [59]) The idea is to associate the static output-feedback

control problem with the following semi-definite programming problem:

min Tr(XY) (3.181)

subject to (X,Y) € Ci xCaNMxy, (3.182)

where

X I
Mx,yé{(X,Y)ESiXSI‘ 20}.
1Y

One should notice that the objective function of the above SDP problem is non-convex. To solve this problem,

the following Linearization Algorithm has been introduced in [59]:

1. Choose the initial guess (Xo,Yy) € C1 x Co N Mx y and set the iteration index k as 0.

2. Solve the SDP problem to move one step forward:

(Xk+1,Yk+1) = arg min {W(ka + XkY) : (X, Y) € Cy x Co ﬁMX’y}. (3183)

3. If the stopping criterion
|t1€+1 — tk| <€ (3.184)

is satisfied for a specified error tolerance € > 0, then escape the iteration loop. Otherwise, go to step 2

with the increased iteration index k = k + 1.

113



Chapter 4

Robust Controller Synthesis Problems
for Lur’e Systems

4.1 Introduction

The previous chapter developed controller synthesis problems in which the nominal plant part of Lur’e
system was assumed to be completely known. Since no single fixed model can provide an input-output
map exactly like the true plant, a realistic representation requires a set of maps. Such a set of uncertain
mappings are characterized by its input-output relations so that the uncertainty A in Figures 4.1 and 4.2 can
be considered as a set-valued function. The approach in this chapter is to parameterize the uncertain mapping
A and the unknown nonlinear mapping ¢ separately as shown in Figures 4.1 and 4.2. Note that sometimes
these two uncertain feedback connected mappings, which both can be parameterized as set-valued functions,
might be combined as block components in an augmented mapping. Two different types of uncertainties A
are considered—norm-bounded (or matching) and polytopic parameter-dependent uncertainties.

Note that the LMI formulations for the static output-feedback control problems in continuous-and
discrete-time systems are equivalent in the sense that the LMIs in continuous-time systems can be trans-

formed as the LMIs in discrete-time systems and vice versa.

Equivalence of LMI formulations for continuous and discrete time systems

Necessary and sufficient conditions for static output-feedback can be formulated in terms of coupled
Lyapunov matrix inequalities by using a quadratic Lyapuonv function. From Lyapunov stability theory, it
has been known that the closed-loop linear time-invariant continuous-time system is GUAS if and only if
the matrix A + B, K,C, is Hurwitz, or equivalently, there exists a gain matrix K, such that the matrix

inequality holds for some X = X7 >0 (or Y = Y7 > 0):
(A+ B,K,C\)X + X(A+ B,K,C,)" <0 (or, Y(A+ B,K,Cy) + (A+ B,K,C,)"Y < 0) (4.1)

Corollary 5. (Equivalent formulation of an LMI for discrete-time systems as continuous-time systems via
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the Schur complement lemma) Similarly to the stability condition for continuous-time systems, for discrete-
time systems the closed-loop linear time-invariant discrete-time system is GUAS if and only if the matriz
A+ By K,Cy is Schur, i.e., the eigenvalues of A+ B, K,Cy are in the open unit circle in the complex variable

domain. Equivalently, there exists a control gain matrix K, such that

(A+ B,K,C)" X '(A+ B,K,C,)) - X' <0 (4.2)

for some X = XT > 0. We have the following two equivalent inequalities with X ' =Y :

-Y (A+ B,K,C,)TY
<0 (4.3)
Y(A+ B,K,Cy) -Y
and
(Aq + Bu,aK,Cya)Xa+ Xa(Aq + By aK,Cya)' <0, (4.4)
where
-7 0 0 X 0
Ad = 2 7Bu,d = aOy,d = l:Cy 0:| 7Xd = . (45)
A i1 B, 0 X

Proof: Using the Schur complement lemma and a congruence transformation, it is easy to see the equivalence

between the matrix inequalities. [J

Note that the LMI (4.4) has bilinear terms composed of the multiplications of the unknown (decision)
matrices X and K, and constant system matrices, so checking the solvability of the LMI (4.4) is a non-convex
problem and known to be NP-hard [41, 16] in general. As shown in Section 3.5, this problem can be handled

with the well-known successive or alternating projection methods—see Section 3.5.

4.2 Static Output-Feedback Control via LMI Optimization for a
Certain Class of Lur’e Systems under Matching
Uncertainties

In this section, the uncertainty satisfying the so-called matching condition is considered. The LMI

formulations derived in this section are very flexible in the following senses:

i. With a known norm-bound on the uncertain mapping A, say 1/, the problem to maximize the upper

bound on the sector-condition for the nonlinear mapping ¢ € i)?b can be represented as a convex
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optimization problem, and vice versa.

ii. The problem to achieve a performance objective for a Lur’e system can be represented as a convex
optimization problem, provided that the norm-bound on the uncertain mapping A and the upper bound
on the sector-condition for the nonlinear mapping ¢ € (I)?b or ¢ € @Lﬁl are known or at least conservatively

approximated.

4.2.1 SOF Control via LMI Optimization for a Certain Class of Lur’e Systems
under Matching Uncertainties—Case 1
In the Absence of Feedback-Connected Nonlinearities
In order to apply the stabilizing SOF to the perturbed system with uncertainties, and to solve SOF

controller synthesis problems using LMIs, consider the system with a control affine term

w(k+1) = (A+AA0u(K))z(k) + (Bu + ABu(0s(F)))u(k)
y(k) Cya(k),

(4.6)

where z(k) € R™ is the state and u(k) € R™ is the control input at time k € Z,, and A € R"*" B, € R"*™,
and C, € R™*™ are known constant matrices. In addition, 6, (k) € ©, represents the parametric uncertainty
of the system and the subset ©,, C R™ is assumed to be compact for each r = a, b. It is assumed that the
triplet nominal realization of the system (A, B, Cy) is stabilizable and detectable, and both the uncertainty
mappings AA : O, — R"*™ and AB,, : ©, — R"*"™ are continuous in #,. € ©,. which is Lebesgue measurable

for each r = a, b.

Assumption 1. (Matching condition) Assume that the parametric uncertainty can be represented as

[AA AB,] = EoF(0) [Ea EB], (4.7)

where ||F(0)||2 < 1/v9 with a fized value of v9 > 0 for all § € © C R™ .

Note that in a number of papers in literature, matching conditions have different representations where

matching conditions are weakened in some degree and/or combined with additional assumptions.

Lemma 17. The system (4.6) is GUAS if and only if there exists a gain matriz K, such that the following
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matriz inequality holds for some X = XT > 0:

(Ad + deKOCy,d)Xd + Xd(Ad + Bu,dKoO%d)T + Eo,dF(G)(EAvd + EB,dKoCy,d)Xd (4 8)

+Xd(EA,d + EB,dKOC%d)TFT(G)Egjd <0 Vbeo,

where ||[F(0)|| < 1/~ for all 8 € ©. The definitions for Ag, Bya, Cya, Xa are given in (4.4) and

0
Eoq = JEaq= [EA 0} .Epq= Eg.
Eq

Further, (4.8) is feasible for some X > 0 and K, if and only if there exist X > 0 (or its inverse Y ) and K,

that satisfy the matriz inequality

(A+ BK,C,)X + X(A + BK,C,)" <0, (4.9)
or
Y (A + BK,C,) + (A+ BK,C,)TY <0, (4.10)
where
Ad 0 E(Ld Bu,d
A2 1B y —Lyl 0 |, B2 |Ep4|, éyé{cy,d 0 0}, (4.11)
0 0 —ivyl 0
and
Xd 0 0 Yd 0 0
X200 10|, Y&|0 1 0f. (4.12)
0 0 I 0 0 I

Proof: Replacing (A, B,) in (4.4) by (A+AA(0(k)), B,+AB,(6(k))) and assuming the matched uncertainty
(4.7) for (AA, AB,), Lemma ?? implies the equivalent matrix inequality for K,, X = X7 > 0, and € > 0 to

(4.8):

1
Yo ((Ad + Bu,aKoCya)Xa + Xa(Aa + Bu,dKoCy,d)T)+€EO,dE(j):d+EXd(EA,d+EB,dKoCy,d)T(EA,d+EB,dKoOy,d)Xd <0.
(4.13)
By the congruence transformation with the transformation matrix diag{el, eI} and replacing X /e with Xy,

the unknown positive scalar variable € is eliminated. Further, the equivalent inequality to (4.8) and (4.13)
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follows from the Schur complement lemma:

(Aq + Bu,aK,Cya)Xa + Xa(Aq + BuaKoCya)' Xa(Eaa+ EpaKoCya)'  Eoa

(EA,d + EB,dKoCy,d)Xd —yol 0 < 0. (4.14)

Egjd 0 —’)/9[

Moreover, the matrix inequality (4.14) can be rewritten as (4.9). The congruence transformation with the

transformation matrix ¥ gives (4.10). O

The inequality (4.9) (or (4.10)) is not jointly convex in X (or Y) and K,. As shown before in Section
3.4.1, this feasibility problem for X (or Y) and K, can be reduced as two linear matrix inequalities where
X and its inverse Y appear in different convex constraints so that this problem can be solved through some

alternating or successive projection algorithms—see Section 3.5.

Corollary 6. (Coupled linear matriz inequality formulation) There exists a stabilizing SOF control gain
matriz K, such that u(k) = K,y(k) staiblizes the system (4.6) if and only if X and 'Y satisfies the following

two matriz inequalities:

Byg 0 0| [AaXa+ XaAT XaEL, Eoa| |(Big)” 0 0
0 Egp, O EaXa —vwl 0 0 (BL)T 0| <0 (4.15)
0 0 I Ely 0 —~ol 0 0 I

and
(ngd)l 0 0 Ang-l—YdAd Ez,d YiEo.q ((ngd)l)T 0 0

0 I 0 Eyq —yol 0 0 I 0| <0, (4.16)
0 0 I E§ 1Y 0 —vol 0 0 I

where XY =Y X = I and (-)* indicates a full-rank matrices which is orthogonal to (-).

Proof: The feasiblity of the matrix inequality (4.9) (or (4.10)) for some X (or Y) and K, is equivalent to

the feasiblity of the matrix inequality
BY(AX + XAT)(BYH)T <0, (or (CTYHATY +V A)(CTHT < o) . (4.17)

The above two matrix inequalities can be rewritten as (4.15) and (4.16), respectively. O
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In the Presence of Feedback-Connected Nonlinearities

Consider the following discrete-time system where the nominal linear time-invariant system is intercon-

nected with a certain class of nonlinear operators:

z(k+1) Az (k) + Bpo(k, z(k)) + Byu(k)
y(k) = Cya(k),

(4.18)

where the nonlinear operator ¢ is in the class ®%,. As shown before, the stability condition for the above

system can be written as a feasibility condition for a Lyapunov matrix Q! which is an eigenvalue problem:

Q@ 0 QAT QCT]

’ 0 —-I B 0
Q=Q" >0, <0, (4.19)
AQ B, -Q@ 0

c,Q 0 0 —~I

where v £ 1/a2.
Replacing A by A + B,K,C, in the LMI constraint (4.19), if there exists a SOF control gain matrix
K, satisfying (4.19) for some Q@ = QT > 0 then the closed-loop system is stabilized by the control law

u(k) = Koy(k). The corresponding LMI constraint can be rewritten in the same form as (4.8):

(A + B,K,C,)Q + Q(A + B,K,C,)T <0, (4.20)
where
-3 0 0 0 0
_ 0 —iI 0 0 _ 0 _
AL ’ , Bu,% , Oy = {Oy 00 0} : (4.21)
A B, -iI 0 B,
C, O 0 —iqrI 0
Q@ 0 0 0
. |0 T 0 0
Q=2 (4.22)
00 Q 0
00 0 I

In order to apply the stabilizing SOF to the perturbed system with uncertainties, and to solve SOF
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controller synthesis problems using LMIs, consider the system with a control affine term

ok +1) (A+ AAB(K)))x(k) + Byo(k, 2(k)) + (B + AB,(0(k)))u(k)
yk) = Cya(k)

(4.23)

where 2:(k) € R”™ is the state variable and u(k) € R™ is the control input at time k € Z, and A € R"*™ and
B, € R™ ™ are known constant matrices. In addition, §(k) € © represents the parametric uncertainty of
the system and the subset © C R™ is assumed to be closed and compact. Assume that the triplet nominal
realization of the system (A, B,,Cy) is stabilizable and detectable, and both the uncertainty mappings

AA:0 = R"™™ and AB, : © = R"*™ are continuous in # € © which is Lebesgue measurable.

Corollary 7. The necessary and sufficient stability conditions for the closed-loop system with a SOF control

law u(k) = Kyy(k) is written as a feasibility problem for Q = QT > 0:

(A+ B.K,C,))Q + Q(A+ B,K,C,)T + EgF(0)EapQ + QEL,FT(O)EL <0, 6co, (4.24)
where ) ) o
-1 0 0 0 0
_ 0 —ir 0 0 _ 0 _
A= ? , B, = , cyé[cy 0 0 0}, (4.25)
A B, —3I 0 By,
Cy O 0 —i4r1 0
and - _ )
0 Q@ 0 0 0
.o o .10 1 00
0= , Eap= |E,+EpK,C, 0 0 0|, Q= (4.26)
Ey 00 Q0
0 00 0 I

Further, the elimination of structured uncertain matriz lemma implies the equivalent matriz inequality for

K,,Q=QT >0 and e > 0:

Yo ((A+ B,K,Cy)Q + Q(A+ B,K,Cy)T) + eE,ET  QEY,

EapQ —el

<0, (4.27)

provided ||[F(0)| < 1/ for all 6 € ©.

Proof: After small algebraic computation and by following the same procedure as the LTI system without

feedback-connected nonlinearities, it is easy to derive the matrix inequalities. [J
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Lemma 18. The system (4.23) is quadratically stabilized with a SOF control law u(k) = Koy(k) if and only
if there exists a gain matriz K, such that the following matriz inequality holds for some Q = QT > 0 (or

P=PT>0)ande>0 :

(A+ BK,C)Q + Q(A + BK,C)" <0, (4.28)
or
P(A+ BK,C) + (A+ BK,C)TP <0, (4.29)
where
A 0 E, B, Q 0 0 P 0
A2 lg, 1yl 0 |, B2|Eg|, éé{éy 0 0}, Q210 e 0|, P20 1r
0 0 —37l 0 0 0 e 0 0

S
!

D é[EA 0 0 0}7

with QP = I such that QP = I and CZQFZ’ =1

Proof: Replace (A, By) in (4.20) by (A+AA(6(k)), B, +AB,(0(k))) and assuming the matched uncertainty
(4.7) for (AA,AB,). Then, after small algebraic computation and by following the same procedure as the

LTT system without feedback-connected nonlinearities, it is easy to derive the matrix inequalities. [

Theorem 31. (Coupled linear matriz inequality formulation) There exists a stabilizing SOF control gain
matriz K, such that u(k) = K,y(k) stabilizes the system (4.23) if and only if Q and P satisfies the following

two matriz inequalities:

BY(AQ + QA)(BHT <o, (4.30)

(CTYHPA+ AP)((CTYHT <0, (4.31)

where QP = PQ = I such that éﬁ = ]Bé =TI and (-)* indicates a full-rank matriz that is orthogonal to (-).

Proof: The proof follows directly from the previous lemma. [J
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4.2.2 SOF Control via LMI Optimization for a Certain Class of Lur’e Systems

under Matching Uncertainties—Case 11
In the Absence of Feedback-Connected Nonlinearities

In order to apply the stabilizing SOF to the perturbed system with uncertainties, and to solve SOF

controller synthesis problems using LMIs, consider the system with a control affine term

z(k+1)
y(k)

(A+ AA(Ga(K)))a (k) + Byu(k)
(Cy + ACy(0:(K)))x (k)

(4.32)

where z(k) € R™ is the state and u(k) € R™ is the control input at time k € Z,, and A € R"*", B, € R"*™
and Cy, € R™*" are known constant matrices. In addition, 6,.(k) € ©, represents the parametric uncertainty
of the system and the subset ©, C R™r is assumed to be compact for each r = a,c. Assume that the
triplet nominal realization of the system (A, B,,, Cy) is stabilizable and detectable, and both the uncertainty
mappings AA : ©, — R™*" and ACy, : O, — R™*" are continuous in #, € ©, and 0, is Lebesgue

measurable for each r = a, c.

Assumption 2. (Matching condition) Assume that the parametric uncertainty can be represented as

AA E
— |7 PO By, (4.33)
AC,| | Ec

where ||F(0)|la < 1/v9 for all € ©® C R™.

Note that in a number of papers in the literature, matching conditions have different representations with

which matching conditions are weakened in some degree and/or combined with additional assumptions.
Lemma 19. The system (4.32) is GUAS if and only if there exists a gain matriz K, such that the matriz

inequality holds for some X = XT > 0:

(Ag+Bu,aKoCy.a) Xa+ Xa(Aa+Bu,aKoCya)" +(Ea,q+Bu,aKoEc,d)F(0)Eg aXa+ X Eg o F" (0)(Ea,q+BuaKoEc.g)” <0 V6
(4.34)
where ||F(0)|| < 1/v¢ for all 6 € ©. The definitions for Aq, Byq, Cy.a, Xa are given in (4.4) and

0
Eya=[Ey 0,Eaq= ,Ec.a % Ec.
Ey
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Further, (4.34) is feasible for some X > 0 and K, if and only if there exists X > 0 (or its inverse Y ) and

K, that satisfy the matriz inequality

(A+ B,K,0)X + X(A+ B,K,0)T <0, (4.35)
or

Y(A+ B,K,C) + (A + B,K,C)TY <0, (4.36)

where
Aqs Eag 0 Bu.a Xg 0 0 Yy
A2l 0 —lyr 0o |, Bu2| 0 |, C‘A{Cy,d Ec.a 0}, X&2|0 1 0|, Y20
Eoq 0 —ivl 0 0 0 I 0
4.37)

Proof: Replace (4,Cy) in (4.4) by (A+ AA((k)),Cy + ACy(0(k))) and assuming the matched uncertainty
(4.33) for (AA, ACy). Then one needs small changes with the results given in the previous section. See the

previous section for details. (0

The inequality (4.35) (or (4.36)) is not jointly convex in X (or Y') and K,. However, as discussed before,
this feasiblity problem for X (or Y) and K, can be reduced as two linear matrix inequalities where X and its
inverse Y appear in different convex constraints so that this problem can be solved through some alternating

or successive projection algorithms—see Section 3.5.

Corollary 8. (Coupled linear matriz inequality formulation) There exists a stabilizing SOF control gain
matriz K, such that u(k) = Kyy(k) staiblizes the system (4.32) if and only if X and Y satisfies the two

matriz inequalities:

Bry 0 0| |AaXa+ XaA] FEaa XaE(,4| |(Brg)"™ 0 0
0 I 0 E} 4 —vol 0 0 I 0| <0; (4.38)
0 0 I EoaX 0 —yol 0 0 I
€Iyt 0 Oof |AlYa+Yeds YuEaa EL, | |(CL)DT 0 0
0 (EE)*+ 0 E% 4Ya -l 0 0 (BLH)HT of <0, (4.39)
0 0 1 Eo.q 0 —ol 0 0 I

where XY =YX =1 and (-)*
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Proof: The feasiblity of the matrix inequality (4.35) (or (4.36)) for some X (or V) and K, is equivalent to

the feasibility of the matrix inequality

BE(AX + XATY(BHT <o, @ucﬂ%iWwdﬁx@UﬂT<®. (4.40)
The above two matrix inequalities can be rewritten as (4.38) and (4.39), respectively. OJ

In the Presence of Feedback-Connected Nonlinearities

Similar to Case I, in order to apply the stabilizing SOF to the perturbed system with uncertainties, and

to solve SOF controller synthesis problems using LMIs, consider the system with a control affine term

8
—~
o
+
—
~—
Il

(A+ AAO(k))z(k) + Byo(k, (k) + Byu(k)
y(k) = (Cy + ACy(0(k)))a(k)

(4.41)

where (k) € R™ is the state variable and u(k) € R™ is the control input at time k € Z4, and A € R"*™,
B, € R™*™ and Cy € R™*" are known constant matrices. In addition, 8(k) € © represents the parametric
uncertainty of the system and the subset © C R is assumed to be closed and compact. Assume that the
triplet nominal realization of the system (A, B,,, C,) is stabilizable and detectable, and both the uncertainty

mappings AA: © — R**™ and AC, : © — R™*™ are continuous in 6 € ©, and 0 is Lebesgue measurable.

Corollary 9. The necessary and sufficient stability conditions for the closed-loop system with a SOF control

law u(k) = Kyy(k) is written as a feasibility problem for @ = QT > 0:

(A+B,K,C))Q+Q(A+B,K,C)) ' +(Ea+B,K,Ec)F(0) EsQ+QEL FT(0)(Ea+B.K,Ec)" <0, 6¢€®,
(4.42)

125



where

~1r 0 0 0 0

_ 0o -ir o 0 _ 0 _

A= ? X , Bu#= : Cyé[cy 0 0 0], (4.43)
A B, -iI 0 B,
c, 0 0 —iyr1 0
0 Q 0 0 0

1o 1o 1 0 0

Ej = . Ev=1lE, 0 0 0], Q= (4.44)
Ea 00 Q 0
0 00 0 I

Further, using the elimination of structured uncertain matriz lemma we have the following equivalent matrix

inequality for Q = QT >0 and € > 0:
‘ <0 0O, (4.45)

Proof: See the previous section for details. One needs small changes with the results given in the previous

section. [

Lemma 20. The system (4.41) is quadratically stabilized with a SOF control law u(k) = Koy(k) if and only
if there exists a gain matriz K, such that the following matriz inequality holds for some Q = QT > 0 (or

P=PT>0)ande>0 :

(A+ BK,C)Q + Q(A+ BK,C)" <0, (4.46)
or
P(A+ BK,C) + (A+ BK,C)TP <0, (4.47)
where
A 0 Ea B, Q 0 0 P 0
A210 —lyr o |, B2|o]|, 5%@, Ec 0], Q210 e 0|, P20 LI
Ey 0 —3vl 0 0 0 e 0o o0 %

with QP = I such that QP = I and CZQIT’ =1
Proof: Replace (A, B,,) in (4.20) by (A+AA(0(k)), Cy+AC,(6(k))) and assuming the matched uncertainty
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(4.33) for (AA, ACy). Then one needs small changes with the results given in the previous section. See the

previous section for details. [J

Theorem 32. (Coupled linear matriz inequality formulation) There exists a stabilizing SOF control gain
matriz K, such that u(k) = Kyy(k) stabilizes the system (4.41) if and only if Q and P satisfies the two

matriz inequalities:

B (AQ + QA)(BHT <o, (4.48)

(CTYHPA+ AP)((CTYHT <0, (4.49)

where QP = PQ = I such that 6:2]3 = ]5@ =TI and (-)* indicates a full rank matriz orthogonal to (-).

Proof: The proof directly follows from the previous lemma. [J

4.3 Static Output-Feedback Control via LMI Optimization for a
Certain Class of Lur’e Systems in the Presence of Polytopic
Uncertainties

This section considers the polytopic parameter-dependent uncertain model. The LMI formulations derived
in this section are based on the assumption where the parametric uncertainties 6; (or their auxiliary variables
pi(0)) are all normalized such that 6; € [0, 1] (or p;(0) € [0, 1], V) for each index 4. This normalization of the
size of the parametric uncertainties can be achieved by introducing the constant weight blocks in the LFT
representation for the system and those are augmented into the nominal LTI plant whose transfer function
is G(s) in Figures 4.1 and 4.2. The SOF controller synthesis problems are formulated with the consideration
of (i) a single (or common) and (ii) parameter-dependent Lyapunov functions. The second type of Lyapunov
function is known as its anonym PLDF. The degree of conservatism introduced in each method is compared

with different SOF control schemes.

4.3.1 Parameter-Dependent Lyapunov Function (PLDF) and Its Applications

For analysis and controller synthesis problems for polytopic uncertain models, the simplest approach
consists of looking for a common quadratic Lyapunov function that proves stability of the polytope of

matrices and provides a sufficient condition that amounts to solving matrix inequalities of a Lyapunov matrix
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X (or Y = X~ 1) and the output-feedback control gain K, at each vertex of PLDI realization of uncertain
models. The main disadvantage in searching for a single quadratic Lyapunov function for a certain class
of uncertain system models is the conservatism of the analysis and synthesis problems. As pointed out in

many papers in the literature [28, 115, 14, 118, 74, 104, 56, 103], the Lyapunov function
V(x,x5,24) 2 27 Pz + 2} Pazs + IZ;P¢.J§¢ (4.50)

is less conservative for analysis and controller synthesis problems for the system in Figures 4.1 and 4.2 where
the set-valued uncertain mapping A and nonlinear mapping ® are dynamic in general. If the set-valued

uncertain mapping A is in the set of LTI operators such that the FDI
A(e7?) + A*(e7¥) >0

holds for all w € [0, 2], that is,

A B
A=Az 2 |22
Ca | Da

is positive real, then the feasibility of its equivalent LMI condition

AgPAAA — Pa AXPABA - CZ
BYPAAx—Can  —Da— DX

for Po = P1 > 0 guarantees the stability of the closed-loop system in Figure 4.2 and 4.1, provided —G(z)
is positive real and ¢ = 0. As introduced in Section 1.1.2 of Chapter 1, the FDI and LMI conditions for the
positive realness of —G(z) are formulated in terms of the Lyapuov matrix P for the nominal LTT plant. In
particular, noting that the positive realness implies the passivity of the transfer function, such PA and P are
said to prove passivity or positive realness of the LTI perturbation A(z) and the nominal LTI plant —G(2),
respectively. Note that the closed-loop system that consists of the negative-feedback interconnection of two
passive operators is stable. Furthermore, if the set-valued nonlinear mapping ¢ or the set-valued uncertain

mapping A is static, then the last two terms in (4.50) are replaced by their integrals

t t
/ x(;TPAx(;dT and / $£P¢ xedT,
0 0

respectively. To consider such Lyapunov functions corresponds to the so-called IQC [96, 74, 104]. Note that

the Lyapunov function (4.50) depends on the uncertainties characterized A and ® as well as the nominal
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LTT plant. Thus, the analysis and controller synthesis problems based on the Lyapunov function (4.50) are
less conservative.

Now, consider the uncertain system
x(k+1) = A0(k))x(k), (4.51)

and the Lyapunov matrix that are convex in the parametric uncertainty vector § = [0;,--- ,0,,]7 € R,

ie.,

J
X(0(k) = >_ p; (0(k) Py, (4.52)

where ijl p;(0(k)) = 1, p;(6(k)) € [0,1] for all §(k) € © C R™, and P; = P} is real for each index
j=1,...,J. In addition, suppose that # € © and © is a convex hull of a finite set of vertices ©,, that is,

O = Co(0,). It is well known that if the matrix inequality
W(O(k),0(k + 1)) & AT(0(k)) X (0(k + 1)) A(6(k)) — X (0(k)) <0 (4.53)

holds for all 8(k),0(k+1) € © C R™ at each sampling time k € Z,, then the origin of the uncertain system
(4.51) is GUAS. Since the parameter-dependent matrix W (6(k),0(k + 1)) is not jointly convex in 6(k) and
O(k + 1), it is not sufficient to check the feasibility of (4.53) in the set of finite vertices ©,. The purpose is
to find an equivalent LMI condition to (4.53) such that it is jointly convex in 6(k) and 6(k + 1). The next
lemma shows that the importance of the convexity of a function f in § where ¢ is assumed to in a convex

hull A.

Lemma 21. Let a scalar-valued function f: A — R be convex and A is a convex hull such that Ag is a set

of its vertices, i.e., A = Co(Ag). Then f(§) <~ for all 6 € A if and only if f(§) < for all 6 € Ag.

Proof: The (only if) part is trivial, since Ag C A. To prove the (if) part, from the definition of a convex
hull, § € A can be rewritten as a convex combination of vertices, i.e., § = >, a;6; where > . 6; = 1, 6; € [0, 1],

and &; € Ag Vi. Since the function f is convex on A,

f(6) = f(z @;6;) < Z i f(6i) <.

O

The next lemma shows how to handle the troublesome bilinear dependency of the matrix inequalities on the

unknown parametric uncertainty by introducing new decision variables. The details are given [71] and here
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a brief introduction for the idea will be introduced and applied to our problems to find a SOF control gain

matrix K,.
Lemma 22. (Equivalence conditions with Schur stability) The following statements are equivalent:
(i) the system matrixz A is Schur stable;

(ii) there exists a Lyapunov matriz P = PT > 0 such that

ATPA-P < (4.54)

(iii) there exist matrices P = PT >0 and G of compatible dimensions such that

P ATGT
> 0. (4.55)
GA G+GT-P

(iv) there exists a positive definite matriz Q = QT > 0 such that

QY2ATQ TAQV? - Q@ <0, (4.56)
or equivalently
_ AT
¢ @ <0, (4.57)
AQ  -Q

(v) there exist matrices Q = QT and H of compatible dimensions such that

H+HT-Q HTA
> 0. (4.58)
AH Q

Proof: The equivalence between the first two statements is well known. To prove (iii) = (i), let suppose
that the inequality (4.55) holds for some P = PT > 0 and G. Then, since P > 0 the matrix inequality
(G- P)P~1(G — P)T > 0 holds for such matrices P and G. We can easily see that

P ATGT P AT

0 < (4.55) < = >0 P-ATPA>O|. (4.59)
GA GP~'GT A P!
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To prove (ii) = (iii), let suppose that the inequality (4.54) holds for some P = PT > 0. Then setting
G = GT = P for (4.54) one has the inequality (4.55). The equivalence of the inequalities (4.54), (4.56), and
(iv) follows from congruence transformations. In addition, by following the similar procedure in (4.59), the

equivalence between the feasibilities of the inequalities (iv) and (v) is shown. O

Lemma 23. (Polytopic parameter dependent systems) The origin of the uncertain system (4.51) is GUAS
for any time-varying uncertain vector 0(k) € © C R™ if either of the following inequalities holds for the

specified decision variables:

(i) there exists a Lyapunov matriz P(0(k)) = PT(0(k)) = Z;.Izl p;(0(k))P; > 0 such that

AT(O(k))P(O(k + 1)) A(O(k)) — P(O(k)) <0, VO¢€ ©; (4.60)
(ii) there exist matrices P(0(k)) = PT(0(k)) = 23'121 p;i(0(k))P; > 0 and G of compatible dimensions such
that
P(6(k AT(0(k))GT
(k) (k) >0, VoeO (4.61)
GAO(k)) G+GT — POk +1))
or equivalently,
P; ATG"
>0, Vij=1,...,J; (4.62)

GA; G+GT-P,

Note that the inequality (4.61) is convex in the uncertain parameter vector 0(k), so that it is enough

to check its feasibility in the vertices of the PLDI (4.62).

(iii) there exists the inverse of a Lyapunov matriz, say Q(8(k)) = QT (8(k)) = Z'j]:l p;i(0(k))Q; > 0, such
that
QO(K)) Q(O(k + 1) AT(8(k))
A(O(K))QO(k + 1)) QO(k + 1))

>0, VOeo; (4.63)

(iv) there exist matrices Q(0(k)) = QT (0(k)) = Z}‘le p;i(0(k)Q; > 0 and H of compatible dimensions such

that
H+HT —Q0(k)) HTAT(9(k
QO®) () >0, V€O (4.64)
A(0(k))H Q(O(k+1))
or equivalently,
H+H" -Q; HTAT
>0, Vi,j=1,...,J. (4.65)

A;H Qi
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Note that the inequality (4.64) is convex in the uncertain parameter vector 0(k), so that it is enough

to check its feasibility in the vertices of the PLDI (4.65).

Proof: Using the Schur complement lemma, the matrix inequality

W(0(k),0(k + 1)) 2 —X(Ok) AT(O() X Ok +1) <0 (4.66)
X0k +1)A0K)  —X (0K +1))

is equivalent to (4.53). From Lemma 22, the matrix inequality

_ N X(6(k)) AT(O(k) X (O(k + 1))
We(0(k), 0(k + 1)) 2 >0 (4.67)
X(O(k+1)A0(k) G+ GT — X(0(k + 1))

is equivalent to (4.66) and (4.53). Now, replacing X (-) by P(-), the other parts are nothing but an extension
of Lemma 22. O

Comment 5. Note that there is no product terms of P; and A; and this property plays a crucial role in

controller synthesis problems, which is addressed in the remainder of this section.

4.3.2 SOF Control via LMI Optimization for a Certain Class of Lur’e Systems
under Polytopic Uncertainties—Case 1

In the Absence of Feedback-Connected Nonlinearities

In order to apply the stabilizing output-feedback to the perturbed system with uncertainties, and to solve

SOF controller synthesis problems using LMIs, consider the system with a control affine term

z(k+1) = A(0(k))x(k) + Byu(k)

y(k) = Cy(0(k))z(k),

(4.68)

where z(k) € R™ is the state variable and u(k) € R™ is the control input at time k € Z. In addition,
6(k) € © represents the parametric uncertainty of the system and the subset © C R™ is assumed to be
closed and compact. Assume that the mappings A : © — R"*” and Cy : © — R"v*™ are continuous in

0(k) € © which is Lebesgue measurable for all k € Z..

Definition 12. (Polytopic LDIs [100]) Of particular interest will be the systems in which the realization
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matrices of the system are affinely dependent on the parametric uncertainty function 6 : Z, — ©:

A(6) . Ay A,
€ Quc = Co Yttt = CO( 3140)7 Vo € O, (4.69)
Cy(e) Cy1 Cy,s
where J = 2™ and the uncertain parameter 6 is assumed to be time-varying in general and the time-

dependence notation is dropped for convenience. In other words,

J
I(9) = Zpi(H)Hi for each 11 € {A,Cy}, (4.70)

i=1

where Z;jzl pi(0) =1 and p;(0) € [0,1] for all 0 € © and each index i = 1,...,J. Then, the system (4.68)

is referred to as a convex parameter-dependent model.

Now, consider the SOF controller synthesis problem for the system (4.68) with (i) a single (or common) and

(ii) parameter-dependent Lyapunov functions.

A. With a common (simultaneous) Lyapunov function
For a certain class of state-space representation used for describing the system, a sufficient LMI condition
for the original non-convex feasibility problem for SOF control, which has been derived in [24], was introduced

in Section 3.4.1.

Proposition 20. (Robust stabilizing SOF control) Consider a particular state-space representation for the
system where the uncertain system realization (A(0), Cy(0)), which is represented as a PLDI (4.69), and B,
is assumed to be full column rank. If there exist the matrices Y, M, N such that the following two matrix

inequalities and one matriz equality constraint

YA+ AlY + B,NC,; + C},N"B! <0
Y >0 (4.71)

B,M =YB,

are feasible for all i =1,...,J, then a stabilizing SOF control gain K, is M—'N, i.e., the feedback control
stgnal

u(k) = M~ Ny(k)

stabilizes the system (4.68) whose uncertain model is represented by the PLDI in (4.69). In other words, the

existence of the matrices satisfying (4.71) is sufficient for the GUAS of the system (4.68) with a common
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Lyapunov matriz Y, where the quadratic Lyapunov function is V(§) = ¢TY¢, and K, = M~1N.

Proof: The proofs for the previous two propositions are given in [24], which requires simple linear algebra.

O

Proposition 21. (Robust stabilizing SOF' control-Coupled LMI formulation) There ezists a stabilizing SOF'
control gain matriz K, for X = XT >0 and Y = YT > 0 if and only if X and Y satisfy the following two

matrix inequalities for alli=1,...,J:

B (A X + XATY(BHT <o, (4.72)

(C;,i)L(AzTY + YAi)((C;:i)L)T <0, (4.73)

where XY =YX =1 and (-)* indicates a full rank matriz orthogonal to (-).

The importance of this result lies in the fact that robust quadratic stability can be concluded from a finite
test of matrix inequalities whenever the uncertainty polytope consists of a finite number of vertices. The
next lemma gives a more general, but complex, tool to design a SOF controller while lemma itself is about
the existence of a stabilizing static feedback control law. The next proposition is also a variation of the SOF

scheme, which was derived in [41], introduced in Section 3.4.1.

B. With parameter-dependent Lyapunov function (PDLF)
Consider a PLDF (4.52) for SOF controller synthesis problems of the system (4.68). From the results
in Section 4.3.1, similarly to the case with a common Lyapunov function, two SOF control schemes can be

derived.

Lemma 24. (Robust stabilizing SOF control) Consider a particular state-space representation for the system
where the uncertain system realization (A(8(k)), Cy(0(k))), which is represented as a PLDI (4.69), and B,
is assumed to be full column rank. If there exist the matrices P(0(k)) = Z'J.]:l p;i(0(k)P;, G, M, and N

such that the following matriz inequalities and a matriz equality

P; ATGT + Ol ;NI'BY 0
' >
GAj+ B,N,Cy ; G+GT - P,

P;,P; >0 (4.74)

B,M, = GB,

are feasible for alli,j =1,...,J, then a stabilizing SOF control gain K, is Mg’lNg, i.e., the feedback control
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stgnal

u(k) = My Nyy(k)

stabilizes the system (4.68) whose uncertain model is represented by the PLDI (4.69). In other words,
the existence of the decision matriz variables satisfying (4.74) is sufficient for the GUAS of the system
(4.68) with time-varying parameter dependent Lyapunov matriz P(0(k)) = Ejll p;(0(k))P;, where the
quadratic Lyapunov function is V (£(k)) = £(k)T P(0(k))¢(k), and the output-feedback gain matriz factorized

as K, = M ' Ny.
Proof: Replacing A(0(k)) by A(0(k)) + BuK,Cy(6(k)) in (4.61) and (4.62), one can conclude that if there

exist P; = PjT >0forj=1,...,J, G, and K, such that

P; ATGT + CT KT BTGT
GA; + GB,K,C, G+GT—P,

>0 (4.75)

holds for all ¢,j = 1,...,J, then u(k) = K,y(k) is a stabilizing control law. When B, is full column rank,

the feasibility of (4.75) reduces as (4.74). O

The next lemma gives a more general, but complex, tool to design a SOF controller while lemma itself is

about the existence of a stabilizing static feedback control law.

Lemma 25. (Robust stabilizing SOF control-Coupled LMI formulation) There exists a stabilizing SOF
control gain matriz K, such that the closed loop system (4.68) is stabilized with the control law u(k) = Kyy(k)
if and only if there exist the matrices G, G=', P = PT = 23'121 p;(0(k))P; >0, and H such that the following

matriz inequalities hold for alli,5 =1,...,J:
I 0 o |H+H"-P ' HTAT o[ 0 0
0 B o A;H Gl+a T gt o (BHT of >0, (4.76)
0 0 I 0 G-T P70 0 I
Tyt o| | P ATGT T HHT 0
(Cy.5) J 7 ((Cy.0)7) >0, (4.77)
0 I| |GA; G+GT - P 0 I

where (-)* indicates a full rank matriz orthogonal to (-).
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Proof: The matrix inequality (4.75) can be rewritten as the following two equivalent

G (A;(P;, P, G) + BuK,Cy ;) + (A] (P;, Pi,G) + C) KT BL) GT >0 Vi, j; (4.78)
(A; (P}, P;,G) + ByK,Cy ;) GT + G (AT (P}, P;,G) + CLKIBL) >0 Vi, j, (4.79)
where
1p. 0 |1 o] _ 0] _
A; 1-3G7'P 0 G B,

Using the coupled LMI formulation for stabilizing SOF control, there exists a SOF control gain K, satisfying
the inequality (4.75) with some P;, P;, and G if and only if P;, P;, and G satisfy the following two inequalities

for each index pair (i, 5):

B (AP, P, G)GT + G LAT((P,, P, G)) (BE)T > 0, (481)
(Cyi)" (GA; (B, P, G) + AT (P, P G)GT) ((Cy ) )T > 0. (4.82)
The second matrix inequality (4.82) can be rewritten as (4.77). The first matrix inequality (4.81) can be
rewritten as
I ol|p AT I 0

! > 0. (4.83)

0 Bi| |4, G'+GT—-G'PRGT| |0 (BLHT

Applying the Schur complement lemma and taking a congruence transformation results in the equivalent

matrix inequality:

I 0 0| |p AT 01|l 0 0
0 By 0| (4; ¢'+6¢T Gt |0 (BT of >0 (4.84)
0 0 IO G T P71l |0 0 I

3

With simple algebraic manipulation, the inequality (4.84) can be rewritten as

I 0 o||p 0 0| Pt PAT 0[P 0 0] |I 0
0 Bf o[ |0 I of|4P" G'+G T G0 I of[0o (BHT 0of>0, (48)
0 0 I||0 01 0 G T P7' |0 0 I]]O 0 I

7
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which is equivalent to the inequality

P 0 0| Pt pPtAT ol|P 0 0

0 Br 0| |4P GH+G™T Gt o (BHT o] >0 (4.86)

u

0 0 I 0 G T Pt |o 0 I

2

Now, taking a congruence transformation with the transformation matrix diag{Pj_l, 1,1}, an equivalent LMI

condition for Pj_l, Pi_l, and G~! is derived:

I 0 of| Pt ptAT o[l 0 0
0 By Of [AP70 G H+GT Gt |0 (BT of >0 (4.87)

0 0 I 0 G T P o 0o I

To remove the product terms of A; and P, the results of Lemma 22 are adapted. [

Robust quadratic stability can be concluded from a finite test of matrix inequalities whenever the uncertainty
polytope consists of a finite number of vertices and further, if the uncertain parameter 6 is time-invariant

then the subscript ¢ is replaced by j.

In the Presence of Feedback-Connected Nonlinearities

In order to apply the stabilizing output-feedback to the perturbed system with uncertainties, and to solve
SOF controller synthesis problems using LMIs, consider the system with a control affine term and feedback

connected nonlinearity ¢ € %,

ok +1) A(0(k))z(k) + Byu(k) + Byo(k, x(k))
yk) = Cy(0(k))z(k),

(4.88)

where z(k) € R™ is the state and u(k) € R™ is the control input at time k¥ € Zy. In addition, 6(k) € ©
represents the parametric uncertainty of the system and the subset ® C R™ is assumed to be closed and

compact. It is assumed that the mappings A: © — R™*™ and C, : © — R™*" satisfy the PLDI (4.69).

A. With a common (simultaneous) Lyapunov function

Recalling the stability condition for a Lur’e system with the maximum sector bound a = % in (4.19),
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we have the following matrix inequality for the system (4.88) provided no feedback control, i.e., u(k) = 0:

P 0  ATO(k)P CT
0 I Bl'P 0
> 0. (4.89)
PA(O(k)) PB, P 0
o 0 0 vI

Now, replacing A(8(k)) by A(0(k))+ B,K,Cy(0(k)) in the LMI constraint (4.89) and assuming the PLDI
relation (4.69), if there exists a SOF control gain matrix K, satisfying (4.89) for some P = PT > (0 then
the closed-loop system is stabilized by that control law w(k) = K,y(k). The LMI constraint (4.89) can be

rewritten in the standard form of SOF control problem as (4.2):

P(Aj+BuKOOy7j)+(Aj+Bu,jKoéy)Tp<0, (490)
where
-3 0 0 0 0
_ 0o —-ir o 0 _ 0 _
AL 2 ., B,%2 , Cwé{cyd 0 0 0], (4.91)
A;, B, i1 0 B,
C, 0 0 —i4r 0
P 0O 0 O
_.lo 1 0 0
pa (4.92)
0 0 PO
0 0 0 I

Similarly to the case without the feedback connected nonlinear mapping, for a certain class of state-space
representation used for describing the system, a sufficient LMI condition can be derived and a more general,
but complex, tool to design a SOF controller with the condition for existence of such a stabilizing static

feedback control law is also formulated.

Lemma 26. (Robust stabilizing SOF control) Consider a particular state-space representation for the system
where the uncertain system realization (A(0),Cy(0)), which is represented as a PLDI (4.69), and B, is

assumed to be full column rank. If there exist the matrices P, M, and N such that the following two matriz
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inequalities and one matriz equality constraint

PA;j+ ATP+B,NC,;+Cy ,N'Bl <0
P>0 (4.93)

B.M = PB,
are feasible, then a stabilizing SOF control gain K, is M~'N, i.e., the feedback control signal
u(k) = M~ Ny(k)

stabilizes the system (4.88) whose uncertain model is represented by the PLDI (4.69). In other words, the
existence of the matrices satisfying (4.93) is sufficient for the GUAS of the system (4.88) with the same

Lyapunov matriz P, where the quadratic Lyapunov function is V(&) = £T P¢, and K, = M~'N.

Lemma 27. (Robust stabilizing SOF control-Coupled LMI formulation) There exists a stabilizing SOF
control gain matriz K, for P = PT > 0 if and only if P satisfies the following two matriz inequalities for

allj=1,...,J:

By (A; Pt + PHAT (B <0, (4.94)

(Co ) (ATP+ PA)(CL)M)T <0, (4.95)

where (-)* indicates a full rank matriz orthogonal to (-).

Robust quadratic stability can be concluded from a finite test of matrix inequalities whenever the uncertainty

polytope consists of a finite number of vertices.

B. With parameter-dependent Lyapunov function (PDLF)
Consider a PLDF (4.52) for SOF controller synthesis problems of the system (4.88). Two different SOF

controller design schemes previously introduced are also considered.

Theorem 33. (Robust stabilizing SOF control) Consider a particular state-space representation for the
system (4.88) where the uncertain system realization (A(8(k)), Cy(0(k))), which is represented as a PLDI

(4.69), and B, is assumed to be full column rank. Then if there exist the matrices P(0(k)) = Z}]:1 0;(k)P;
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G, M, and N such that the following matrix inequalities and matriz equality

T T T T RT T_
P; 0 ATG"+CJ,N/Bl C]
0 I BIGT 0

>0
GA; + B,N,C,; GB, G+GT - P 0
o 0 0 ~I
P; >0 (4.96)
B,M, =GB,

are feasible for alli,j =1,...,J, then a stabilizing SOF control gain K, is Mg_lNg, i.e., the feedback control
stgnal

u(k) = My " Nyy(k)

stabilizes the system (4.88) whose uncertain model is represented by the PLDI (4.69). In other words, the
existence of the decision matriz variables satisfying (4.96) is sufficient for the GUAS of the system (4.88)
with parameter dependent Lyapunov matriz P(0(k)), where the quadratic Lyapunov function is V((k)) =
(k)T P(O(k))E(K), and the output-feedback gain matriz which is factorized as K, = Mg_lNg.

Proof:  Replacing A(6(k)) by A(6(k)) + B,K,Cy(0(k)) in (4.89), and H by G, one can conclude that if

there exist P; = P; > 0 for each j =1,...,J, G, and K, such that the matrix inequality

P; 0 ATGT"+CL,KIBIG"™+ CT
0 I BIG" 0
>0 (4.97)
GA; + GB,K,C,; GB, G+GT - P 0
C, 0 0 ~I

holds for all 4,5 = 1,...,J, then u(k) = K,y(k) is a stabilizing control law. The inequality (4.97) reduces
as the constraints in (4.96), which consist of linear matrix inequalities and equality, provided that B, has

full column rank. OJ

Theorem 34. (Robust stabilizing SOF control-Coupled LMI formulation) There exists a stabilizing SOF
control gain matriz K, if and only if there exist the matrices G, G=1, Q(0(k)) = QT (8(k)) = Z'.]:l p;i(0(k)Q; >
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0, and H such that the following matriz inequalities hold for alli,57=1,...,J:

1o o oo|l[E+HT-P o HTAT HCT o ][r o o 0 o0
0 I 0 00 0 I Bl 0O ool 0 00
0 0 Br;, 00 A;H B, G'+GT 0 G7'[|0 0 (Bt 0 0| >0,
00 0 I 0 C H 0 0 I 0|00 0 I0
00 0 o0 If] 0 0 G-’ o p'floo0o 0o 0 I
(4.98)
(et 0 0 o] [ PR 0 aret | [aenynyr o o o
0 I 0o0[|o0 I BI'GT 0 0 I00 o
0 0 I 0||GA; GB, G+GT-P 0 0 0 I 0
0 00 IJ[C O 0 M0 0 0 I
(4.99)

where (-)* indicates a full rank matriz orthogonal to (-).

Proof:  For the proof of this theorem, simple algebra is only required. Detailed computations are left for

the reader to derive. [

4.3.3 SOF Control via LMI Optimization for a Certain Class of Lur’e Systems

under Polytopic Uncertainties—Case II
In the Absence of Feedback-Connected Nonlinearities

In order to apply the stabilizing output-feedback to the perturbed system with parameteric uncertainties,

and to solve SOF controller synthesis problems using LMIs, consider the system with a control affine term

w(k+1) A(O(K))z (k) + Bu(0(k))u(k)
y(k) = Cya(k),

(4.100)

where z(k) € R™ is the state and u(k) € R™ is the control input at time k € Zy. In addition, 6(k) € ©
represents the parametric uncertainty of the system and the subset ® C R™ is assumed to be closed and
compact. It is assumed that the mappings A : © — R"*™ and B, : © — R™*" are continuous in § € ©

which is Lebesgue measurable.

141



Definition 13. (Polytopic LDIs [100]) Of particular interest will be the systems in which the realization

matrices of the system are affinely dependent on the parametric uncertainty function 6 : Z, — ©.

{A(@) Bu(ﬂ)} €Oup = C’o{ {Al Bu,1] R [AJ BJ} } = Co(QYp) ,V0cO, (4.101)

where J = 2™ and the uncertain parameter 0 is assumed to be time-varying in general and the time-

dependence notation is dropped for convenience. In other words,
J
I1(0) = ij (0)I1; for each 11 € {A, B, }, (4.102)
i=1

where Z;]:l pi(0) =1, p;(0) € [0,1] for all @ € © and eachi=1,...,J. Then, the system (4.100) is referred

to as a convex parameter-dependent model.

Now, consider the SOF controller synthesis problem for the system (4.100) with (i) a single (or common)
and (ii) parameter-dependent Lyapunov functions. All of the LMI formulations for SOF control are similar

to the results in Section 4.3.2.

A. With a common (simultaneous) Lyapunov function
For a certain class of state-space representation used for describing the system, a sufficient LMI condition
for the original non-convex feasibility problem for SOF control, which has been derived in [24], was introduced

in Section 3.4.1.

Proposition 22. (Robust stabilizing SOF control [24]) Consider a particular state-space representation for
the system (4.100) where the uncertain system realization (A(0(k)), Bu(0(k))), which is represented as a
PLDI (4.101), and Cy is assumed to be full row rank. If there exist the matrices X, M, N such that the

following two matrix inequalities and one matriz equality constraint

AiX + XA + B, i;NC, +C/N"B, ;<0
X>0 (4.103)

MC, = C, X

are feasible for all i =1,...,J, then a stabilizing SOF control gain K, is NM ™', i.e., the feedback control
stgnal

u(k) = NM1y(k)
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stabilizes the system (4.100) whose uncertain model is represented by the PLDI (4.101). In other words, the
existence of the matrices satisfying (4.103) is sufficient for the GUAS of the system (4.100) with the same

Lyapunov matriz X, where the quadratic Lyapunov function is V(£) = ¢TX¢, and K, = M~'N.

The next lemma gives a more general, but complex, tool to design a SOF controller while lemma itself is

about the existence of a stabilizing static feedback control law.

Proposition 23. (Robust stabilizing SOF control-Coupled LMI formulation) There exists a stabilizing SOF
control gain matriz K, for X = XT >0 and Y =Y7T > 0 if and only if X and Y satisfy the following two

matriz inequalities for alli=1,...,J:

B (AiX + XAT)(B;)" <0, (4.104)

CHHATY + Y 4)(chHHT <o, (4.105)

where XY =Y X = I and (-)* indicates a full rank matriz orthogonal to (-).

B. With parameter-dependent Lyapunov function (PDLF)
Consider a PLDF (4.52) for SOF controller synthesis problems of the system (4.100). From the results
in Section 4.3.1, similarly to the case with a common Lyapunov function, two SOF control schemes can be

derived.

Theorem 35. (Robust stabilizing SOF control) Consider a particular state-space representation for the
system (4.100) where the uncertain system realization (A(6(k)), B.(0(k))), which is represented as a PLDI
(4.101), and C,, is assumed to be full row-rank. If there exist the matrices Q(0(k)) = ijl p;i(0(k)Q;, G,

My, and Ny such that the following matriz inequalities and a matriz equality

G+G"-Q; GTAT +CJN] B!,
A;G+ B, jN,C, Q;
Q; >0 (4.106)

M,C, = C,G

are feasible for alli,j =1,...,J, then a stabilizing SOF control gain K, is NgMg_l, i.e., the feedback control

signal

u(k) = NgMg_ly(k)

stabilizes the system (4.100) whose uncertain model is represented by the PLDI (4.101). In other words,
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the existence of the decision matriz variables satisfying (4.106) is sufficient for the GUAS of the system
(4.100) with parameter dependent Lyapunov matriz Q~1(0(k)), where the quadratic Lyapunov function is
V(E(K)) = E(R)TQ™(0(k))E(E), and the output-feedback gain matriz which is factorized as Ko, = NyMy .

Proof: Replacing A(8(k)) by A(6(k))+ B, (0(k))K,C, in (4.63) and (4.64), and H by G, one can conclude
that if there exist Q; = @; > 0, G, and K, such that
G+GT - Q; GTAT + GTCy K] B

u,j

>0 (4.107)
A,G+ B, ;K,C,G Q;
hold then u(k) = K,y(k) is a stabilizing control law. The inequality (4.107) reduces as the constraints in

(4.106), which consist of linear matrix inequalities and equality, provided that C, has full row rank. O

The next theorem gives a more general, but complex, tool to design a SOF controller while lemma itself is

about the existence of a stabilizing static feedback control law.

Theorem 36. (Robust stabilizing SOF control-Coupled LMI formulation) There ezists a stabilizing SOF
control gain matriz K, if and only if there exist the matrices G, G™1, Q(0(k)) = QT (8(k)) = ijl p;(0(k))Q;

0, and H such that the following matriz inequalities hold for alli,57=1,...,J:

I 0 G+GT—-Q; GTAT| |1 0
> 0, (4.108)
0 By, A;G Qi 0 (Btj)T_
ch+ o o |Gt+G7 T ATHT GTehhHr o o
0 I 0 HA, H+H"-Q;* 0 0 I 0] >0, (4.109)
0 0 I G! 0 Q! 0 0 I

where (-)* indicates a full rank matriz orthogonal to (-).

Proof: The matrix inequality (4.107) can be rewritten as the two equivalent inequalities which are equivalent

each other:

(.Aj(Qj, Q;, Gil) + B%jKOCVy) G+ GT (Af(QJ, Q;, Gil) + CJKIBEJ) >0 Vi,j; (4.110)

G (Aj(Q5,Qi, G + BujKoCy) + (AT (Q;,Qi, G 1)+ Cy KIBY ;) G~ >0 Vi, j, (4.111)
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where

AJ(QJ’G_l) £

I-1Q,G' 0 G 0| _ 0
205 = A[Cy 0]. (4.112)

,G = , B, & ,C, 2
Aj %Ql 0 1 Bu,j

The coupled LMI formulation for stabilizing SOF control implies that there exists a SOF control gain K,
satisfying the inequality (4.107) with some @Q;, Q;, and G if and only if Q;, Q;, and G satisfy the following

two inequalities for each index pair (i, j):

By; (Aj(Q;, GTHG + GTA;(Q;,G7) (B )" <0, (4.113)

(COE (GTTAH(Qy, G7h + A;(Q;,GTHGE™) (CHH)T <. (4.114)

Y

The first matrix inequality (4.113) can be rewritten as (4.130). The second matrix inequality (4.114) can be

rewritten as

(€D o) |G+ G -GG AT] |[(CDHHT 0

> 0. (4.115)
0 1 Aj Qi 0 I
The Schur complement lemma results in the equivalent matrix inequality
(C’yT)J‘ 0 0 |G'+G7 T A]T a7 ((C’yT)l)T 0 0
0 I 0 A; Qi 0 0 I 0of>0. (4.116)

~

0 0 I Gt 0 Q' 0 0
With simple algebraic manipulation, the inequality (4.116) can be rewritten as

CchHt o of |1 0o of |[G'+G T ATQ;' GTT| (I 0 o] |[(¢HHT 0 0
0 I 0/]|0 @ O Qi A, Q;t 0 0 Qi 0 0 I 0| >0,

0o o0 I|llo o I G 1 0 Q7|0 o I o 0 I
(4.117)

which is equivalent to the inequality

— — —1 —
CnHt o of |G +GT ATQY G| [(ehHHT 0 0
0 Q@ 0 Q; "4 Q! 0 0 Q;, 0| >o0. (4.118)
o 0 I G! 0 Q;t 0 0 I

Taking a congruence transformation with the transformation matrix diag{I, Q; 1. I}, an equivalent LMI
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condition for Q;l, Q;l, and G7! is derived:

ChHt o o |Gt+G T ATQ7 T ()P 0 0

0 I 0| @'4 Qb0 0 I o] >o. (4.119)
0 0 I G! 0o Q! 0 0 I

Lemma 22 can be used to derive another equivalent linear matrix inequality (4.131) with the introduction

of a new matrix decision variable H. O

In the Presence of Feedback-Connected Nonlinearities
In order to apply the stabilizing output-feedback to the perturbed system with uncertainties, and to solve

SOF controller synthesis problems using LMIs, consider the system with a control affine term

z(k+1) A(0(k))x(k) + Bu(0(K))u(k) + By (k, z(k))
y(k) = Cya(k),

(4.120)

where z(k) € R™ is the state variable and u(k) € R™ is the control input at time k € Zy. In addition,
0(k) € © represents the parametric uncertainty of the system and the subset ® C R™ is assumed to be
closed and compact. It is assumed that the mappings A : © — R"*™ and B, : © — R"*™ are continuous

in §(k) € © which is Lebesgue measurable for all k € Z, and satisfy the PLDI (4.101).

A. With a common (simultaneous) Lyapunov function

Recalling the stability condition for a Lur’e system with the maximum sector value oo = % in (4.19), we
have the following matrix inequality for the system the system (4.120), provided no feedback control, i.e.,
u(k) =0

-Q 0 QAT(0(k) QCy
0 —1 BT 0
< 0. (4.121)
A(0(k)Q By -Q 0
c,Q 0 0 —~I

Replacing A(0(k)) by A(8(k)) + B.(6(k))K,C, in the LMI constraint (4.121) and assuming that the
PLDI relation (4.101), if there exists a SOF control gain matrix K, satisfying (4.121) for some Q = Q7 > 0

then the closed-loop system is stabilized by that control law u(k) = K,y(k). The LMI constraint (4.121)
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can be rewritten in the same form as (3.176):

(A; + B, ; K,C)Q + Q(A; + B, ; K,C,)T <0, (4.122)
where
-3 0 0 0 0
_ 0 —-ir o 0 _ 0 _
A; 2 2 , Bu.; % , C, 2 {cy 0 0 o] , (4.123)
A; B, -iI 0 Buj
c, 0 0 —iyr 0
Q 0 0 0
o1 0 0
Q2 (4.124)
00 Q O
0 0 0 I

Similarly to the case without feedback-connected nonlinear mapping, for a certain class of state-space
representation used for describing the system, a sufficient LMI condition can be derived and a more general,
but complex, tool to design a SOF controller with the condition for existence of such control law is also

formulated.

Theorem 37. (Robust stabilizing SOF control) Consider a particular state-space representation for the
system (4.120) where the uncertain system realization (A(6(k)), Bu(0(k))), which is represented as a PLDI
(4.101), and C,, is assumed to be full row rank. If there exist the matrices X, M, N such that the following

two matrixz inequalities and one matriz equality constraint

A;Q+ QAT + B, ;NC,+CINTBL, <0

Q>0 (4.125)

are feasible, then a stabilizing SOF control gain K, is NM™', i.e., the feedback control signal
w(k) = NM~y(k)
stabilizes the system (4.120) whose uncertain model is represented by the PLDI (4.101). In other words, the

147



existence of the matrices satisfying (4.103) is sufficient for the GUAS of the system (4.120) with the same

Lyapunov matriz Q, where the quadratic Lyapunov function is V(&) = ¢TQ71¢, and K, = M~'N.

Theorem 38. (Robust stabilizing SOF control-Coupled LMI formulation) There exists a stabilizing SOF

control gain matriz K, for @ = QT > 0 if and only if Q satisfies the following two matriz inequalities for

alj=1,...,J:
By ;(4;,Q + QAT)(B, )" <0, (4.126)
(CHHATQ™ + Q7T AN(CHNT <0, (4.127)

where (-)* indicates a full rank matriz orthogonal to (-).

B. With parameter-dependent Lyapunov function (PLDF)
Now consider a PLDF (4.52) for SOF controller synthesis problems of the system (4.120). Two different

previously introduced SOF controller design schemes are also considered.

Theorem 39. (Robust stabilizing SOF control) Consider a particular state-space representation for the
system (4.120) where the uncertain system realization (A(0(k)), B.(6(k))) which is represented as a PLDI
(4.101) and Cy is assumed to be full row rank. If there exist the matrices Q(0(k)) = Z;’Zl p;(0(k)Q;, G,

My, and Ny such that the following matriz inequalities and a matriz equality

G+G"-Q; 0 GTAT+CINIBL, GCT
0 I B 0
>0
A;G+ B, jN,Cy B, Qi 0
c,G 0 0 ~I
Q; >0 (4.128)
M,C, = C,G

are feasible for alli,j =1,...,J, then a stabilizing SOF control gain K, is Ng_lMg, i.e., the feedback control
stgnal

ulk) = Ny ' Myy(h)

stabilizes the system (4.120) whose uncertain model is represented by the PLDI (4.101). In other words,
the existence of the decision matriz variables satisfying (4.128) is sufficient for the GUAS of the system

(4.120) with parameter dependent Lyapunov matriz Q~1(0(k)), where the quadratic Lyapunov function is
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V(E(R)) = ER)TQ(0(k))E(k), and the outpul-feedback gain matriz which is factorized as Ko, = N, ' M,.

Proof: Replacing A(9(k)) by A(6(k)) + B, (0(k))K,C, in (4.121) and from the results in (iv) of Lemma 23

with replacing H by G, one can conclude that if there exist Q; = QJT > 0, G, and K, such that the matrix

inequality

G+G"-Q; 0 GTAT+GCIKIBI ,+ GCF
0 I BT 0
>0
A;G + B, ;K,C,G B, Q; 0
C,G 0 0 VI

(4.129)

holds for all 4,5 = 1,...,J, then u(k) = K,y(k) is a stabilizing control law. The inequality (4.129) reduces

as the constraints in (4.128) which consist of linear matrix inequalities and equality, provided that C, has

full row rank. OJ

Theorem 40. (Robust stabilizing SOF control-Coupled LMI formulation) There exists a stabilizing SOF

control gain matriz K, if and only if there exist the matrices G, G=1, Q(0(k)) = QT (0(k)) = Z}Ll pj

0, and H such that the following matriz inequalities hold for alli,5=1,...,J:

o O O ~N o
o O N o o

o N o o o

~N O o o o

where (-)* indicates a full rank matriz orthogonal to (-).

T o o ofllerem-q, o
01 0 0 0 I
0 0 B 0 AG B,
00 0 1 C,G 0
Gl reT o ATHT
0 I BTHT
HA;,  HB, H+H" Q"
c, 0 0
G- 0 0

Proof: The proof is very similar to the one for Theorem 36.
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GTAJT GTC’qT I 0
Bg 0 0 I
Qi 0 0 0
0 ~I 0 0

Cq G| (e)H)T
0 0 0
0 0 0

~I 0 0

-1
0 1L 0

o

~N o o© O

(0(k)Q; >

>0,

~ o o O

(4.130)

>0,

~N o o© o o

(4.131)



Table 4.1: The maximal upper sector-bound achieved by the output-feedback control schemes

4.3.4 Illustrative Examples

SOF Control Schemes

*

«
Theorem 37 0.1412
Theorem 38 0.1641
Theorem 39 0.1433
Theorem 40 0.1641

We consider an illustrative example to show the applicability of the previously defined LMI synthesis

problems for a certain case of polytopic uncertain Lur’e systems where the feedback connected nonlinear

mapping is classified as ¢ € @Sb. Consider the system (4.120) whose uncertain system realization is defined

by the polytopic LDI:

1.0996
A1 = {0.1103

0.0000
and

1.0996
0.0000

—0.1103 0.0000

Bu,l = Bu,2 = Bu,3 =

0.0000]| , A2 =

0.9512

—0.1600

01 0

0.8886 —0.7485 0.0000
0.7485 0.8886  0.0000
0.0000  0.0000 1.1052
0.0238 —0.0216
0.0441 0.0843 |, By =
0.0632  0.0398
1 0 0
Cy1=Cyo2=Cy3=10 1 0|,Cq=
0 0 1

0.9087 —0.2811
0.2811  0.9087
0.0000  0.0000
—1.2900

0.9600 | ,
0.6500

0.0000
0.0000] »
1.2214

Suppose that the control objective is to maximize the upper bound « on the sector condition for the

feedback-connected nonlinear mapping ¢ € i)‘s"b such that the closed-loop system (4.120) is stabilized by the

output-feedback control law u(k) = K,y(k). Then the optimal solutions K} for the optimization problems

in Theorem 37, 38, 39, and 40 are obtained as

Theorem 37 : K,

Theorem 39 : K

—71.9574
55.9335

—67.2531
53.2382

—21.0591
3.1531

—24.0286
4.3839

19.3357
—27.0185

15.7645

—25.4228
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, Theorem 38 : K,

, Theorem 40 : K

—30.5649  0.9110
23.5970 —9.3111
—9.4265  5.8384

6.6509 —12.2241

—0.6719
—6.5752

—12.0600
3.3370
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Figure 4.6: Theorem 40

Figures 4.3, 4.4, 4.5, and 4.6 show the stability of the closed-loop systems with the output-feedback control

laws u(k) = K}y(k) that are obtained from four different optimization problems in Theorems 37, 38, 39,

and 40. In the simulation, it is assumed that the feedback connected nonlinear functions satisfy the sector

condition ¢ € @f; where the different upper bounds a* are given in Table 4.1.

4.4 Parameter Dependent State-Feedback Control via LMI

Optimization for Lur’e Systems with Uncertainties

The main idea in this section is to combine the parameter-dependent control Lyapunov functions, which

give a number of control gain matrices, with the well-known adaptive scheme to tune the absolute weights

of each control gain matrices. That is, the overall control law is a linear combination of a number of state
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feedbacks weighted by the time-varying parameters which are tuned by following the pre-determined adaptive

laws.

4.4.1 Continuous-Time LTI Systems with Time-Invariant Parametric
Uncertainty

Consider the continuous-time linear parameter-varying (LPV) systems given by
z(t) = A(0)z(t) + Buu(t) (4.132)

where the system matrix A depends on a time-invariant parameter § € © C R™ and © is assumed to be
compact. For example, if each element of the time-varying parameter vector § = (01,--- ,60,,)7 lies in a

bounded interval, 6; € [6;,0;], then a compact set © is a cube whose vertices can be defined by a finite set

0,2 {0, €00, = (o1, - 0un,)T, where 0,,; € {6;,8;} fori=1,...,n5}. (4.133)
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In other words, © = Co(©,). Further, the LPV system (4.132) is described by a polytopic parameter
dependent uncertain system such that there exists an unknown time-invariant vector-valued function p :

0 — R?:G satisfying

2m0 2m0

A(0) = ZPi(G)Au ZM(@) =1 (4.134)

That is, A(#) € Co{A, -, A} for all (t) € ©. The control objective is to design a state-feedback

controller u(t) = K(0)x(t) such that the closed-loop system
&(t) = (A() + B, K(0))x(t) (4.135)

is stable for all § € ©. K (0) indicates a parameter dependent control gain matrix to be determined. Since
6 is assumed to be unknown and nonmeasurable, (4.135) can be considered as a closed-loop system with
an ideal linear parameter dependent control law u(t) = K(6)z(t). To estimate the unknown time-invariant
parameter-dependent control gain matrix K (), consider the following closed-loop system dynamics with the

state-feedback control law where the control gain matrices are weighted by the parameter adaptation:

(1) = (A(e) + BuK(é(t))> (%) (4.136)

29

<A(9) + B, ﬁi(t)KZv) (1) (4.137)

i=1

= <Z pi(A; + B K;) + ﬁi(t)(BuKi)> x(t), (4.138)

where

R T
po(t)) = [ﬁi(é(t)), cee, Pane (é(t))} (4.139)

is a parameter adaptation vector to be determined and its estimation error is p(6(t)) £ p(6(t)) — p(#) and

shortly p(t) = p(t) — p.

Theorem 41. (Adaptive laws with the predetermined state feedback control gains) Suppose that the para-
metric uncertainty p (or 0) is unknown and nonmeasurable, but is a constant py (or 0y). If an adaptation
parameter-dependent control gain matric given in (4.137) satisfies the following matriz inequality for all
i=1,...,2m;

(4; + BuK;)Q + Q(A; + B, K;)" <0 (4.140)
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for some Q = QT > 0, with the following adaptive law
pi(t) = —yxT (1) (Q'BuK,; + KI'BEQ ™) a(t) fori=1,...,2", (4.141)

where v; indicates the adaptation gain for each index i, then the origin of the closed-loop system is GUAS.

Proof: To analyze the stability of the closed-loop system with a parameter estimation based state-feedback

control law u(t) = K (0(t))x(t), consider the Lyapunov function:
V(a(), 5(1)) = 27 ()Q e (t) + 5" (0T (1), (4.142)

where Q@ = Q7 > 0 and I' = diag{~;, -+ ,72n¢ } > 0. Its time-derivative becomes

%V(x(t% p(t) = 2" (HQ™ (Z pi(Ai+ BuG) + ) ﬁi(t)(BuK,-)> z(t) (4.143)

T

+a” (1) (Zpimiwum—)+Zﬁl—<t><3um>> Q la(t)+ T (MO0 A (4.144)
i=1 =1

Therefore, if K; and Q satisfy the inequality (4.140), and the adaptive law for 5(t) is given by (4.141), then

there exists II = II7 > 0 such that
—V(z(t),p(t)) = —xT(t)Hm(t) <0 Vz(t) e R™. (4.145)

This implies that, since the Lyapunov function V(z(t),p(t)) is positive semi-definite and non-increasing

along the vector field, z(t) and p(t) are bounded in the following sense:

2

V(a(t), p(t)) = 2 @2 + I6OI2 < V(((0), 5(0)). (4.146)

(QI)

[w(t) ﬁ(t)] '

Further, since V is bounded such that V' is uniformly continuous it follows from Barbalat’s lemma [115, 56]
that © — 0 as t — co. Note that nothing can be concluded about the convergence of p(t), except that it is

bounded. OJ

The basic assumption in Theorem 41 is that the LTI plant is free of noise disturbances, unmodeled dynamics
and unknown nonlinearities. Because these assumptions will be easily violated in real applications, it is also
of interest to investigate the stability of the closed-loop system with the adaptive scheme for p (or 6) in the

presence of disturbances and unmodeled dynamics. Moreover, in the presence of input saturation constraints
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the global stabilizing property of an unlimited control input does not hold anymore in general. One can only
conclude the local stability for a specific domain of attraction. There are some modifications for the adaptive
law which that help us to derive such a region of attraction, with which an instability pheonomenon due to

the so-called parameter drift can be prevented.

Definition 14. (Projection operator [88]) Let consider the scalar-valued smooth convex function f: R — R

given by
161> — 63
6998

f0) =

)

which is a special form of ellipsoidal functions, where 6y denotes the norm bound imposed on the unknown
parameter vector 0 and €9 > 0 is the user-defined convergence tolerance. Define a convex compact set with
a smooth boundary given by

Q.={0eRy|f(O) <c}, 0<ec<1,

whose convexity is guaranteed by the convezity of the function f since sublevel sets of a convex function are
convez for any value of c-but, the converse is not true, i.e., a function can have all its sublevel sets convex,
but mot be a convex function. Provided that the true value of the parameter 8* € Qq, the projection operator
given by

y— FO v o i £0) >0 and VfTy >0

Y else

Proj(0,y) = { (4.147)

prevents the potential parameter drift. Furthermore, the projection operator has the following property:
(60— 0", Proj(6,y) —y) <0. (4.148)

Remark 12. (Projection-type adaptive law) From the property of the projection operator defined earlier, if
the parameter estimation 0 starts inside the compact convex set 1 then it never leaves 21 when the adaptive
law is given by G(t) = Proj(0(t),y(t)). More specifically, the boundaries of outer set of Q1 is defined by the
inequality ||0]|* < (1+€9)03 so that €y specifies the mazimum tolerance one allows the parameter estimation

to exceed in terms of the maximum conservative value preselected by the users.

Example 11. The example is taken from [1]. Suppose that

1 -1 0 15 =7 0 05 -3 0
Air=1(1 1 0],4=|7 15 0|,A3=1| 3 =05 0],
0 0 05 0 0 1 0 0 2
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and
0.2477 —0.1645

By =By =Bs= 04070 0.8115 |,
0.6481  0.4083

such that A(8) = p1(0)A1 + p2(0)As + p3(0) A3 with the true parameters p1 = 0.1, p; = 0.7, and p3 = 0.2.

Then, the solutions of the LMI condition (4.140) are given by

168.2410 30.0532  117.7142
Q= | 30.0532 387.2462 60.7599 | .
117.7142  60.7599  444.5127

and

7.5209 —10.4670 —4.2129 K —10.1890 9.7062  4.2108
1 , Ky =
4.8160  2.7440 5.3709 6.7711  —7.2755 —7.8200

Trajectory of state variables
T T

b

5.9821 1.2671 —4.8637
K3 =
1.6403 —0.5531 —0.3588

the parameter adaptation
T T T

T T T T T T T T Ry g, g g Ly g g g g g
1 w2F 1
.
5k x| o b
3 ; —0

5
time(sec)

State-feedback control law
T T T

Figure 4.9: Trajectory of solution for the closed-loop Figure 4.10: State-feedback control law wu(k) =
system K(0)x(k) and the adaptatation parameters

4.4.2 Continuous Lur’e Systems with Time-Invariant Parametric Uncertainty

Consider the continuous Lur’e-LPV system given by

&(t) = A0)z(t) + Bpo(t, z(t)) + Byu(t)
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where the system matrix A depends on a time-invariant parameter § € © C R™ and © is assumed to
be compact. In addition, ¢ € ®% is a set of nonlinear functions defined previously. For example, if each
element of the time-invariant parameter vector 8 = (0y,--- ,0,,) lies in a bounded interval, 6; € [0,,0;],

then a compact set © is a cube whose vertices can be defined by a finite set
0, = {Ov €00, =0,1, - ,GU’HQ)T, where 0,,; € {0,,0;} fori =1,.. .,ng}. (4.150)

In other words, ® = Co(0,). Further, the LPV system (4.149) is described by a polytopic parameter
dependent uncertain system such that there exists an unknown time-invariant vector-valued function p :

0 — Rf_ns satisfying
2"6 2"6

A0) =Y A, S pil0) = 1. (4.151)
=1 i=1

That is, A(f) € Co{A1,---,Ane } for all @ € O©. The control objective is to design a state-feedback controller

u(t) = K(6)z(t) such that the closed-loop system
() = (A(6) + BLK(0))x(t) + Bpo(t, x(t)) (4.152)

is stable for all € ©. K (0) indicates a parameter dependent control gain matrix to be determined. Since
6 is unknown and nonmeasurable, (4.152) can be considered as a closed-loop system with an ideal linear
parameter dependent control law u(t) = K(6)xz(t). Now, to estimate the unknown time-invariant parametric

uncertain matrix K (), consider the following closed-loop system dynamics with an estimator-based control

law:
(1) = (A(e) + BuK(é(t))) 2(t) + Bpo(t, o(t)) (4.153)
2me
- (A<a> +B,Y m(t)Ki) 2(t) + Byo(t, 2(1)) (4.154)
- (Z pi(Ai+ BuK:) + Y mt)(BuKi)) 2(t) + Byo(t, (1), (4.155)
i=1 i=1
where

T
pb(t)) £ [Ai(é(t)),~-~ , Pare (é(t))} (4.156)

is a parameter adaptation vector to be determined and its estimation error is p(6(t)) £ p(6(t)) — p(#) and
shortly p(t) = p(t) — p.
Theorem 42. Suppose that the parametric uncertainty p(t) is unknown, but a constant py. If an adaptation
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parameter-dependent control gain matriz given in (4.154) satisfies the following matriz inequality for all
i=1,...,2":
(Ai + BuK:)Q + Q(A; + B.K;))" B, QCT
BT I 0 | <0 (4.157)

c,Q 0 —I

for some Q = QT > 0, with the following adaptive law
pi(t) = =T (1) (Q'Bu K, + KI'BEQ ™) a(t) fori=1,...,2", (4.158)

where ~y; indicates the adaptation gain for each index i, then the origin of the closed-loop Lur’e system is

GUAS.

Proof: To analyze the stability of the closed-loop system with a parameter estimation based state-feedback

control law u(t) = K (0(t))x(t), consider the Lyapunov function:
V(a(), 5(0)) = 27 (Q e (t) + 55" (0T (1), (4.159)

where Q@ = QT > 0 and T' = diag{~;, - -+ ,72n0 } > 0. Its time-derivative is

%V(x(t), pt) =z" (™ (Z pi(A; + B,K;) + Z 5i(t)(BuK;) + Bpo(t, :c(t))) z(t) (4.160)
2m 2me T
+a27(t) (Z pi(Ai + BuIK:) + Y pi(t)(BuE:) + Bpo(t, x(ﬂ)) Q™ 'a(t) + " () (1),
i=1 =1

(4.161)

If K; and @ satisfy the inequality (4.157), and the adaptive law for p(t) is given by (4.158), then there exists

II = II7 > 0 such that

T

iV(%(t),ﬁ(t)): o 11 =4 <0 Vv =) € R, (4.162)

dt B(t, (1)) $(t, (1)) (t, (1))

This implies that since the Lyapunov function V (z(t), p(t)) is positive semi-definite and non-increasing along

the vector field, z(t) and p(t) are bounded in the following sense:

2
Vi(x(t),p(t)) =

£ ()l + IA®)IE < V(((0), 70)))- (4.163)

[x(t) ﬁ(t)] ) on
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Further, from the property of the feedback-connected nonlinear mapping ¢ € ®,, one can see that ¢(t, z(t))
is also bounded for all time history. Therefore, since V is bounded such that V is uniformly continuous
it follows from Barbalat’s lemma that x — 0 as t — oo. Note that nothing can be concluded about the

convergence of p(t), except that it is bounded. O

Example 12. (Mazimum upper sector bounds on the feedback connected unknown nonlinear function) The
control objective is to design a parameter dependent state-feedback controller that stabilizes the closed-loop
system in the presence of the feedback conmected unknown monlinear function whose input-output relation
is characterized by the sector bound. In this example, construct an optimal control law that mazximizes the
degree of robustness . Consider the same system introduced in Example 11. The numerical computation
shows that o = 1/\/4% = 2.7959 x 10* where v* = arg min v subject to (4.157). Consider the system that
consists of the polytopic uncertain plant given in Example 11 and the nonlinear function ¢(o) = tanh(o)

where the mapping is component-wise. Then the solutions are given by

152.8018 —70.1085  90.0603
—7.2529 —0.3559 1.3848
Q= |-70.1085 400.4534 —97.0002|, Ki= 5
5.8120 —1.2764 —1.3064
90.0603 —97.0002 446.7448

—19.8037  6.0846 5.3134 —6.3754 10.7042  3.6094
Ky = K

w
|

17.8497 —4.3926 —8.7829 0.6269 —6.6817 —7.6672
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Figure 4.11: Trajectory of solution for the closed-loop Figure 4.12: State-feedback control law wu(k)
system K (0)x(k) and the adaptation parameters
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