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Abstract Next-generation reactors are expected to
play a crucial role in power production in the foresee-
able future. Due to the extreme anticipated operating
temperatures of next-generation plants, a major con-
cern for candidate materials is failure by creep cavi-
tation. Indeed, many commonly used component life-
time estimates are based on how quickly intergranu-
lar voids grow. Void growth is known to be caused by
three processes: diffusion along the void surface, dif-
fusion along the grain boundary, and creep of the sur-
rounding grains. However, until now, previous creep
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cavitation models have neglected to account explic-
itly for both the surface diffusion process and primary
creep effects. More precisely, previous models assume
that surface diffusion occurs rapidly enough to sus-
tain quasi-equilibrium void growth, and that the creep
response of the grains is accurately modeled by power-
law secondary creep. To illustrate the potential rami-
fications of these assumptions, we present here novel
finite element simulations of intergranular void growth
under the combined effects of surface diffusion, grain
boundary diffusion, and bulk primary/secondary creep.
Our results indicate that crack-like void growth may be
more prevalent at high temperatures than previously
assumed, and that void growth of any kind is substan-
tially accelerated during the primary creep regime. This
could have serious implications for previous creep rup-
ture models, which may underestimate the rate of void
growth by almost two orders of magnitude or more.
Based on our results, we establish quantitative criteria
for quasi-equilibrium and crack-like void growth, and
we suggest quantitative improvements to the existing
models.

Keywords Cavitation · Creep · Diffusion · Fracture ·
Grain boundaries

1 Introduction and literature review

At present, nuclear power remains one of the most
viable carbon-neutral energy sources, and Generation-
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IV nuclear reactors will play a major role in power
production in the foreseeable future (GEN IV Interna-
tional Forum 2020; World Nuclear Association 2020).
Several Generation-IV reactor designs have been pro-
posed, all of which will operate at higher tempera-
tures than today’s reactors, including: Gas cooled fast
reactors (850 ◦C), Lead cooled fast reactors (480–570
◦C), Molten salt reactors (700–800 ◦C), Supercritical
water cooled reactors (510–625 ◦C), Sodium cooled
fast reactors (500–550 ◦C), and Very high temperature
gas reactors (750–1000 ◦C) (Chersola et al. 2015; GEN
IV International Forum 2020; World Nuclear Associa-
tion 2020). Such high temperatures promise increased
thermal efficiency compared to current energy conver-
sion systems and have the potential to facilitate the
production of hydrogen gas for a hydrogen economy.
However, these conditions will also place a severe bur-
den on plant components—particularly the Interme-
diate Heat Exchanger. Indeed, the GEN-IV Interna-
tional Forum 2020 Annual Report states that one of
the primary challenges for Generation-IV structural
materials is “time-dependent failure and microstruc-
tural instability in operating environments” (i.e., creep
rupture), and that “multi-scale modelling is needed to
support improved design methods” (GEN IV Interna-
tional Forum 2020). The present work aims to con-
tribute to this much-needed multi-scale modeling.

High-temperature creep rupture is known to be
controlled by intergranular cavitation: the nucleation,
growth, and coalescence of voids along grain bound-
aries (Argon 1982). This fact has been established
based on decades of experiments on a myriad of struc-
turalmetals (Argon 1982; Pataky et al. 2013; Tung et al.
2014). Accordingly, in an effort to anticipate and pre-
dict rupture, mathematical void growth models have
been developed based on the underlying physics of the
cavitation process.

The seminal work of Hull and Rimmer (1959) was
one of the first to suggest that the diffusion of matter
plays a significant role in bringing about void growth,
with atoms migrating along the void surface (a pro-
cess henceforth referred to as “surface diffusion”) and
along the grain boundary (henceforth “grain bound-
ary diffusion”). It is now well known that the relative
magnitudes of surface and grain boundary diffusion
determine the shape assumed by a growing void.When
surface diffusion occurs much more rapidly than grain
boundary diffusion, a void maintains its original shape
as it grows, and this is referred to as “quasi-equilibrium

Fig. 1 Two adjacent intergranular voids. The mean void radius
is a, and the center-to-center void spacing is 2b

void growth.” Conversely, when grain boundary dif-
fusion occurs much more rapidly than surface dif-
fusion, the void elongates along the direction of the
grain boundary, a process referred to as “crack-like
void growth” (Chuang et al. 1979; Chuang and Rice
1973; Kagawa 1976). Hull and Rimmer (1959) were
also among the first to estimate the rupture time of
a specimen or component based on the rate at which
voids grow. One expects voids to grow until the grain
boundary ligament between two adjacent voids can no
longer support the local stresses, at which point the lig-
ament fails and a microcrack is born. As illustrated in
Fig. 1, denote by a the mean void radius and by 2b
the center-to-center void spacing, and suppose that the
ligament will fail when a = λb, where λ ∈ (0, 1].
Then, according to Hull and Rimmer (1959), we may
estimate the rupture time as

tr =
λb∫

a0

da

ȧ
, (1)

where a0 is the initial void radius, a superscribed dot
denotes differentiation with respect to time, and it is
understood that ȧ is a function of the system param-
eters (including the current void radius a). Naturally,
the rupture time scales with the reciprocal of the void
growth rate ȧ, since faster void growth leads to shorter
rupture times, and vice versa. The functional form of
ȧ can be deduced from the results of void growth sim-
ulations, and over the last several decades a great deal
of effort has been devoted to accurate, physics-based
models of void growth.

Kagawa (1976) and Chuang et al. (1979) were the
first to investigate void growth analytically in the pres-
ence of both surface diffusion and grain boundary dif-
fusion, allowing the shape of the void to be determined
by the analysis. These authors considered both axisym-
metric and cylindrical voids under remotely applied
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uniaxial tension, and they treated the grains as rigid,
neglecting creep deformation in the surrounding mate-
rial. By linearizing the surface diffusion equation, they
derived three solutions for the void profile: one for
quasi-equilibrium void growth, another for crack-like
void growth, and a third solution—the so-called “self-
similar” solution—whose predictions agree with those
of the quasi-equilibrium solution or the crack-like solu-
tion, depending on the value of a dimensionless param-
eter χ = a3ȧ/Dsγs , where γs is the surface free
energy, and Ds = DsδsΩ/kT is the surface diffusiv-
ity, where Dsδs is the void surface diffusion coeffi-
cient, Ω is the atomic volume of the diffusion species,
k = 1.38 × 10−23 J/K is Boltzmann’s constant, and T
is the absolute temperature. For small values of χ , the
self-similar solution was found to agree with the quasi-
equilibrium solution, and for large values of χ , it was
found to agreewith the crack-like solution.On the basis
of their results, Chuang et al. (1979) established quanti-
tative criteria for quasi-equilibrium void growth versus
crack-like void growth of an axisymmetric void. From
Kagawa’s (1976) results, one can derive analogous cri-
teria for the case of a cylindrical void. According to
Kagawa’s (1976) originalwork, quasi-equilibriumvoid
growth should occur under remote stresses S satisfying

Sa

γs
< ψ

(
1 − a

b

) [
1 + 4

9

(
b

a
− 1

)
χ0Δ

]
, (2)

where ψ is the angle, in radians, the void tip makes
with the grain boundary (ψ = π/2 for a circular void),
and Δ = Dsδs/Dbδb is the ratio between the surface
and grain boundary diffusion coefficients. Similarly,
Kagawa (1976) predicts that crack-like void growth
should occur under remotely applied stresses S satis-
fying

Sa

γs
> ψ

(
1 − a

b

) [
χ
1/3
0 + 2

3

(
b

a
− 1

)
χ
2/3
0 Δ

]
. (3)

The parameter χ0 that appears in both (2) and (3) is
an appropriate value for χ that describes the “cutoff”
between quasi-equilibrium and crack-like void growth.
On the basis of his results, Kagawa (1976) recom-
mended taking χ0 = 5. It is worth noting that these
criteria overlap, that is, there exist conditions under
which (2) and (3) are satisfied simultaneously.We inter-
pret this overlap as corresponding to void growthwhich
is both quasi-equilibrium and crack-like (that is, some-
thing in between the two), which we will refer to as
“dynamic” void growth, for reasons that will become
clear in Sect. 3. It should be noted that these criteria

were derived assuming rigid grains, neglecting creep
of the surrounding material, and are therefore applica-
ble only at low temperatures–not the high temperatures
anticipated for Generation-IV plants. In the present
work, wewill establish analogous criteria for high tem-
peratures.

Needleman and Rice (1980) were the first to study
how creep deformation of the grains interacts with
grain boundary diffusion to bring about void growth
at high temperatures. They performed finite element
simulations of axisymmetric voids in uniaxial ten-
sion under the influence of both grain boundary dif-
fusion and bulk creep, and tabulated numerical val-
ues for the void growth rate. Needleman and Rice
(1980) did not account for surface diffusion explic-
itly; rather, they assumed ab initio that surface diffusion
occurred rapidly enough to maintain quasi-equilibrium
void growth. The seminal contribution of Needleman
and Rice (1980) was the introduction of a grain bound-
ary diffusion length

Lb =
(DbS

ε̇∞

)1/3

, (4)

where Db = DbδbΩ/kT is the grain boundary dif-
fusivity and ε̇∞ is the remote creep strain rate. For
remote power-law creep, ε̇∞ = ε̇0(S/σ0)

n , where
ε̇0 = 10−6 s−1 is the conventional reference strain rate,
σ0 is the reference stress, and n is the creep exponent.
Informally, Lb can be interpreted as the length over
which grain boundary diffusion is significant. How-
ever, the true usefulness of Lb lies in the dimensionless
ratio Lb/a, which gives ameasure of the relative impor-
tance of grain boundary diffusion vis-à-vis bulk creep.
When this ratio is large (typically 20 or greater), grain
boundary diffusion is more significant than bulk creep
in bringing about void growth, and when this ratio is
small (typically 4 or less), bulk creep is more signif-
icant than grain boundary diffusion. For intermediate
values, the effects of grain boundary diffusion and bulk
creep are comparable. The interplay between the creep
and diffusion processes can have a significant effect on
rupture time (Sanders et al. 2017).

Virtually all subsequent void growth modeling has
been based on the extension of the Needleman and
Rice (1980)model tomultiaxial stress states (Sham and
Needleman1983;VanderGiessen andTvergaard 1996;
Van der Giessen et al. 1995) and internal void pressures
(Van der Burg andVan derGiessen 1996a, b, 1997; Van
der Burg et al. 1996). Budiansky et al. (1982) devel-
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oped analytical expressions for the void growth rate
under the influence of bulk creep by itself. Sham and
Needleman (1983) then extended the work of Needle-
man andRice (1980) tomultiaxial stress states, propos-
ing a closed-form expression for the void growth rate
that approximated their numerical results by stitching
together the analytical expressions of Chuang et al.
(1979) [modified according to an observation by Chen
and Argon (1981)] and Budiansky et al. (1982). Sham
and Needleman’s (1983) expression was developed for
low porosities (a/b) and high stress triaxialities. Van
der Giessen and Tvergaard (1996) and Van der Giessen
et al. (1995) then extended the results of Sham and
Needleman (1983) to lower triaxialities by stitching
on additional expressions due to Tvergaard (1984a, b,
1986), and to higher porosities by incorporating addi-
tional expressions of their own.

Once the void growth rate ȧ has been established,
one may estimate the time to initial rupture using (1).
Equivalently, one may consider that rupture initiates
when the porosity a/b at any given point reaches a crit-
ical value λ ∈ (0, 1] (Huang et al. 2021). This scheme
has provided the basis for many commonly used creep
rupture models and lifetime estimates up to the present
day. For example, Wen et al.’s (2017, 2018) employ
the Van der Giessen and Tvergaard (1996) and Van
der Giessen et al. (1995) void growth model as part of
the constitutive behavior for their finite element sim-
ulations of creep crack propagation under both mono-
tonic and cyclic loading. In Wen et al.’s (2017, 2018)
simulations, a uniform mesh of square quadrilateral
elements is placed ahead of the initial crack tip, with
each quadrilateral element further subdivided into four
constant-strain triangular sub-elements. The stiffness
of a quadrilateral element is made to vanish when the
porosity a/b [or, using Wen et al.’s (2017, 2018) nota-
tion, r/b] reaches a critical value of 0.95 in at least
two of the four triangular sub-elements, thus simulat-
ing local material failure and crack growth. Even more
recently, Rovinelli et al. (2021) and Bieberdorf et al.
(2021) have employed the Van der Giessen and Tver-
gaard (1996) and Van der Giessen et al. (1995) void
growth model to simulate damage in the context of
their own finite element simulations.

The aforementioned void growth models are also
used to simulate failure by creep rupture in the presence
of high temperature hydrogen attack (HTHA).Notably,
Van der Burg and Van der Giessen (1996a, b, 1997)
and Van der Burg et al. (1996) further extended the

Van der Giessen and Tvergaard (1996) and Van der
Giessen et al. (1995) void growth model to account for
an internal pressure distribution (e.g., due to methane
gas) on the void surface. See recent work by Dadfarnia
et al. (2019) simulating hydrogen attack in carbon steels
under constrained void growth.

Crucially, we observe that every one of the works
cited above only accounts for at most two of the
three fundamental void growthmechanisms at a time—
those being surface diffusion, grain boundary diffu-
sion, and bulk creep. Most notably, Needleman and
Rice (1980) did not model the surface diffusion pro-
cess explicitly, instead assuming that surface diffusion
occurred rapidly enough to maintain quasi-equilibrium
void growth. Furthermore, although Needleman and
Rice (1980) considered creep of the grains, they mod-
eled the constitutive behavior of the bulk using the
classical power-law creep model, which only applies
in the secondary creep phase. As a result, all existing
creep cavitation models that are based on the extension
of Needleman and Rice (1980) to higher triaxialities
(Bieberdorf et al. 2021; Rovinelli et al. 2021; Sham and
Needleman1983;VanderGiessen andTvergaard 1996;
Van der Giessen et al. 1995; Wen et al.’s 2018, 2017)
and internal void pressures (Dadfarnia et al. 2019; Van
der Burg and Van der Giessen 1996a, b, 1997; Van der
Burg et al. 1996) suffer from two inherent limitations:
(1) they can neither anticipate nor simulate crack-like
void growth, and (2) they cannot capture the effects of
primary creep when it is present (for the importance
of modeling primary creep as it pertains to nuclear
power plant components, see for example Robinson
et al. (1976)). For the sake of brevity, such models will
henceforth be referred to as the “previousmodels.” [For
a discussion of void growth models that are not based
onNeedleman andRice (1980)—which are not directly
relevant to the present work but may nevertheless be
of interest to some readers—the reader is referred to a
recent survey of cavitationmodels by Sui et al. (2022)].

To investigate the potential ramifications of the
aforementioned limitations, the present authors have
developed a finite element code capable of simulat-
ing the growth of a single intergranular void under
the combined effects of surface diffusion, grain bound-
ary diffusion, and bulk primary/secondary creep (with
a smooth transition between primary and secondary
creep). The first simulation results obtained using this
code were reported in Sanders et al. (2021) for mate-
rial parameters representative of 2 1/4 Cr-1 Mo Steel
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(a high-temperature alloy used in liquid metal cooled
fast breeder reactor components) at 566 ◦C. However,
there were not yet enough results to make general con-
clusions at that time. In the present work, we extend
our previous results (Sanders et al. 2021) in order to
establish approximate, closed-form criteria for quasi-
equilibrium and crack-like void growth—analogous
to Kagawa’s expressions given by (2) and (3)—for a
wide range of realistic model parameters. We will also
present the very first simulation results for the mass
flux along the void surface and the grain boundary.
So that our results may generalize to other materials
and temperatures, we will express all results in terms
of suitable dimensionless groups. As noted in Sanders
et al. (2021), when surface diffusion is present, wemay
define a surface diffusion length Ls = (Ds S/ε̇∞)1/3,
analogous to the grain boundary diffusion length of
Needleman and Rice (1980). In that case, straightfor-
ward dimensional analysis on the system parameters
a0, b,Ds ,Db, ε̇∞, γs , S, andψ yields five independent
dimensionless groups:

1

a0

(DbS

ε̇∞

)1/3

,
1

a0

(Ds S

ε̇∞

)1/3

,

Sa0
γs

,
a0
b

, and ψ. (5)

The first two groups are the normalized grain boundary
and surface diffusion lengths Lb/a0 and Ls/a0, respec-
tively. The remaining groups appeared in Kagawa’s
(1976) criteria for quasi-equilibrium and crack-like
void growth, as given by (2) and (3). The diffusion
lengths also appeared in Kagawa’s criteria, but only
through their ratio, since Δ = (Ls/Lb)

3. In fact, we
will show that, for a wide range of realistic parameters,
the void shape still depends on Ls and Lb only in their
ratio, even when creep is accounted for.

The remainder of this paper is organized as follows.
We begin Sect. 2 by formulating the initial-boundary-
value problem of a cylindrical void in a creeping mate-
rial, accounting explicitly for both surface diffusion and
grain boundary diffusion. In Sect. 3, we present the
results of an extensive parameter study on the dimen-
sionless quantities Lb/a0, Ls/a0, and Sa0/γs . To see
the effects of primary creep, we employ a unified creep-
plasticity model due to Robinson et al. (1976), which
captures both primary creep and secondary creep, with
a smooth transition in between. Based on our results,

we develop quantitative criteria for quasi-equilibrium
and crack-like void growth, and compare our criteria to
those of Kagawa (1976) given in (2) and (3). In Sect. 4,
we conclude the paper by discussing potential rami-
fications for previous creep cavitation models, and we
make some suggestions for how to improve those mod-
els when possible.

2 Problem formulation

As in Sanders et al. (2021), we consider an array of
intergranular voids, each initially circular in profile
(ψ = π/2) and of radius a0, with an initial center-to-
center spacing of 2b. Following Kagawa (1976) and
Chuang et al. (1979), we consider cylindrical voids
which are very long in the out-of-plane direction, and
we restrict attention to a square unit cell, of initial width
and height each equal to 2b, centered on a single void.
This unit cell is subjected to a remotely applied uniax-
ial stress S perpendicular to the grain boundary. Due to
the symmetry of the geometry and the applied loads,
it suffices to consider only one quarter of the unit cell,
as shown in Fig. 2a, in which the grain boundary is
aligned along the x-axis.

The bulk material, denoted here by A, is modeled
as an incompressible solid subjected to the following
boundary conditions. By symmetry, the material along
the y-axis in Fig. 2a is constrained against movement
in the x -direction. Along the top edge of the unit cell
(denoted here by ST ), the material is subjected to a uni-
form and constant tensile stress S corresponding to the
remotely applied load. Furthermore, ST is constrained
to remain horizontal at all times. The right edge of the
unit cell is taken to be traction-free, and is constrained
to remain vertical at all times.

Denote by Ss the surface of the void, which extends
from point B to point C in Fig. 2a. This surface is sub-
jected to an outward normal stress γsκ due to surface
tension, where γs is the surface free energy and κ is
the curvature of the void surface (Chuang et al. 1979).
Due to chemical potential gradients, matter diffuses
along the void surface and is deposited along Ss . Let
js denote the volumetric flux (i.e., the volume of mat-
ter diffused per unit out-of-plane length per unit time)
along the void surface, and let α be the thickness of
matter deposited onto the void surface by this process
(note that, when α < 0, matter is depleted from the
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Fig. 2 aQuarter unit cellmodel of an intergranular void.bFinite
element mesh used in the present work

void surface). The conservation of mass dictates that

d js
ds

+ α̇ = 0 along Ss, (6)

where s is the arc length along Ss , starting from zero at
point B, and js is taken to be positive in the direction of
increasing s. Along Ss , the chemical potential is given
by μ(s) = μ0 − Ωγsκ(s), where γsκ(s) is the work
required to deposit matter against the normal stress, Ω
is the atomic volume, and μ0 is the reference chemical
potential in the bulk. According to Fick’s law,

js = −Dsδs

kT

dμ

ds
= Dsγs

dκ

ds
along Ss, (7)

where Ds is the surface diffusivity (defined previously
in Sect. 1), and it is assumed that γs is uniform. By

symmetry, the flux should vanish at the top B of the
void: js(0) = 0.

Similarly, denote by Sb the grain boundary, which
extends from point C to point D in Fig. 2a.Matter arriv-
ing by surface diffusion is deposited on, and continues
to diffuse along, the grain boundary. Let jb denote the
volumetric flux along the grain boundary (taken posi-
tive in the direction of increasing s, where s continues
where it left off at point C). Following Needleman and
Rice (1980), we assume that there is no grain boundary
sliding or cracking, so that the rate at which matter is
deposited onto the grain boundary coincides with the
normal velocity vn of the grain boundary surface. In
this way, the conservation of mass requires that

d jb
ds

+ vn = 0 along Sb, (8)

where we are employing the convention that the nor-
mal directions to the void surface and grain boundary
point into the surrounding material, in order to main-
tain consistency with Needleman and Rice (1980) (see
Fig. 2a). Along Sb, the chemical potential is given by
μ(s) = μ0 − Ωσn(s), where σn is the tensile stress
normal to the grain boundary, and the second term rep-
resents the work required to deposit matter against σn .
Fick’s law states that

jb = −Dbδb

kT

dμ

ds
= Db

dσn

ds
along Sb, (9)

whereDb is the grain boundary diffusivity (defined pre-
viously in Sect. 1). By symmetry, the flux should vanish
at the edge D of the unit cell: jb(sD) = 0. At point C,
where the void surface meets the grain boundary, the
flux and the chemical potential must be continuous.
That is, js(sC ) = jb(sC ) and σC = γsκC , where σC is
the stress normal to the grain boundary at C, and κC is
the curvature of the void surface at C.

As noted above, the displacement by which the
grains separate along Sb is related to the amount ofmat-
ter deposited along the grain boundary in a relatively
straightforwardmanner. Specifically, at any point along
the grain boundary, the normal velocity vn happens to
be identical to the rate at which matter is deposited
there, and that allows us to write (8) in terms of vn .
This constraint arises from the assumption that there
is no grain boundary sliding or cracking. However, the
void surface is not similarly constrained. Indeed, the
void surface is free to deform due to the applied trac-
tions in addition to matter deposition. As a result, (6)
must be written not in terms of the normal velocity of
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the void surface, but rather in terms of the rate α̇ at
which matter is deposited along the void surface, and
the amount of matter α that has been deposited on the
surface must be treated as a kind of state variable.

To handle the added complication of surface diffu-
sion, we employ a similar numerical approach to Sub-
ramanian and Sofronis (2002) [see also Pan and Cocks
(1995)], such that at each time step matter deposition
along the void surface is treated separately from the
other deformation. In particular, we decompose the dis-
placement of the void surface as usi = u0i −αni , where
u0i is the “baseline” displacement of the void surface
arising from processes other than surface diffusion, α
is the thickness of matter that has accumulated on the
void surface, and ni is the inward unit normal vector to
the void surface, as shown in Fig. 2a (note that we are
employing indicial notation, whereby subscript indices
label vector/tensor components and vary from 1 to 3).
At a given time step tn , the following two problems are
solved sequentially:

(i) Deformation without surface diffusion. Follow-
ing Needleman and Rice (1980), we construct the inte-
gral form of local quasi-static equilibrium using the
principle of virtual work in rate form:

∫∫

A

σi jδε̇i j d A =
∫

ST

Tiδvi ds

−
∫

Ss

γsκδvnds −
∫

Sb

σnδvnds, (10)

where σi j is the Cauchy stress field, δvi is a vir-
tual velocity field, δε̇i j = sym(δvi, j ) is the associ-
ated virtual strain rate field (a comma in a subscript
denotes a spatial gradient: (·), j = ∂(·)/∂x j ), Ti is
the applied traction on ST , and δvn = δvi ni (note
that we are employing the Einstein summation con-
vention, whereby it is understood that repeated indices
are summed over from 1 to 3). The negative signs result
from the normality convention employed here, that the
normal vector is taken to point into the material on
both Ss and Sb; again, this is done to maintain consis-
tencywithNeedleman andRice (1980). The integral on
the left-hand side of (10) represents the rate of virtual
work done by internal forces, and the integrals on the
right-hand side represent the rates of virtual work done
by the forces acting along the boundaries, under the
virtual displacement rate δvi . Equation (10) therefore

enforces quasi-static equilibrium of the unit cell under
the applied tractions Ti , the normal stress γsκ due to
the curvature of the void surface, and the normal stress
σn along the grain boundary—in short, all processes
except surface diffusion.

By finite element discretization, (10) is converted
into a set of finite element equations

fi (Δu j ) = 0, (11)

where the fi are referred to as the residuals, the Δu j

are the unknown nodal displacement increments, and
in this numerical context subscript indices range from 1
to the total number of degrees of freedom (in this case,
2N , where N is the total number of nodes). The finite
element mesh used in the present work is shown in
Fig. 2b. A total of 256 eight-noded, biquadratic quadri-
lateral elements were used. Equation (11) is solved iter-
atively via the Newton-Raphson method using custom
FORTRAN code. Starting from an initial guess for the
displacement increments Δui , we iterate on the lin-
earized equation

Ki jΔ
(
Δu j

) = − fi , (12)

where

Ki j = ∂ fi
∂Δu j

(13)

is the Jacobian (also known as the global stiffness
matrix) and Δ (Δui ) are the iterative updates to the
initial guess for the displacement increments. Once the
residuals have reached zero to within the desired toler-
ance, the solution is deemed to have converged for the
current time step. This yields the displacement incre-
ments Δui for each node, which determine the base-
line displacement increments Δu0i for the void surface.
Once these are known, the mass flux along the entire
grain boundary jb(s) is evaluated by integrating (8).
And since js(sC ) = jb(sC ), the mass flux along the
void surface at point C is determined.

(ii)Matter deposition along the void surface. Equa-
tions (6) and (7) are then solved simultaneously for the
rate α̇ at which matter is being deposited onto the void
surface, and thus the thickness Δα = α̇Δt deposited
during the time increment Δt . Once Δα is known,
the new shape of the void is constructed according to
Δusi = Δu0i − Δαni . This determines the curvature κ

along the entire void surface for use in (10) at the next
time step tn+1 = tn + Δt . Indeed, it is the curvature κ

that couples the two problems (i) and (ii).
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Fig. 3 Block diagram flowchart illustrating the numerical solu-
tion algorithm. The full mathematical details can be found in
Appendix F of Sanders (2017)

Figure 3 shows a schematic block diagram illustrat-
ing the numerical solution algorithm. The full mathe-
matical details of this solution procedure may be found
in Appendix F of Sanders (2017).

The constitutive behavior of the grain can be mod-
eled using either classical power-law creep (which only
captures secondary creep), or, to investigate the effects
of primary creep, a unified creep-plasticity model due
to Robinson et al. (1976). In the power-law model, the

strain rate tensor is given by

ε̇i j = ε̇0

(
σe

σ0

)n
(
3

2

σ ′
i j

σe

)
, (14)

where ε̇0 = 10−6 s−1 is the conventional reference
strain rate, σ0 is the reference stress, n is the creep
exponent, a subscript e denotes a von Mises equivalent
quantity such that, for any tensor Ti j ,

Te =
√

3
2T

′
i j T

′
i j , (15)

a prime denotes the deviatoric part of a tensor such that
T ′
i j = Ti j − 1

3Tkkδi j , and δi j is the Kronecker delta. The
Robinson–Pugh–Corum model (Robinson et al. 1976)
(henceforth referred to as the “RPC model”) accounts
for both primary and secondary creep, with a smooth
transition between the two. In this model, the strain rate
tensor is given by

ε̇i j = AΣ m
e

(
3

2

Σ ′
i j

Σe

)
, (16)

where the scalars A and m are temperature-dependent
material parameters, and the effective stress Σi j =
σi j − αi j is the difference between the local Cauchy
stress tensor σi j and the local flow stress tensorαi j . The
flow stressαi j is an internal state variable, similar to the
kinematic hardening variable of classical plasticity the-
ory, which represents the local material microstructure
in that αe = B

√
ρ, where B is another temperature-

dependent material parameter and ρ is the local dislo-
cation density. The time-dependence of the flow stress
is governed by the following evolution equation:

α̇i j = 2C

3αe
ε̇i j − Dα 2

e αi j , (17)

where C and D are additional temperature-dependent
material parameters. As discussed in detail by Sanders
et al. (2020), thefirst and second termson the right-hand
side of (17) represent strain hardening and recovery of
the material, respectively. It is the competition between
strain hardening and recovery that brings about the tran-
sition from primary to secondary creep, which is char-
acterized by the time scale

τ = 1√
ACD

(
S − B

√
ρ0

)m , (18)

where ρ0 is the initial dislocation density (Sanders et al.
2020). By comparing the results obtained using the
power-law model and the RPC model (Robinson et al.
1976), it is possible to see directly the effects of primary
creep on void growth.
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Table 1 Approximate chemical composition of 2 1/4 Cr-1 Mo steel (Sanders et al. 2020)

C Cr Fe Mn Mo P S Si

0.05–0.15 2.0–2.5 Bal. 0.3–0.6 0.9–1.1 0.025 0.025 0.5

All values are percentage by mass

3 Simulation results

To be definite, we will consider material parameters
representative of 2 1/4 Cr-1Mo Steel at 566 ◦C (Robin-
son et al. 1976), the limiting chemical composition of
which can be found in Table 1. As noted by Sanders
et al. (2020), at 566 ◦C this alloy exhibits a sig-
nificant primary creep phase, making it an excellent
candidate to investigate the effects of primary creep
on void growth. From experimental creep test data
reported by Robinson et al. (1976), we find that, with
ε̇0 = 10−6 s−1, the power-law reference stress and
creep exponent areσ0 ≈ 550 MPa and n ≈ 4.4, respec-
tively. Typically, during tensile tests, the applied stress
S does not exceed the power-law reference stress σ0,
and here we will fix the applied stress at S = 100 MPa,
which is less than σ0 but still of the same order of
magnitude. Additionally, Robinson et al. (1976) give
the following material parameters for the RPC model:
A = 4.87 × 10−40 Pa−4 s−1, B = 8.76 Pam, C =
7.9031 × 1017 Pa2, D = 2.382 × 10−23 Pa−2 s−1,
m = 4, and ρ0 = 2.79× 1011 m/m3. With these mate-
rial parameters and S = 100 MPa, the transition time
between primary and secondary creep comes out to
about τ = 320 h.

To generalize our results to other materials at other
temperatures, we will report all results in terms of
the dimensionless groups given in (5). Experimen-
tal micrographs of 2 1/4 Cr-1 Mo Steel (Klueh and
Swindeman 1983) reveal that the local void distribution
can vary dramatically, even within the same sample.
The size of an individual void can be anywhere from
a fraction of a micron to one micron in diameter, and
the void spacing can range from a fraction of a micron
to several microns. Here, as in Sanders et al. (2021),
we will consider an initial void radius of a0 = 1 µm
and an initial half-spacing of b = 10 µm, fixing the
initial porosity a0/b = 0.1. Based on data reported in
Frost and Ashby’s celebrated deformation mechanism
maps (Frost and Ashby 1982), we estimate that, for
2 1/4 Cr-1Mo Steel at 566 ◦C,Db ∼ 5×10−33 m6/J s.
Using these values, we estimate that Lb/a0 ∼ 10, and

we will consider values of Lb/a0 in this neighbor-
hood. Recall that, according to Needleman and Rice
(1980), grain boundary diffusion and bulk creep exert
comparable influence on void growth for values of
Lb/a0 between 4 and 20, so we expect to see the influ-
ence of both mechanisms in our simulations. As for
Ls/a0, we will consider values up to 80, which we will
see is sufficient to observe both quasi-equilibrium and
crack-like void growth. For metals at high tempera-
tures, γs ∼ 0.5 J/m2 Chattopadhyay (2001), so with
S = 100 MPa, we have that Sa0/γs ∼ 200, and we
will consider values on that order of magnitude or less.

Itwill prove instructive to beginwith results obtained
using the classical, power-law creepmodel, which only
accounts for secondary creep. Figure 4 shows represen-
tative results formodel parameters Ls/a0 = 20, 40, 60,
Lb/a0 = 8, Sa0/γs = 200, a0/b = 0.1, andψ = π/2,
illustrating the effect of increasing the normalized sur-
face diffusion length while holding all other parame-
ters fixed. Figure 4a, c, and e show the void profiles at
various times, while Fig. 4b, d, and f show the corre-
sponding mass flux distributions along both the void
surface and the grain boundary. All times are normal-
ized by the RPC transition time τ = 320 h (this is done
in order to facilitate comparison with the RPC model
later), the flux is normalized by a reference flux

jref = 3DbSb

(b − a0)2
, (19)

and the arc length s is normalized by itsmaximumvalue
at point D. As is evident from Fig. 4, the reference flux
jref gives a good estimate of the flux at the intersection
between the void surface and the grain boundary (point
C in Fig. 2a).

Figure 4a shows the simulated void profiles for
Ls/a0 = 20. The data points indicate the locations
of individual nodes along the void surface. In this case,
the void only expands in the x-direction (the direction
parallel to the grain boundary), which is the hallmark
of crack-like void growth. From Fig. 4b, it can be seen
that the mass flux along the void surface is negative
near the top of the void—between s/smax = 0 and
s/smax ≈ 0.1—and positive elsewhere. Furthermore,
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Fig. 4 Simulated void shape profiles and mass flux distribu-
tions at various nondimensionalized times for given values of
the dimensionless groups Ls/a0, Lb/a0, Sa0/γs , a0/b, and ψ ,

obtained using the power-law creep model. a and b Crack-like
void growth. c and d Dynamic void growth. e and f Quasi-
equilibrium void growth
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the flux initially decreases with arc length, achieving
a local minimum at s/smax ≈ 0.05, before increasing
up to its maximum value j/jre f ≈ 1.1 at the void tip.
According to (6), this means that α̇ is positive near the
top of the void, and negative near the void tip. That is,
matter is being deposited onto the void surface at the
top of the void, but it is being depleted from the void
surface near the grain boundary. It is the deposition of
matter at the top of the void that prevents the void from
expanding in the y-direction.

Figure 4c shows the void profiles for Ls/a0 = 40.
In this case, there is some expansion in the y-direction,
so it cannot be said that the void growth is truly crack-
like. However, the expansion in the x-direction is more
pronounced than that in the y-direction, so it cannot
be said that the void growth is truly quasi-equilibrium
either. Examination of the flux in Fig. 4d reveals that,
at time t/τ = 0.15, the qualitative behavior is similar
to that in Fig. 4b, in that there is deposition of matter
near the top of the void. However, by time t/τ = 0.75,
the flux along the void surface is everywhere positive
and increasing. At that and all subsequent times, mat-
ter is only ever depleted from the void surface, never
deposited. We will refer to such behavior as “dynamic”
void growth, which we identify with the region of over-
lap in Kagawa’s (1976) and Chuang et al.’s (1979) cri-
teria, as discussed in Sect. 1.

Finally, Fig. 4e shows the void profiles for Ls/a0 =
60. In this case, the amount of expansion in the x-
direction is nearly the same as that in the y-direction.
From Fig. 4f, the flux along the void surface is every-
where positive and increasing for all times shown, indi-
cating that matter is only ever depleted from the void
surface. This is the hallmark of quasi-equilibrium void
growth. Thus, by accounting explicitly for both sur-
face and grain boundary diffusion, the present model is
able to capture both crack-like and quasi-equilibrium
void growth, depending on the system parameters—in
particular the normalized diffusion lengths Ls/a0 and
Lb/a0.

We pause here to observe that labeling the behavior
of a given simulation as either “crack-like” or “quasi-
equilibrium” is, to some extent, artificial. This is per-
haps most evident from the behavior of the surface flux
near the top of the void. It could be argued from our
discussion of Fig. 4 that crack-like void growth is asso-
ciated with there being a region near the top of the
void in which the mass flux is negative, so that mat-
ter is deposited near the top of the void. If we use

that as the criterion for crack-like void growth, then
we would conclude that Fig. 4c actually exhibits a
transition from crack-like void growth at small times
to quasi-equilibrium void growth at large times. It
may very well be that all void growth is what we
have called “dynamic,” transitioning from crack-like
to quasi-equilibrium, with the duration of the crack-
like phase longer or shorter, depending on the system
parameters. When we say that the behavior of a given
simulation is “crack-like,” then, we mean that the dura-
tion of the crack-like phase is significant. In general,
for a fixed value of the grain boundary diffusion length
Lb/a0, the duration of crack-like void growth decreases
as the surface diffusion length Ls/a0 increases, until
it is no longer noticeable. Indeed, there is barely
any crack-like growth noticeable in Fig. 4e, which
we have appropriately labeled as “quasi-equilibrium.”
This makes sense, and is consistent with the well-
known result that when surface diffusion occurs much
more rapidly than grain boundary diffusion, the void
exhibits quasi-equilibrium void growth (Chuang et al.
1979; Kagawa 1976; Needleman and Rice 1980).

3.1 Effect of primary creep on void growth

To see the effects of primary creep, we exchange the
power-law creep model in favor of the RPC model
(Robinson et al. 1976). Figure 5 shows analogous plots
to Fig. 4, using the RPC model instead of power-law
creep. The only difference between these two sets of
figures is the constitutive model used; all of the other
model parameters remain the same between each pair
of corresponding figures. In computing the diffusion
lengths Ls and Lb for the RPC model, we are setting
n = m and σ0 = (ε̇0/A)1/m . The qualitative behavior
of the void profile and the mass flux is essentially the
same for RPC creep as it was for power-law creep—
indeed, it is rather remarkable how similar the shapes of
the plots are. It would seem that primary creep does not
affect the actual shapes assumed by the void as it grows.
However, there is one major difference. In Fig. 5, by
time t/τ = 0.018, the void has already reached the
same size and shape as it did by time t/τ = 1.5 in
Fig. 4. Apparently, when primary creep is accounted
for, the void initially grows about 1.5/0.018 ≈ 83 times
faster than it does when primary creep is neglected.
We note that this same “acceleration factor” of 83 was
observed for all simulations performed with an applied
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Fig. 5 Simulated void shape profiles and mass flux distribu-
tions at various nondimensionalized times for given values of
the dimensionless groups Ls/a0, Lb/a0, Sa0/γs , a0/b, and ψ ,

obtained using the RPC creep model (Robinson et al. 1976). a
and b Crack-like void growth. c and d Dynamic void growth. e
and f Quasi-equilibrium void growth
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tensile stress S = 100 MPa, regardless of the values of
Lb/a0, Ls/a0, and Sa0/γs . This is to be expected, since
the strain rate is higher in the primary creep phase than
in the secondary creep phase. Hence, we expect to see
the void grow faster when primary creep is accounted
for, compared to when primary creep is neglected.

The acceleration factor ξ (here, 83 for material
parameters representative of 2 1/4 Cr-1 Mo Steel at
566oC with S = 100 MPa) can be estimated based on
the applied stress S and the material parameters. One
estimate is given by

ξ− = A
(
S − B

√
ρ0

)m
ε̇0 (S/σ0)

n ∼ 73. (20)

This is simply the ratio between the initial strain rate
(i.e., at time t = 0) predicted by the RPC model and
the strain rate predicted by the power-law creep model
in a uniaxial creep test with remotely applied stress S.
As the subscript is meant to suggest, it would appear
that (20) gives a lower-bound estimate, since the actual
acceleration factor here is 83.A slightly higher estimate
can be obtained by omitting the factor of B

√
ρ0 in (20)

as follows:

ξ+ = ASm

ε̇0 (S/σ0)
n ∼ 88. (21)

The above appears to give an upper-bound estimate for
the acceleration factor. In any case, the fact that the true
acceleration factor falls between these two estimates
suggests that the void growth rate scaleswith the remote
strain rate (at least approximately).

3.2 Criteria for quasi-equilibrium and crack-like void
growth

To establish quantitative criteria for quasi-equilibrium
versus crack-like void growth, we have performed a
parametric study on the dimensionless groups Lb/a0 ∈
[7, 13], Ls/a0 ∈ [20, 80], and Sa0/γs ∈ {50, 100, 150,
200} (recall that we have fixed a0/b = 0.10 and
ψ = π/2). In total, over 286 simulations have been per-
formed [half with the power-law model and half with
the RPCmodel (Robinson et al. 1976)], and each simu-
lation was categorized as primarily quasi-equilibrium,
crack-like, or dynamic. The void growth was catego-
rized as quasi-equilibrium if the void grew the same
amount (±0.05a0) in both the x- and y-directions dur-
ing the entire course of the simulation; crack-like if
the void grew at least 0.20a0 in the x-direction without

growing more than 0.05a0 in the y-direction during the
entire course of the simulation; and dynamic otherwise.
We note that the two constitutive models yielded iden-
tically shaped void profiles for every set of parameters
considered here, the only difference being the acceler-
ation factor of 83 noted above. Figure 6 summarizes
the results.

Note that, for fixed values of Sa/γs , a/b, and ψ ,
and with Kagawa’s (1976) suggested cutoff value of
χ0 = 5, Kagawa’s (1976) criteria, as given by (2)
and (3), define lines that separate the LbLs-plane
into three regions, corresponding to quasi-equilibrium,
crack-like, and dynamic void growth. For example,
with Sa/γs = 100, a/b = 0.10, and ψ = π/2,
(2) and (3) imply that quasi-equilibrium void growth
should occur for Ls/Lb > 1.58, crack-like void growth
for Ls/Lb < 1.52, and dynamic void growth for
1.52 < Ls/Lb < 1.58. The linear boundaries given
by Kagawa’s (1976) criteria are illustrated in grey in
Fig. 6. Not surprisingly, our results (which account for
creep of the grains) do not align with Kagawa’s (1976)
criteria (whichwere derived for rigid grains). However,
there still appear to be linear boundaries between the
regions of crack-like, quasi-equilibrium, and dynamic
void growth defined by the data points in Fig. 6. This
suggests that the void shape may still depend on Ls and
Lb only in their ratio, evenwhen creep is accounted for.
That is, the void shape may be a function of just four
dimensionless groups (Ls/Lb, Sa0/γs , a0/b, and ψ),
not the five dimensionless groups (5) identified using
dimensional analysis.

Boundaries consistent with the present results are
illustrated in black in Fig. 6. For example, with
Sa/γs = 100,wefind that the quasi-equilibrium region
is well approximated by the condition Ls/Lb > 5.63,
and that the crack-like region is well approximated by
the condition Ls/Lb < 3.05. Note that, in all cases,
our threshold values for Ls/Lb are higher than the cor-
responding values given by Kagawa (1976). In other
words, for a fixed value of Lb, Ls must be greater in the
presence of bulk creep than in the case of rigid grains
in order to bring about quasi-equilibrium void growth.
This suggests that crack-like void growth may be more
common than previously thought at high temperatures.

Our threshold values of Ls/Lb for crack-like and
quasi-equilibrium void growth are plotted against
Sa0/γs in Fig. 7a. Interestingly, these plots are also
approximately linear, with both linear trend lines
exhibiting determination coefficients (r2) in the neigh-
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Fig. 6 Summary of simulation results for Sa0/γs = a 50, b 100,
c 150, and d 200, with a0/b = 0.10 and ψ = π/2. Each data
point represents a single simulation using the given values of
Ls/a0 and Lb/a0, and the points are shaded based on the void
shape observed: quasi-equilibrium (white), dynamic (grey), or

crack-like (black). The grey lines represent the criteria derived by
Kagawa (1976) for rigid grains using nominal values a/b = 0.10
and χ0 = 5 in (2) and (3). The black lines represent criteria con-
sistent with our results, which account for bulk creep in the grains

borhood of 0.91. Thus, the following criteria for quasi-
equilibrium and crack-like void growth give an approx-
imate representation of the results presented in this
work:

quasi-equilibrium void growth:

Ls

Lb
> 0.0121

(
Sa0
γs

)
+ 4.065, (22)

crack-like void growth:

Ls

Lb
< 0.0131

(
Sa0
γs

)
+ 1.575. (23)

For amore direct comparison toKagawa’s (1976) crite-
ria,wemay invert the ordinates and abscissae in Fig. 7a,
obtaining Fig. 7b and the following criteria:

quasi-equilibrium void growth:

Sa0
γs

< −292.38 + 74.766

(
Ls

Lb

)
, (24)
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Fig. 7 Observed thresholds for quasi-equilibrium and crack-like
void growth with a0/b = 0.1 and ψ = π/2, consistent with the
results shown in Fig. 6, along with linear trend lines. a Ls/Lb
plotted against Sa0/γs . b Sa0/γs plotted against Ls/Lb

crack-like void growth:

Sa0
γs

> −97.254 + 69.184

(
Ls

Lb

)
. (25)

We emphasize that the above criteria were developed
to approximate our numerical results (which account
for creep of the grains), and we do not expect our cri-
teria to match Kagawa’s (1976) criteria (which were
derived for rigid grains). Nevertheless, it is interest-
ing to compare (24) and (25) to (2) and (3), respec-
tively. Despite a superficial resemblance, we note two
important differences. The first is that the ratio Ls/Lb

appears linearly in (24) and (25) but cubically in (2)
and (3), since Δ = (Ls/Lb)

3. The second difference
is the sign of the remaining terms, which are nega-
tive in (24) and (25) but positive in (2) and (3). It

should be noted, however, that our criteria are consis-
tent with Kagawa’s (1976) criteria in certain extreme
limits. For both sets of criteria, when grain boundary
diffusion is negligible (mathematically, when the ratio
Ls/Lb is taken to infinity with all other parameters
held fixed), the possibility of crack-like void growth
is excluded; and when surface tension is negligible
(mathematically, when Sa0/γs is taken to infinity with
all other parameters fixed), the possibility of quasi-
equilibrium void growth is excluded. Interestingly, our
criteria are not consistentwithKagawa’s (1976) criteria
when surface diffusion is negligible (mathematically,
when Ls/Lb is taken to zero with all other parame-
ters held fixed). In that case, the possibility of quasi-
equilibrium void growth is excluded under our criteria
(as it should be), but Kagawa’s (1976) criteria allow for
both quasi-equilibrium and crack-like void growth in
that limit. This lends some physical plausibility to our
criteria. However, we are quick to emphasize that the
criteria given by (22)–(25) were developed specifically
for dimensionless parameter values Lb/a0 ∈ [7, 13],
Ls/a0 ∈ [20, 80], Sa0/γs ∈ [50, 200], a0/b = 0.10,
and ψ = π/2. Caution should be taken when extrapo-
lating to other values.

4 Discussion and conclusion

Wemay summarize the present results with the follow-
ing two observations:

1. Crack-like void growth appears to be more preva-
lent at high temperatures than previously assumed
based on rigid-grain models. This is evident from
Fig. 6, where the thresholds for crack-like void
growth are higher than those given by Kagawa
(1976). In otherwords, the region of crack-like void
growth is larger in the presence of bulk creep than
would be predicted assuming rigid-grains.

2. Void growth of any kind is substantially accelerated
during the primary creep phase. In all 286 sim-
ulations carried out for the present work, regard-
less of the system parameters, the void grew sig-
nificantly faster in the presence of primary creep
than would be expected based on the power-law
creep model, although the actual shapes assumed
by the void were not affected by the presence of
primary creep. The “acceleration factor” (here, 83
for material parameters representative of 2 1/4 Cr-
1Mo Steel at 566 ◦Cwith an applied uniaxial stress
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of S = 100 MPa) was found to be in good agree-
ment with estimates (20) and (21) based on the
ratio between the strain rates in the primary and
secondary creep phases, suggesting that the void
growth rate scales (at least approximately) with the
remote strain rate.

These observations could have serious implications for
previous creep cavitation models. Recall that, because
Needleman and Rice (1980) did not model the surface
diffusionprocess explicitly, theirmodel couldnot antic-
ipate or simulate crack-like void growth, and they did
not account for primary creep. It is possible that creep
cavitation models based on the extension of Needle-
man and Rice (1980) to higher triaxialities (Bieberdorf
et al. 2021; Rovinelli et al. 2021; Sham and Needleman
1983; Van der Giessen and Tvergaard 1996; Van der
Giessen et al. 1995; Wen et al.’s 2018, 2017) and inter-
nal void pressures (Dadfarnia et al. 2019; Van der Burg
andVan der Giessen 1996a, b, 1997; Van der Burg et al.
1996) are underestimating the true rate of void growth
in actual structures and components. The worst-case
scenario would be when crack-like void growth occurs
during the primary creep phase. In that case, these two
effects would compound, and previous models could
potentially underestimate the rate of void growth by
more than two orders of magnitude, depending on the
material and the applied loads. In such cases, any com-
ponent lifetime estimates that were based on the previ-
ous models would be unreliable.

For remote uniaxial tension, the criteria summarized
in Fig. 6 and approximated by (22)–(25) can be used
to estimate whether or not crack-like void growth will
occur for a given material at a given temperature under
given loading conditions (within the limits set by the
parameters considered here). As long as only quasi-
equilibriumvoid growth occurs, our results suggest that
previousmodelsmaybe corrected by simply scaling the
void growth rate ȧ by an acceleration factor ξ given by

ξ ≈ ε̇∞(t)

ε̇∗∞
, (26)

where ε̇∞(t) is the current remote uniaxial strain rate at
any given time, and ε̇∗∞ is the remote uniaxial strain rate
during secondary creep. The previousmodels cannot be
so corrected when crack-like or dynamic void growth
is present. In that case, additional modeling will be
necessary.
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