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ii
AN ANALYTICAL STUDY OF THE FATIGUE NOTCH SIZE EFFECT

ABSTRACT

An analytical expression for Kf in terms of notch depth (A), elastic
stress concentration factor (Kt) and initiated crack length (aI) has becn
developed. Together with the strain-controlled fatigue concepts and the
Newman's stress intensity correction factor solution, the expression
for Kf was used to study the notch-size effect and other phenomena related
to the notch-size efféct. Results of this study indicate that the notched
specimen behavior was best represented by Peterson's eguation rather than
Neuber's equation. The material constant (a) based on Peterson's equation,
for steels and aluminum alloys, was related to the strain-controlled fatigue
properties and the fatigue crack propagation parameters.

Conditions for which nonpropagating fatigue cracks will form was
studied using the present model., The analytical exprcssion for Kf was used
to evaluate the length of the nonpropagating cracks as a function of the
stress level. A universal plot based on the theories developed for notched
specimens 1s proposed that well describes the behavior of cracked specimens.
The intrinsic crack length (EO) proposed by Haddad et al. could be related
to the material constant (a).

Analytical estimates were compared with the experimental results taken

from the Titerature and a good agreement was observed.



ACKNOWLEDGMENTS

This study was principally supported by the University of I1linois
Fracture Control Program which is funded by a consortium of midwest industries.

The authors wish to thank Professors JoDean Morrow of the Department of
Theoretical and Applied Mechanics and D. F. Socie of the Department of Mechan-
ical and Industrial Engineering for their suggestions and discussions.

The authors are thankful to Mrs. Darlene Mathine and Mrs. Marrianne

Day for their patience in carefully typing the manuscript.



iy

TABLE OF CONTENTS

Page

1. INTRODUCTION . . . . . . . o o e e s e e e e e e e e 1
1.1 General . . . . . . . .. e e e e e e e e e e e e e e e e 1
1.2 Fatigue at Notches . . . . . . . . . . .. U 1
1.3 Limiting or Maximum Values of Kf . . . . . . . . . . . . . ... 4
1.4 SCOPE v v i i e e e e e e e e e e e e e e e e e e 6
2. ANALYTICAL MODEL . . . . . . . . C o e e e e e e e e
2.1 General . . . .. L L e e e e e e e e e e e e e e
2.2 Concept of the Initiated Crack Length fag) « .« « . . . oo 7
2.3 Model for Fatigue Notch Factor (K¢} . . v . v . v o o oL . .. 8
2.4 Analysis of Failure Lives (2No). . . . . . .. .. .. .. ... 9
3. RESULTS . . o o e o e s e e e e e e e e e e e e 12
3.1 General . . . L L L L L o e e e e e e e e e e e e e e e 12
3.2 Comparison of Predictions with Experimental Results Reported in

the Literature . . . . . . . . . ... e 12
3.3 Other Phenomena Related to the Notch-Size Effect . . . . . . . . 14
3.3.1 Relationships between Kgand K¢ . . . . . . . .. .. .. ... 14
3.3.2 Nonpropagating Cracks . . . . . . . v v v v v v v e e 15
4, DISCUSSION . . . . o o . o e e e e e e e e e e e e 18
4.1 Effect of the Material Properties on the Notch Sensitivity

Index (q) - . . . . . . . e e e e e 18
4.2 Material Constant {a) . . . . . . . . . . . . . o o . . . .. 18
4.3 Extrapolation of the Notched Specimen Concepts to Specimens

Containing Cracks . . . . . . . . . . . . .. .. .. e e e e 20
4.4 Relationship of £y From the Work of Haddad (30, 31) with

the Material Constant (a). . + . - . . . o« . . o 0oL 21
5. OBSERVATIONS AND CONCLUSIONS . . . . . . . . o v v v v o i . 25
REFERENCES . . . . . L 27
TABLES . o o o 31
FIGURES . . . o . o o o oo o 33

APPENDIX: STRESS-STRAIN DISTRIBUTION AHEAD OF A NOTCH . . . . . . . . 65



Tahle

MATERIAL PROPERTIES

EXPERIMENTAL VALUES

(S;) AND THRESHOLD STRESS INTENSITY FACTOR (AKip)

LIST OF TABLES

---------------------

OF MATERIAL CONSTANT (a), FATIGUC LIMIT

------



Figure

10

1

12

13

14

vi

LIST OF FIGURES

EVALUATION OF THE NOTCH SIZE EFFECT USING g-log r AND Tog

{(1 - q)/gq} - Tog{l/r) PLOT . . . . . . . . . . . ... ...

MAXIMUM VALUES OF Kg¢(Ke 1im AND Kf, max) BASED ON NEUBER AND
PETERSON EQUATIONS FOR A-36 STEEL

CHEN'S DEFINITION OF a7 {23)

APPLICATION OF CHEN'S ay ESTLIMATION METHOD TO A CIRCULARLY
NOTCHED SPECIMEN AT VARIOUS STRESS LEVELS (23)

PRECICTED CRACK INITIATION LENGTH (aj) AS A FUNCTION OF
APPLIED STRESS FROM FIG. 4 (23)

STRESS INTENSTTY CORRECTION FACTOR AND DIMENSIONLESS STRESS
INTENSITY CORRECTION FACTOR FOR CRACKS EMANATING FROM AN
ELLIPTICAL HOLE IN AN INFINITE PLATE (20) . . . . . . . ..
SEQUENCE OF STEPS IN THE ESTIMATION OF K¢ AND 2Ng CORRE-
SPONDING TO AN ASSUMED VALUE OF AS . . . . . . . . . . ..
PREDICTED VARIATION OF Kg WITH 2N AS A FUNCTION OF K¢ FOR
ELLIPTICALLY NOTCHED A-36 STEEL SPECIMENS . . . . . . . ..
INFLUENCE OF Ky ON THE PREDICTED VARIATION OF (1 -~ q)/q AS
A FUNCTION OF %/r FOR GEOMETRICALLY SIMILAR NOTCHED 7075-T6
ALUMINUM ALLOY SPECIMENS . . . . . . . . . . . . . .. ..

INFLUENCE OF NOTCH DEPTH (A) ON THE PREDICTED VARIATION OF
(1 - g)/q WITH 1/r FOR ELLIPTICALLY NOTCHED 7075-T6
ALUMINUM ALLOY SPECIMENS . . . . . . . . . . . . . . ...

COMPARISON OF PREDICTED VALUES OF {1 - g)/q AS A FUNCTION
OF 1/r WITH EXPERIMENTAL VALUES FOR THE GEOMETRICALLY
SIMILAR NOTCHED 7075-T6 ALUMINUM ALLOY SPECIMENS FROM

REF. 4 . . . . . o e e e e e e e e e e e e e

COMPARISON OF PREDICTED VALUES OF (1 - q)}/q AS A FUNCTION
OF 1/r WITH EXPERIMENTAL VALUES FOR ELLIPTICALLY NOTCHED
2024-T3 ALUMINUM ALLOY SPECIMENS FROM REF. 4 . . . . . . .

COMPARISON OF PREDICTED VALUES OF (1 - q)/q AS A FUNCTION
OF 1/r WITH EXPERIMENTAL VALUES FOR ELLIPTICALLY NOTCHED
7075-T651 ALUMINUM ALLOY SPECIMENS FROM REF. 4 . . . . . .
COMPARISON OF PREDICTED VALUES OF (1 - q)/q AS A FUNCTION
OF 1/r WITH EXPERIMENTAL VALUES FOR ELLIPTICALLY NOTCHED
MILD STEEL SPECIMENS FROM REF. 24 . . . . . . . . . .. .

..............

----------------

-------

---------------

Page

38

39

40

4]

42

43

44

45

46



vii

Figure Page
i5 PREDICTED VARIATION OF K¢ WITH Kt FOR ELLIPTICALLY NOTCHED
7075-T6 ALUMINUM ALLOY SPECIMENS AS A FUNCTION OF NOTCH
DEPTH (A) . . . . . . . . Y ¥4
16 COMPARISON OF PREDICTED VALUES OF K¢ AS A FUNCTION OF Kt WITH
EXPERIMENTAL VALUES FOR ELLIPTICALLY NOTCHED MILD STEEL SPE-
CIMENS FROM REF. 24 . . . . . . . . . . . . . . . . .. .. .. 48
17 COMPARISON OF PREDICTED VALUES OF Ke AS A FUNCTION OF Kt WITH

EXPERIMENTAL VALUES FOR ELLIPTICALLY NOTCHED BS L65 ALUMINUM
ALLOY SPECIMENS FROM REF. 25

18 PREDICTED VARIATION OF S; AND S, AS A FUNCTION OF Ky FOR
ELLIPTICALLY NOTCHED 7075-T6 ALUMINUM ALLOY SPECIMENS . . . . .50

19 PREDICTED INFLUENCE OF NOTCH DEPTH (A) ON Sp AS A FUNCTION OF
Kt FOR ELLIPTICALLY NOTCHED 7075-T6 ALUMINUM ALLOY SPECIMENS. .51

20 COMPARISON OF PREDICTED VALUES OF Sj AND S, AS A FUNCTION OF
K¢ WITH EXPERIMENTAL RESULTS FOR ELLIPTICALLY NOTCHED MILD
STEEL SPECIMENS FROM REF. 24

21 COMPARISON OF PREDICTED VALUES OF S; AND S, AS A FUNCTION OF
Ky WITH EXPERIMENTAL RESULTS FOR ELLIPTICAELY NOTCIIED BS L65

ALUMINUM ALLOY SPECIMENS FROM REF. 25

22 ILLUSTRATION OF THE INFLUENCE OF THE MATERIAL PROPFRTTES ON
THE FORMATION OF THE NONPROPAGATING CRACKS

23 COMPARISON OF VALUES OF THE MAXIMUM LENGTH OF THE NONPROPA-
GATING CRACKS AS A FUNCTION OF STRESS LEVEL WITH THE
EXPERIMENTAL RESULTS FROM REFS. 17 AND 27 . . . . . . . . . . -55

24 EFFECT OF AKyp ON THE PREDICTED VARIATION OF (1 - q)/q AS A
FUNCTION OF 1/r FOR ELLIPTICALLY NOTCHED 2014-T6 ALUMINUM
ALLOY SPECIMENS

25 PREDICTED EFFECT OF MATERIAL PROPERTIES ON THE VARIATION OF

(1 - q)/q AS A FUNCTION OF 1/r FOR ELLIPTICALLY NOTCHED
ALUMINUM ALLOY SPECIMENS . . . . . . . .. e e e e e 57

26 PREDICTED INFLUENCE OF NOTCH DEPTH (A) ON THE MATERIAL CON-
STANT (a) FOR ELLIPTICALLY NOTCHED STEELS AND ALUMINUM ALLOYS .58

27 COMPARISON OF PREDICTED VALUES OF MATERIAL CONSTAMT (a) AS A
FUNCTION OF AKth/Sa WITH EXPERIMENTALLY REPQRTED VALUES OF a,
AKyy and S_ FROM REFS. 4, 6, 18, 23, 24, 25, 30, 31, 40, 41,
42,43 and”49



28

29

30

31

32

A-1

A-3

A-4
A-5

A-6

viii

COMPARISON OF THE VALUES OF MATERIAL CONSTANT (a) PREDICTED
USING THE PRESENT ANALYTICAL MODEL AS A FUNCTION OF Sy WITH
THE VALUES ESTIMATED USING EQ. 4 . . . . . e e e e e e 60

COMPARISON OF S,/S, AS A FUNCTION OF Afa PREDICTED USING EQ.

33 FOR NOTCHED SPE%IMENS WITH THE EXPERIMENTAL RESULTS OF
EDGE-CRACKED, MILD-STEEL AND BS 165 ALUMINUM ALLQY SPECIMENS
FROM REFS. 24 and 25 . . . . . . . . . . Ve e e e e e e 61

EVALUATION OF THE INTRINSIC CRACK LENGTH (zo} (30, 31) . .. 62

ILLUSTRATION OF THE VARIATION OF Sn/Sa WITH A/a and Sclsa
WITH £/£0 .......................... 63

COMPARISON OF PREDICTED VALUES OF THE INTRINSIC CRACK LENGTH
(25) FROM S, AND EQS. 4 AND 42 WITH EXPERIMENTAL VALUES OF
%o FROM REFS. 30, 31 AND 44 . . . . . . . . . . . . . . . .. 64

STRESS DISTRIBUTION AHEAD OF A NOTCH ROOT IN AN ELLIPTICALLY
NOTCHED 5356 ALUMINUM ALLOY SPECIMEN BASED ON AN ELASTO-
PLASTIC FINITE ELEMENT ANALYSIS . . . . . . . . . . . . ... 68

STRAIN DISTRIBUTION AHEAD OF A NOTCH ROOT IN AN ELLIPTICALLY

NOTCHED 5356 ALUMINUM ALLOY SPECIMEN BASED ON AN ELASTO-
PLASTIC FINITE ELEMENT ANALYSIS . . . . . . . . . . . . .. 69

NORMALIZED PRODUCT OF THE STRESS-STRAIN DISTRIBUTION AHEAD
OF A NOTCH-ROOT FOR AN ELLIPTICALLY NOTCHED 5356 ALUMINUM
ALLOY SPECIMEN AS A FUNCTION OF NOMINAL STRESS RANGE . . . . 70

CONCEPT OF EVALUATING B . . . . . . « . v v v v v v v v v 71

VARIATION OF B AS A FUNCTION OF (K¢ - 1) FOR BOTH THE ELASTO-
PLASTIC FINITE ELEMENT ANALYSIS OF VARIOUS ALUMINUM ALLOYS
AND STEELS

COMPARISON OF THE PREDICTED STRESS-STRAIN DISTRIBUTION USING
EQ. A-5 WITH THE ANALYTICAL SOLUTION FOR A HOLE IN AN INFI-
NITE PLATE FROM REF. 48 . . . . . . « . . . o o o o v o v .. 73



ix
LIST OF SYMBOLS

a and p Material constant relating Kf to Kt and r based on Peterson
and Neuber equations

ag Nonarbitrarily defined crack initiation length
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b Fatigue strength exponent; also, half minor-axis of an
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[Ac{x/A) Ae(x/A) E]% stress-strain parameter experienced by

the fatigue element at a distance x from the notch root



1. INTRODUCTION

1.1 General

In order to make engineering predictions of fatigue 1ife, it is
convenienl to separate the total fatigue life (Nf) of an element into two
parts: the crack initiation 1ife (NI) and the crack propagation 1life (N ).
NI is considered to consist of the number of cycles for crack nucleation
(caused by repeated shear strains), crystatlographically oriented crack
growth and coalescence of several small cracks into a dominant, propagating
fatigue crack of initiated crack length, ay. NP is considered to consist
of the cycles devoted to stable crack growth from the initiated crack
Tength (az) to final fracture. Because the crack initiation is different
from the crack propagation process (1)+, separate metheds of analysis have
been developed for predicting the crack initiation and crack propagation
Tives. Generally, strain-controlled fatigue concepts are used to predict
the initiation Tife, and fracture mechanics concepts are used to predict'
the propagation 11fe.

1.2 Fatigue at Notches

The presence of notches and other stress raisers is almost unavoidable
in engineering practice, and a substantial effort has been devoted to devising
methods for predicting the fatigue strength of a notched element from the
behavior of unnotched, laboratory specimens.

The fatiyue notch factor (Kf), a strength reduction factor in fatique,

is defined as the ratio of the unnotched to notched specimen fatigue strength

+The numbers in parentheses refer to the list of references at the end
of the text.



at a given life and is always less than or equal to the value of the theo-
retical stress councentration factor (Kt)' For geometrically similar notches,
Kf (unlike Kt) depends upon the absolute size of the notch: this effect is
known as the notch size effect (2-15).

The notch size effect is often quantified by the notch sensitivity

index (q):

(K - 1)
L o) (1

The value of g is a function of both the material tested and the notch root
radius (r) and varies between zero {when the material experiences no reduc-
tion in fatigue strength due to a notch, i.e. Ke= 1) and one (When the mate-

rial experiences the full theoretical effect of a notch, i.e. K.=K

f t)'

There is a great deal of fatigue test data in the literature for
notched specimens from which several relationships between Kf and Kt have
been developed. fThese relationships have been reviewed by Yen et al. (16)
and have also been conveniently summarized by Frost et al. (17). Though
such relationships are essentially empirical, they are useful in design,
Among the relationships between K. and Ki» Neuber's (2) and Pcterson's (5,6)
equations are most commonly used.

Neuber considered a material to be composed of "building blocks" of
finite dimension (p) that is a constant for each material. Neuber's explana-
tion of the size effect is based on the breakdown of the theory of elasticity
as the notch root radius (r) approaches the size of these "building blocks"
due to the increasingly large stress gradients and the material's micro-
scopic anisotropy and inhomogeneity. From this concept, Neuber developed

the following expression for K¢ at notches:



where: p = experimentally determined material constant.
The material constant (p) has been shown to decrease with an increase in
ultimate tensile strength (Su) for both steels and aluminum alloys (4).
Peterson interpreted the faligue notch size effect in terms of the
stress gradient ahead of the notch and a distance (8) that is a character-
istic of a particular material. Peterson assumed that fatigue failure
occurs when the stress at a distance {§) ahead of the notch (Kf S) equais
the endurance 1imit of an unnotched specimen. This assumption leads to the

result called Peterson's equaliun:

Kt -1 )
Ke =1 + (3
f 1+ 12
m
where: a = experimentally determined material constant.
For design purposes the material constant (a) for steel is (18):
1.8
a = 0.001(330—0] in. (4)
u
In general, Egs. 2 and 3 may be written in the following form:
K, =1
- _t
Kf =1 + B (5)
1+ Fﬂ
r
where: B = & for Neuber's equation
1 for Peterson's equation
and a = material constant (for Peterson's equation and should be replaced

by p for Neuber's equation)



(6)

Conventionally, the material constant is evaluated by fitting the experimental

data in g versus log r plots (Fig. 1a) using an adjustable parameter

{a or p}. However, Eq. 6 may be written as:

(). [%JR (7)

Therefore, a plot of log {(1 - q)/q} versus log 1/r (Fig. 1b) will be easy
to interpret and will be used in this study since the slope from such a plot

is B and the inverse of (1/r) at {(1 - q)/q9} = 1 is the value of the material

constant (a or p).

1.3 Limiting or Maximum Values of K¢

Both Neuber and Peterson's equations are widely used in engineering
design, but different values of Kf result for a material with a given notch
unless a/r = (p/r)%, a condition that is seldom met. The present study has
attempted to determine whether a material should follow Neuber's or Peterson's
equation. As will be seen, answering this question has far reaching theo-
retical and practical implications.

For an elliptical notch in an infinite plate, Kt is:

Ko =1+ 2(%]% (8)

where: A = half the notch depth

~
H

notch root radius



Combining the Neuber equation (Eq. 2) for elliptical notches and

%
A
2_
K—1+—&L (9)

Eq. 8 leads to:

For elliptical notches of given depth, Eq. 9 predicts that Kf should
increase as r decreases (dashed line in Fig. 2) and reaches a limiting
valuc (Kf,1im) as r approaches zero:
%
Ke Jim = ] +2[§J. (10)
Kf,]im is the highest value of Kf that can be achieved for a notch of given
depth {A) using Neuber's equation, and its magnitude is dcpendent on .

Similarly, combining Peterson's equation (Eq. 3) with Eq. 8:

(1)

Equation 11 predicts that KF should ezpproach one as r approaches zero; but
K¢ passes through a maximum (19) at some critical value of r equal to (a)

(solid Tine in Fig. 2);
ro=a (12)

The value of Kf is:

Lmax

_12_
Kemax = T F [5} (13)

For a given material Kf max s the highest value of Kf that can be achicved
by a notch of given depth (A) based on Peterson's equation, and its

magnitude is dependent on (a).



Thus, the use of the Neuber and Peterson eqguations (Egs. 9 and 11)
result in the estimation of quite different values of Kf for sharp notches
(Fig. 2}, particularly under elastic conditions, The predicted fatigue
strength computed on the basis of Neuber's equation would be lower than the
strength based on Peterson's equation, since, in general, a/r > (p/r)%.

Thus, one wonders:
(i) Which of these equations best characterizes a material's behavior?
(i1) Are the material constants really a function of the material
or do they depend also on other variables such as notch depth
(a), etc?

The above questions are important since the concept of K is very useful

f.max
for predicting the fatigue strength of notched and welded components. The
answering of these questions will be the principal purpose of the present
study.

1.4 Scope

In the present study, an analytical model is proposed for Ke which is
a function of K, and the initiated crack length (aI). The use of this equa-
tion for Kf together with the Newman's stress-intensity-correction-factor
solution for two cracks emanating from an elliptical notch (20} and
strain-controlled fatigue concepts (21) permits the study of the notch
size effect in a systematic way. The present study is restricted to
elliptical notches in an infinite plate subjected to completely reversed

axial loading under plane stress conditions and a failure 1ife (N_.) of 107

f
cycles.
In addition, the developed equation for Kf will be used to examine

the conditions for the formation of the nonpropagating cracks and to evaluate

the maximum iength of such nonpropagating cracks in a notched specimen.



2. ANALYTICAL MODEL

2.1 General

An analytical model for KF in terms of the notch depth (A), elastic

stress concentration factor (Kt) and the initiated crack Tength (aI) was

developed:

1.5 (th
(Kf-1)=(Kt-1)exp-(Kt-1)-ILA} (14)

The following sections describe the development of this model for Kf and its
use in conjunction with the Newman's stress-intensity-correction-factor
solution in an infinite plate with two cracks emanating from an elliptical
notch (20) and with the strain-controlled properties (21) to predict the

many phenomena associated with the notch-size effect.

2.2 Concept of the Initiated Crack Length (ay)

Two recent studies (22,23) have proposed a nonarbitrary definition of
the initiated crack length (aI). In these studies, estimates of ay are based
on the fatigue history experienced by the elements ahead of a notch root
(Fig. 3a). The Rate Calculation Method (22) defines ap as that element ahead
of a notch root for which the damage rate due to crack initiation and crack
propagation are equal. The Total Life Calculation Method (23) defines a; as
that distance to that element ahead of a notch root for which the total life
is a minimum (Fig. 3b). For constant amplitude loading, both techniques have
been shown to be eguivalent (23). and the Total Life Calculation model will
be used herein because of 1ts simplicity.

At high stresses, Nf becomes minimum at a value of aI {(solid arrow in

Fig. 4) which is greater than A (open arrow). At low stresses, the minimum



Nf has been found to occur at values of ay which approach CI (Fig. 4c).
Thus, at low stresses, AKth would determine as (i.e., ath)' Physically,
this result is interpreted as meaning that the element a; (ath) would fail
faster through the accumulation of fatigue crack initiation damage than by
the propagation of an existing fatigue crack of size less than ap to a

th
(see Fig. 5).

2.3 Model for Fatigue Notch Factor (Kf)

The expression (Eq. 14) developed for the fatigue notch factor (Kf)
is based on crack initiation and an analytical medel for the stress-strain
distribution at elliptical notches. The normalized stress-strain distribu-
tion ahead of an elliptical notch root has been shown to depend solely on Kt

(Eq. A-5 in Appendix):

1=K =D e - kg - s [§ (15)

T 815

il

where: N(x/A) = [Ac(x/A) Ae(x/A) E}%, stress-strain parameter ahead of a

netch root as a function of the distance (x)
N{w/A}) = [Ac(=/A) Ac(w/A) E]%, nominal stress-strain parameter
Since AK,, determines ar at Tower stresses (Section 2.2, Fig. 5), the

element (x/A) (Figs. 3a) corresponding to ay would be:
X = ap % 3y (16)

Now combining the concept of a {Eq. 16), with Eq. 15:



{17)

where: N(ath/A) = [Ao(ath/A) Ae(ath/A) E], stress-strain parameter at the
initiated crack length (ath).

A notched specimen subjected to a stress-strain parameter Kf.AS should give

the same 1ife as that of a smooth specimen subjected to a stress-strain par-

1
ameter of {AcAcE)” (23). Based on this argument, Chen assumed that {23):

fa

Nl—.ﬁﬂJ

Kez  —7or (18)
N ]

J

The use of Egs. 17 and 18 lead to Eq. 14:

fa\
(Ke = 1) = (K - 1) exp - (K, - 1) -%%ﬂ (14)

or p
Ke - 1 a
q - K: ~ ,I = exp - (Kt _ 1)1-5 l_:_hJ (]9)

From Eq. 14, it can be seen that for a notch of given geometry, Kf

would be impossible to evaluate unless ih is known. In this study,
Newman's stress intensity correction factor solution {20) has been used
(see Section 2.4} which provides accurate values of ath/A and permits the
evaluation of Ke-
Analysis of Failure Lives (2N

2.4 ﬁ £

To obtain K. (Eq. 14) at a given 1ife requires knowledge of the ini-
tiated crack length (ath). In order to solve for Kf at a given life, the
Newman's stress-intensity-correction-factor solution {20) and the strain-

controlled fatigue concepts (21) are used simultaneousiy.
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At lower stresses, AKth determines the initiated crack length (a1 N
Ay Section 2.3). Newman's stress intensity correction factor solution
in an infinite plate with two cracks emanating from an elliptical notch
(see Fig. 6a) can be used to describe the threshold condition:

1
AKyp = AS[m(A + ath)]2 F (20)

where: AKth = threshold stress intensity factor

AS

applied nominal stress range

I
n

half notch depth
a; = initiated crack length

and F

dimensionless stress intensity correction factor
Equation 20 can be written:

1

AK a, 1|72 o
S— 1+[-ﬁﬂJ (21)
[as(nA)™]

Figure &b shows the dimensionless stress intensity correction factor
solution as a function of ath/A for different values of Ki- By assuming
values of AS for a given notch (i.e., K, and A constant) Fig. 6b may be
used to obtain values of ath/A' These a,,/A values for a given notch may

be used to determine the values of Ke (Eq. 14). The values of AS and K

.F
may be used to obtain the corresponding total 11fe, ZNf, since at Tong lives,

the number of reversals to failure, ZNf, for R = -1 condition is (19, 21):

TKf as)| /b
ZN'F = '—25',;-'— (22)

where: AS = applied nominal stress range
Kf = fatigue notch factor
0% = fatique strength coefficient
and b = fatigue strength exponent



11
Thus, for a given notch (i.e., A and Kt constant), assuming values
of AS permits the calculation of associated Ke and ZNf values (Fig. 7).
Values of K. for a selected values of K, can be found at a chosen 1ife of

107 cycles by interpolation {Fig. 8).
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3. RESULTS

3.1 General

Knowledge of Kes Kt and the notch depth (A) permits one to plot
{{1-q)/q} versus (i/r) at a given life (107 cycles) and thus, to study
the notch size effect: see Fig. 1b and Eq. 19, Equation 19 predicts
that q is a function of both Kt and A, thus, is apparently not a unique
function of r. One has, therefore, two choices in experimentally or
analytically studying the notch size effect: the notch size effect can

be studijed

(i) as a function of r, holding Ke (Eq. 8) or A/r constant,

i.e., geometrically similar notches (Fig. 9),

or

(i1) as a function of r (for elliptical notches) holding the notch

depth {A) constant, i.e., for different values of Ky (Eq. 8)

or A/r (Fig. 10).
Generally, these above points regarding the notch size effect have been
neither appreciated nor adequately described in the 1iterature. Figure 9
shows the influence of Kt on the notch size effect, and Fig. 10 shows
rather different behavior which would result from holding the notch depth
(A) constant.

3.2 Comparison of Predictions with Experimental Results Reported in the

Literature

To assess the validity of the anatytical model for Ke (Eg. 14) and
q (Eq. 19), the studies of the notch size effect by NASA (4) and Frost (24)
were compared with the predictions based on the proposed analytical model.
Since notch size effect studies seldom report strain-controlled fatigue

properties of thc materials studied, the properties used in these
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comparisons (steel and aluminum alloys) have been taken from the literature
(see Table 1). A1l predictions assume an infinite plate and use Egqs. 14,
21, 22 and Fig 6b for elliptical notches under axial loading (R = -1
condition) to generate Kf Versus ZNf (Fig. 8) as a function of Ke

(K. = 2, 5 and 9).

¢
Data on experimental studies of the notch-size effect for aluminum
alloy specimens have been collected by Kuhn et. al (4). Data from tests
in which Ky is held constant is compared with the predictions of the
analytical model in Fig. 11, Also, data from.studies based on fixed notch
depths (A) are compared with the predictions of the analytical model in
Figs. 12-13. It should be noted that the predictions based on A of 0.2 in.
for 7075-T6 aluminum alloy (Fig. 13) have been compared with the U-notched
aluminum alloy based on A of 0.22 in. and 0.375 in. It is expected that
the predictions based on A of 0.375 in. would not differ very much from
Lhe prediclions based on A of 0.2 in. (see Fig. 10).

Frost (24) studied the effects of the notch root radius {r) on the
fatigue strength of notched specimens in a series of carefully performed
experiments. Mild steel (24) V-notched specimens were prepared having
various notch root radii but a constant notch depth (A = 0.2 in.). After
having the notches machined in them, the mild steel specimens were annealed
to relieve the stresses introduced by machining. A comparison of Frost's
data for mild steel and predictions using the mechanical properties of
A-36 steel is given in Fig. 14.

The experimental results shown in Figs. 11-14 are in generally

good agreement with the predictions which gives confidence in the validity

of the proposed analytical moedel. Also, the results of the present study
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suggests that the behavior of the materials studied is best represented by
Peterson's equation, since a striking feature of Figs. 9-14 is that for
both the elliptical notches and the geometrically similar notches, the
resultant values of the exponent (B) in Eq. 5 are 0.8 or larger, that is,
very close to the exponent of one of Peterson's equation (Eq. 11) rather
than the exponent of one-half of Neuber's equation (Eq. 9).

3.3 Other Phenomena Related to the Notch-Size Effect

Two phenomena associated with the notch-size effect have been pre-
dicted using the developed analytical modet: (a) the variation of Kf with
Ky and (b) the formation of nonpropagating cracks. The following sections
give the predictions of the model and the verifications of these predictions
using the experimental results of Frost (24, 25).

3.3.17 Relationship between Kf and Kt

Plots of the variation of Ke @s a function of K¢ (see Fig. 15}
developed by Frost (25) offer a convenient way to view the notch-size

effect for elliptical notches. The predicted variation of K. with K

f t

for A-36 steel (24) and 2014-T6 aluminum alloy (25) is shown in Figs. 16
and 17. Also plotted in Fig. 16 are the experimental results of Frost for
mild steel {24}. Froust's experimental results for round bar specimens of
BS L65 aluminum alloy (25) (assumed to be equivalent to 2014-T6 aluminum
alloy} have been plotted in Fig. 17. No such data for plate specimens

are available. The predictions of the analytical model show good
agreement with the experimental results (Figs. 16 - 17).

Figures 15-17 confirm the noticn of K » @ useful concept for

f.max
predicting the fatigue strength of notched component with a wide or unknown
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range of notch root radii, e.g., weldments; since in these figures Kf
achieves a maximum value at a certain value of Kt'

3.3.2 MNonpropagating Cracks

The occurance of nonpropagating fatigue cracks has been explained by
Frast (24) in terms of a stress (S) versus Ky plot, see Fig. 18 (24-26).

Such § - Ky plots (Fig. 18) can be generated using the analytical model

developed:
S = Sa (23)
n K.
f
Sn = fatigue strength of notched specimen
at a given life
and
5, = fatigue strength of smooth specimen at a given

life
Sn represents the minimum stress that is necessary to cause complete fatigue
fracture. At any stress (S) above Sn would lead to complete fatigue
fracture, Sy (1ine 1 in Fig. 18) is a function of the notch depth (A)
(see Fig. 19) since Kf is a function of A (Fig. 15).

The minimum stress (S;) that would cause fatigue cracks to initiate
at the notch root can be estimated by replacing Sn and Kf in Eq. 23 by Si
and Kt:

5, = ¢ (24)
Thus, Si (Tine 3 in Fig. 18) represents the stress below which no cracks
can be present but above which cracks should be present at the notch root.

The predicted variations of Si and Sn Versus Kt for A-36 steel and
2014-T6 aluminum alloy are shown in Figs. 20 and 21. Also plotted in Figs.

20 and 21 are the results for mild steel (24), similar to A-36 steel, and
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BS L65 aluminum alloy (25) equivalent to 2014-T6 aluminum alloy. Pre-
dictions for mild steel (Fig. 20) show better agreement than those of the
aluminum alloy (Fig. 21) possibly because of a difference between the
material properties assumed in the predictions and the actual properties of
the material studied in the experimental work,

Thus, at any stress, Sn> S>rSi (Figs. 18-21), fatigue cracks will
initiate, grow and become dormant unless the stress level (S) is raised
to Sn which represents the minimum stress necessary to cause fatigue crack
propagation to final fracture.

Nonpropagating cracks can be present in notched specimens having ¥

.t
exceeding some critical value (see Kt » in Fig. 18). Such critical K
c

t
values increase, and the regions over which the nonpropagating cracks can
be present (hounded by S1 and Sn’ Fig. 18) decrease with increasing A (see
Fig. 19). The influence of the material properties on the formation of the
nonpropagating cracks is shown in Fig. 22. To make such comparisons, the
variations of Sn and Si as a function of Kt have been predicted for A-36
steel and HY-130 steel for notches having A equal to 0.2 in. HY-130 steel
(a high strength quenched and tempered steel) requires a sharper notch
(higher Kt) in order to initiate nonpropagating cracks at the notch root
than does the A-36 steel (a mild, Tower strength steel) (Fig. 22).

The length of nonpropagating cracks and the dependence on the stress
Tevel of this length on (S) may be predicted by rearranging Eq. 15 as

follows:

N(x/A) _ 4
(= . A on N(=/A)

(K, - 1) K-l
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For elastic condition, Eq. 25 may be written as:

o{x/A) o
X = = A ven i - ] (26)
(Ky = 1)1 t
where
a(x/A) = Tlocal stress amplitude ahead of a notch-root as a
function of the distance (x)
and
S = applied nominal stress amplitude

It has been shown that the nonpropagating crack of length (x) can penetrate
into the material from the notch root provided the Tocal stress level is
higher than the fatigue strength of the smooth specimen {27). Using this

argument and replacing o(x/A) by Sa’ Equation 26 may be written as:

S
X = - _—”A"-‘)T? £n S—K-“—.I—- (27)
(K,~1)" £

It may be seen from Eq. 27 that the length of the nonpropagating crack is _

not only dependent on S but is also dependent on A and Kt' the predicted

variation of the nonpropagating crack as a function of S/Sa {for K, = 8.3,

t
and 14 with A = 0.2 in.) has been shown in Fig. 23 together with the
experimental results (17, 27) for mild steel and aluminum alloys. The

agreement between the predictions and the experimental results seems to be

good (Fig 23).
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4, DISCUSSION

4.1 Effect of the Material Properties on the Notch Sensitivity Index (q)

An interesting feature of the proposed analytical model is that the
effect of the material property variations (AKth’o%’ b) on the notch sensi-
tivity index (q} can be predicted (Eqs. 14, 21 and 22), The influence of
AKth on q for 2014-T6 aluminum alloy (other properties constant) is shown
in Fig. 24. It can be seen from Fig. 24 that the materials with lower AKth
values are more sensitive to the effects of the notches. The influence of
the strain-controiled fatigue properties is illustrated in Fig. 25 which
shows the predicted variation of {{1 - q)/q} as a function of (1/r) for
7075-T6 aluminum alloy with two different sets of properties (c% and b)
reported in the Titerature. The material with higher long-1ife fatigue
resistance should be more sensitive to the effects of notches (Fig. 25).

4,2 Material Constant {a)

The influence of notch depth (A) on the material constant (a) is
shown in Fig. 26 for different steels and aluminum alloys containing
elliptical notches (that is notches for which Ki is given by Equation 8).
The predictions of (a) shown in this figure have been made for notches
with values of A from 0.008 to 1 in. which is the range of practical
interest. For a given material, {(a) increases with decreasing A {Fig. 26)
resulting in a decreased susceptibility of a material to notches of given
notch-root radius (r) with shallower notches depths (A). Although not very
great, the influence of A on (a) is greatest for A-36 steel for notches

deeper than 0.2 1in.
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Using the proposed analytical model, values of (a) for elliptically
notched specimens having A equal to 0.2 in. have been predicted for steels
and aluminum alloys. The predicted values of {a) may be fitted by a simple
equation when plotted as a function of AKth/Sa {solid 1ine in Fig. 27).

The best fit 1ine (solid Tine, Fig. 27) is:

2.2
AK

a = 0.18
Sa

A dimensionally correct {or at Teast more convenient) relationship also

shown (dashed 1ine in Fig. 27) is:

L
a ®0.14 [stﬂ in. (29)
d

Independently determined experimental values of (a), AK

th and Sa
were taken from the literature (see Table 2) and plotted in Fig. 27 in
order fn compare the predicted variation of {a) as a function of AKth/Sa
with the data of entirely experimental origin. Except for mild steel (24)
and BS L65 aluminum alloy (25), it is not known whether (a} for other
materials were determined with notches having a depth of 0.2 in. The
predictions agree well with the experimental results.

Values of (a) for steels based on assumed strain-controlled fatique

properties estimated from SU(ZS) and an assumed constant value of ALy

= 10 ksi (in_)L2 have been predicted and are shown in Fig. 28 as a function

of S, - The predicted (a) values show good agreement with values of (a)

(see Fig. 28)estimated using Equation 4:

13
a = 0.001 3%
u_J

1.8

in. (4)
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4.3 Extrapolation of the Notched Specimen Concepts to Specimens Containing

Cracks

Use of linear elastic fracture mechanics (LEFM) to predict the
fatigue strength of small cracks has been questioned because LEFM predicts
lower grack growth rates and much higher threshold stresses than are actually
exhibited by "short cracks" (29-32). An attempt has been made to predict
the fatigue strength of cracked specimens containing both long and short
cracks using Peterson's equation (Eq. 11). To make such predictions, a
specimen containing a sharp crack has been assumed to be equivalent to a
specimen containing a notch of the same length but as suggested by Jack et.
al (33) with a notch root radius (r) equal to a critical value (rc) at which
the fatigue strength of cracked and notched specimens are identical.

This analysis considers elliptical notches in an infinite plate and
assumes the validity of Peterson's equation (Eq. 11); since as shown in Section
3.2, Peterson's equation correctly represents the notch-size effect behavior

of the materials studied. Equation 11 may be written:

“a 2VA]r
Sn T T+ a/r (30)
Sa :
since Ke = < {definition) (31)
n
°r *n . 1 +3a/r (32)
Sa

1+ %— + 2¥A/r

It is known that largest value of Ke (K ) results when r is equal to

f.max
{a) (Equations 12 and 13). Jack et. al (33) also showed that for mild
steel, a cracked specimen would give a fatigue strength similar to a notched

specimen having the same notch depth but with a root radius (r) equal to 0.01
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in. This value of root radius (r) is roughly equal to the material constant

(a) for mild steel. Thus, assuming r in Equation 32 is equal to (a), Equation

32 becomes:

n 1

T A — (33)
a 1+ {A/a)”?
ro=a

c
The interesting aspects of Equation 33 are thati:

(i) fatigue strength of the cracked specimens containing both Tong
and short cracks can be well represented by an analysis for
elliptical nutches in an infinite plate, and

(i1} an universal plot such as Fig. 29 can be made if Sn/Sa is
plotted as a function of A/a on log-log scale.

Figure 29 shows the comparisons between the predictions using
Equation 33 and the experimental results for edge cracked specimens of mild
steel (24) equivalent to A-36 steel and BS L65 aluminum alloy (34) assuming
crack Tength {£) to be equivalent to notch depth (A). For such comparisons,
the crack length (£) of mild steel (24) and BS L65 aluminum alloy (34) have
been normalized by their respective values of (a) corresponding to a fixed
notch depth of 0.2 in. The predictions in general agree well with the

experimental results (see Fig. 29).

4.4 Relationship of EO From the Work of Haddad (30, 31) with the Material

Constant {(a)

Haddad et. al (30, 31) studied the behavior of "short cracks" using
LEFM. Starting with the definition of threshold stress intensity factor
(AKth):

B, = A5, (n2)? (34)
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where

>
L
0
i

range of fatigue strength for cracked specimen

Y
- -l &
“a a 45 7

The predicted variation of EE' versus £ using Equation 35 is shown in
a

Figure 30. Since the LEFM approach could not properly predict fatigue

or

[
(o]
I
ot

strength of cracked specimen in the "shorter crack" regions, Haddad et. al
(30, 31) modified the LEEM approach (Equations 34 and 35) by introducing
an intrinsic crack length (Eo) which they postulated to be a material con-

stant. They evaluated ﬂo by setting Equation 35 to one {see Figure 30):

- %
;9_ - g;&h .7% =1 (36)
B T
or )
TAK ]
ib =& 0= %' Astﬁl (37)
a

Subsequently, the modified form of LCquation 35 sugyesled by Haddad et al. is:

1

S AK 2

C th 1
< - ’ (38)
sa ASa w(£+£0i

S
§E' as a function of £ using Equation 38 is shown
Ta

The predicted variation of

in Figure 30.

Using the relationship of Equation 37, Equation 38 may also be written

as:

L (39)
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S
Tanaka ct. al (50) showed that a plot of gE-versus £/&, should give an

a
universal plot (see Figure 31). It has been proposed in Section 4.3
S

§E versus Afa based on notched specimen behavior (Equation
a

that a plot of
33) also could represent the data for cracked specimens, It can, however,
be seen that Equations 33 and 39 are not identical {see Figure 31) although
quite similar.

The relationship between (a) and (AKth/Sa) {Equation 29) which was

developed in Section 4.2 permits us to evaluate £ in terms of the

0
material constant {a). Recalling Equation 29:
8K, |2
a = 0.14( < in (29)
a

or . . .

6Ky = 0.75 ASa(wa)2 ksi (in.)? (40)
For a cracked specimen containing a crack of length (2£)

L i

By, = oS (2) ksi (in.)7 (41)

where
F = correction factor depending on the geometry of the crack.

Thus, using Equation 471, Equation 40 may be written:

AS 5

c . "¢ _ 0.75 L

The value of KO (proposed by Haddad et. al) can be evaluated in terms of

(a) by setting Equation 42 to one (£=£0):

¢ _ 0.7% o
5o = —F lamt)t =1 (43)
a
or
2o = O-gea in. (566)
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It is seen from Equation 44 that 20 is related to {a) and the geometry of
the crack (F). For an edge cracked specimen:

EO = 0.45 a in. : (45)
For a center cracked specimen:
| g, = 0.5 a in. (46)
While, for a semicircular surface crack;:

£, = a in. (47)

Figure 32 shows a comparison between the predicted £b (computed

using Equation 44) and the experimentally obtained Ko. With the exception

of Frost's data for which all necessary data was reported, comparisons with
£0 have been calculated from the ultimate tensile strength (Su) and

Equations 4 and 44. The predicted ﬂo show good agreement with experimentally

determined £, (Figure 32).
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5. OBSERVATIONS AND CONCLUSIONS

The results based on the analytical model proposed herein

considered elliptical notches 1n an infinite plate subjected to completely

reversed axial stress at a life of 107 cycles and led to the following

observations and conclusions:

(1) Using a simple relationship for Kf as a function of K

(2)

t gnd the initiated
crack length (aI), it has been shown that the fatigue notch sensitivity
index {q), for a given material, depends on Ky for geometrically
similar notches and on notch depth (A) for elliptical notches. The
predictions using this analytical model showed good agreement when
compared with the Frost's experimental results and the NASA's collected
experimental results on the notch-size effect.

This study leads one to conclude that the fatigue behavior of the
notched materials is better represented by Peterson's equation {Eq. 3)
than by Neuber's equation (Egq. 2), particularly when Ky 1s based on
perfect elasticity. The proposed analytical model, therefore, appcars

to Tend strong support to the concept of using the K condition for

f,max
elliptical notches.

Based on Peterson's equation {Eq. 3), a general relationship for the
material parameter (a) (often considered to be a material constant),
has been cstablished as a function of the strain-controlled fatigue
properties and the crack propagation constant, AKth’ This relationship
seems to apply to both steels and aluminum alloys. The significant
feature of such a correlation is that it overcomes the long standing

problem regarding the values of the material parameter (a) for

aluminum alloys.



(4)

(6)
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The analytical model developed for Ke has been used successfully to
study the condition‘For the forwation of the nonprepagating cracks,
The‘maximum Tength of the nonpropagating cracks that can be present
at the root of a notch has been evaluated.

An universal plot of (Sn/Sa) versus (A/a) based on elliptical notches
has been proposed which has been used.successfu11y to represent the

fatigue strength of cracked specimens,

The intrinsic crack Tength (Eo) as proposed by Haddad et. al was

retated to the material constant (a).
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TABLE 2

EXPERIMENTAL VALUES OF MATERIAL CONSTANT (a), FATIGUE LIMIT (S3)
AND THRESHOLD STRESS INTENSITY FACTOR (AKtp)

AK

Material Sa(1q7) ' t_h 3 a Ref.

' ksi ksi (in) in.
Mild steel 32 11 0.013 24, 30
BS L65 22 3.48 0.00313 25, 31
7075-T6 15 - 27.5 3.5 0.003 6, 40, 41
A-36 31 1 0.018 18, 30, 42
HY-130 55 10 0.0031 © 18, 23, 43

2024-T3 17 - 23 3.8 0.008 6, 4, 49
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APPENDIX
STRESS-STRAIN DISTRIBUTION AHEAD OF A NOTCH

Figures A-1 and A-2 show the stress and strain distribution as a
function of distance from the notch root for an aluminum alloy with an el-
liptical notch based on an elasto-plastic finite element analysis (45).
While Fig. A-3 shows the normalized stress-strain distribution ahead of a
notch root for different nominal stress ranges (AS) and has the following
features:

(i) at the notch root, the normalized stress-strain
distribution becomes one;

(i1) at very long distances from the notch root, theo-
retically such distribution should reach a limiting
value of ]/Kt;

(111) the decay of the normalized stress-strain distribution
has been assumed to an exponcntial and characterized by
a gradient 8 at x/A = 0.

Then such distribution can be formulated as:

X © o
*N!—- N —1 Ng—

A Al _ A X _
Wy - wov = |V - wrot] e - S{AJ (A-1)

where {N(x/A)}/N{0)} is the normalized stress-strain parameter at a normalized

dislance x/A from the notch root.

Multiplying both sides by {N(0}/N{=/A)}, then Eq. A-1 can be written as:

N(x/A = [Ao(x/A) de(x/A) ET5; N(O) = [A0(0) ac(0) ET; and
N{/A) = [Ac(=/A) Ac(=/A) EIZ.
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- 1= (Kt - 1) exp - Bﬁﬂ (A-2)

so, the slope of the plot between Ln[{N{x/A)/N{=/A)} - 17 and x/A will give
B (see Fig. A-4). Also plotted in Fig. A-4 are the results from the analytf-
jcal solution (46) for the same notch. It is clear from Fig. A-4 that the
value of 8:
(i) is a function of Kt and the nominal stress range in the
case of elasto-plastic analysis;
(11) is dependent on K, but is independent of the nominal
stress range in the case of an analytical solution;
(ii1) is a strong function of x/A over which regression analysis
have been made (see Fig. A-4) for both the elasto-plastic
analysis and the analytical solution.
Since 8 has been found to be dependent on Kt for both the elasto-plastic and'

the analytical solution, a plot has been drawn between B versus (Kt - 1)
(see Fig. A-5). Best fit lines for various aluminum alloys based on elasto-
plastic analysis results are shown as a function of the stress range. Similar
results for steels (47) also have been shown. Two best fit lines to analyt-
ical solutions have been shown as a function of x/A.

Figure A-b indicates B and (Kt - 1) are related such that:

B = a(Kt - 1) (A-3)

This relationship seems to be independent of the type of solution (analytical
or elasto-plastic), stress level and x/A over which regression analysis has
been made, and the constant (o) and the exponent (y) were found to be depend-

ent on the above mentioned variables.
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In this study to model the decay of the normalized stress-strain
distribution, the functional relationship between B and (Kt-- 1) has been

fitted to the analytical solution at x/A = 0.09 because of its independence

on the nominal stress range, so that

Figure A-6 shows the comparison between the prediction and the anaiyt-
ical solution for a specimen having infinite width with a circular hole (Kt = 3).
Thus, Eg. A-5 provides a simple means to study the normalized stress-strain

distribulion ghead of a notch in terms of Kt for the specimens with infinite

widths.
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