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Abstract

Understanding why people respect social norms and exhibit pro-social behavior, many
times contrary to their material interest, is an important topic in social science. This
paper studies the role of emotions such as pride and shame. Based on various psychological
literature, we argue that pride and shame are (i) external (ii) context dependent and (iii)
relative feelings. In order to accomodate those psychological matters, we study a preference
relation over sets and interpret as a following two-stage decision making process. In the
ex-ante stage, the decision maker privately chooses a set of lotteries. In contrast, in the
ex-post stage, the decision maker publicly chooses a lottery from the chosen set of available
lotteries. Given a reference behavior, our axioms yield a representation that identifies the
individual’s selfish utility function, social norm function, benefit of pride and cost of shame.
Compare with the reference behavior, the decision maker feels pride if she acts prosocially
and feels shame if she acts antisocially and if those actions are publicly observed.

∗I would like to thank my adviser professor Hidehiko Ichimura for encouragement and support. I would like
to also thank Akihiko Matsui, Daisuke Oyama, Kazuya Kamiya, Norio Takeoka and Satoru Takahashi for useful
comments. All remaining errors are my own.
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1 Introduction

Understanding why people respect social norms and exhibit pro-social behavior, many times
contrary to their material interest, is an important topic in social science. For example, social
researchers such as Arrow(1954) and Elster(1989) argue that social norms are the key for the
attainment of social order. Partly due to the recent experiments on other-regarding preferences,
economists have been paying growing attention on the role of social norms on preferences and
behavior. On the other hand, economists have recently paying much attention on the role of
emotions on behavior. For example, even if the decision maker is not intrinsically pro-social,
she may behave pro-socially due the emotions such as pride and shame. i.e. she may feel shame
behaving selfish or she may feel pride behaving pro-socially.

Gul and Pesendorfer(2001) (henceforth GP) studied a preference relation over sets of lotteries
and axiomatically derived an utility function V of the form

V (A) = max
x∈A

[
u(x)−

{
max
y∈A

w(y)− w(x)
}]

where u and w are both von Neumann-Morgenstern utility functions over lotteries. They inter-
preted w as the agent’s temptation ranking and maxy∈A w(y)−w(x) as the cost of self-control.
However, this is just a part of their interpretation and u and w can be reinterpreted in a differ-
ent way depending on contexts. For example, in some of dictator game experiments, dictators
typically exhibit following preference relation (e.g. Dana et al. (2006))

{(0.9, 0)} ≻ {(1, 0), (0.9, 0.1), · · · (0.1, 0.9), (0, 1)}.

where the sets are interpreted as choice sets that the dictators are facing and choices are alloca-
tions between dictator and recipient. If dictators are purely altruistic, they can choose (0.9, 0.1)
from the later choice set and can improve. On the other hand, if the dictators are selfish, they
can choose (1,0) from the later choice set and can imcrease their allocation. Therefore, neither
pure altruism nor selfish behavior explains above relation. Dillenberger and Sadowski(2012)
(henceforth DS) derived a similar representation with GP in order to explain above relation and
argue that the dictators feels shame if he chooses (1,0) from the choice set {(1, 0), (0.5, 0.5)}
and reinterpreted u and w and maxw(y)−w(x), in GP, as the selfish utility function, the social
norm function, and the cost of shame respectively1. However, consider a following preference
relation

{(1, 0), (0.5, 0.5)} ≻ {(0.5, 0.5)}.

In DS’s model, the decision maker exhibits above relation only if she chooses (1,0) from {(1, 0), (0.5, 0.5)}2.
It is intuitive to say that the decision maker feels pride if she chooses the fair allocation (0.5, 0.5)
from {(1, 0), (0.5, 0.5)}. The present paper is aimed to axiomatically capture pride and shame
simultaneously.

1.1 Psychology of Pride and Shame

Let us briefly overview some of the psychological literature on pride and shame.

1. To begin with, let us clarify the difference between pure altruism or loyalty, guilt and pride,
shame. Our understanding follows the traditional understanding of pride and shame. For
simplicity, let us focus on guilt and shame. Traditional literature in psychology argue that guilt
is internal or private while shame is external or public. For example, Buss(1980) notes that

1They studied preferences over sets of degenerate allocations and hence their axiomatizing strategy is different
from that of GP’s.

2Otherwise, {(1, 0), (0.5, 0.5)} ∼ {(0.5, 0.5)}).
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The best test of guilt is whether anyone else knows of the trangression. In true guilt, no one
need know.[...] Shame is essentially public; if no one else knows, there is no basis for shame.

We can say a similar argument by replacing guilt with pure altruism or loyalty and shame
with pride. Although some of the recent psychological literature suggest that this view of pride
and shame is not supported from the recent experiments(e.g. Tamgey and Dearing (2002)), all
psychologists may agree upon that there is indeed strong correlation between public exposure
and such feelings. Therefore, we believe that we can approximately stand on the traditional
view point of pride and shame for the sake of simplicity of the analysis.

2. Secondly, pride and shame are context dependent feelings. For example, consider a decision
maker who encounters a beggar and has to decide whether to give money or not to give money
to the beggar. In this situation, if she does not have money at all and if the beggar knows
that, there is no reason why she should feel shame not giving money to the beggar. Similarly,
consider a decision maker who thinks smoking at public places as improper behavior. She may
feel pride by not choosing to smoke in the situation where she can choose to smoke. However, if
she does not have a choice to smoke (for instance, consider a case where she left her cigarettes in
her home), she has no basis to feel pride. These examples suggest that pride and shame solely
depend on the choice set that the decision maker has. The decision maker may feel pride or
shame by not taking a certain choice in her choice set.

3. Thirdly, pride and shame are relative feelings. Namely, pride(resp. shame) is the feeling that
comes when the decision maker act pro-socially(resp. anti-socially) compare with a reference
behavior. For examlple, consider a decision maker who thinks smoking at a public place as
improper behavior and compare her feelings when she does not smoke in a public place where
(i) nobody smokes or (ii) many people smoke. This example suggests that a sense of superiority
is likely to translate into stronger pride and hence pride intensity is highly conditional on what
others do. On the other hand, shame can be regarded as a opposite feeling to pride and
similar example illustrate that a sense of inferiority is likely to translate into stronger shame.3

Festinger(1954) also suggests that the decision maker’s level of aspiration(her statement of what
she considers is good performance) always moves close to the level of performance that others
like herself performed.

To summarize,

1. Pride and shame are feelings that come when the decision maker’s action is publicly observed.

Unobserved Observed
Good Altruism or Loyalty Pride
Bad Guilt Shame

Table 1: Difference between Pride (resp. Shame) and Altruism (resp. Guilt)

2. Pride and shame are context dependent feelings. The decision maker may feel pride or shame
by not taking a certain choice in her choice set.

3. Pride and shame are relative feelings. Compare with a reference behavior, if the decision
maker acts pro-socially should trigger pride and anti-socially should trigger shame

3This example is quoted from Lopez-Perez(2008).
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Now, by noting above three psychological facts, let us go back to DS’s model. They used GP’s
framework and interpreted a preference relation over sets as a following two-stage decision mak-
ing process. In the ex-ante stage, the decision maker privately chooses a set of alternatives.
In contrast, in the ex-post stage, the decision maker publicly chooses an alternative from the
chosen set of available alternatives. By applying GP’s framework and applying above inter-
pretation, they succeeded to capture the psychological facts 1 and 2 above in their model and
explained the experimental result in Dana et.al(2006). However, their model did not consider
above psychological fact 3 and ignored that pride and shame are relative feelings. This is the
reason why their model captured only shame and not pride. Our objective in this paper is to
model pride and shame simultaneously.

1.2 Representation

Following GP’s framework, but applying the interpretation of DS, we study a preference relation
over sets and consider a following two-stage decision making process. In the ex-ante stage, the
decision maker privately chooses a set of lotteries. In contrast, in the ex-post stage, the decision
maker publicly chooses a lottery from the chosen set of available lotteries. For simplicity, we
assume that the reference behavior is represented by a function r : ∆(Z) → R. To be more
precise, the reference behavior is the point at which the function r is maximized in a given choice
set. The present paper derives an utility function of the form

V (A) = max
x∈A

[
u(x)−

{
max

y∈Mr(A)
w(y)− w(x)

}]
where Mr(A) = argmaxz∈A r(z). We interpret u as representing the selfish utility function and
w as the social norm function. These interpretation are same with that of DS. Moreover, we call
maxMr(A) w as a reference point of a choice set A and maxy∈Mr(A) w(y)−w(x) as the benefit
of pride if it is negative and the cost of shame if it is positive. Therefore, compare with the
reference point, the decision maker feels pride if she acts prosocially and feels shame if she acts
antisocially.
The rest of the paper is organized as follows. In Section 2, we propose our model and propose
our axioms and provide intuitive explanations. Section 3, we state our main theorem. Section 4
discusses possible extentions and conclude the paper. All proofs of the theorems are in appendix.

2 Model

We analyze the following two-stage decision problem. In the ex-ante stage, the decision maker
privately chooses a set of lotteries. In contrast, in the ex-post stage, the decision maker publicly
chooses an lottery from the chosen set of available lotteries (??). Let (Z, d) be a compact metric
space, where Z is the set of all prizes and let ∆(Z) denote the set of all probability measures
on the Borel σ-algebra of Z endowed with the weak topology. Let A denote the set of all closed
subsets of ∆(Z). As in Kreps(1972), Gul and Pesendorfer(2001), Dekel, Lipman and Rustichini
(2001,2009), Kopylov(2012), we define a binary relation ≿ over A. Let us endow A with the
topology generated by the Hausdorff metric

dH(A,B) = max
{
max
a∈A

min
b∈B

d(a, b), max
b∈B

min
a∈A

d(a, b)
}

where d is a metric that generates the weak topology. Define αA+ (1−α)B = {z ∈ ∆(Z) : z =
αa+ (1− α)b, a ∈ A, b ∈ B} for A,B ∈ A and α ∈ [0, 1].
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Figure 1: Timing of the decisions

2.1 Axioms

The following 3 axioms are the standard axioms in the literatures. We weaken the continuity
axiom because our representation is essentially discontinuous and thus for the technical reason
which does not bother our discussion.

AXIOM 1(Order): ≿ is complete and transitive.

AXIOM 2a(Lower Semi-Continuity): For any A ∈ A, {B ∈ A : A ≿ B} is closed.

AXIOM 2b(Upper von Neumann-Morgenstern Continuity): A ≻ B ≻ C implies B ≻ αA +
(1− α)B for some α ∈ (0, 1).

AXIOM 2c(Upper Singleton Continuity): For any x ∈ ∆(Z), {{y} ∈ A : {y} ≿ {x}} is closed.

AXIOM 3(Independence): A ≻ B implies αA+ (1− α)C ≻ αB + (1− α)C for all α ∈ (0, 1].

Here, we will define another model primitive in this paper. Define a binary relation ≿r by

A ≿r B ⇔ max
A

r ≥ max
B

r

where r : ∆(Z) → R is a linear and continuous function. We interpret this function as a function
representing reference behavior. Namely, the reference behavior of a given choice set A is the
point at which the function r is maximized in A. Note that, since A is the set of all compact
subsets of ∆(Z), and r is continuous by assumption, above relation is well defined. We Interpret
that the decision maker and the public observer have common reference behavior r. For example
think about the case where they observed, before the begining of the two stage decision problem,
a decision made by other decision makers. 4Therefore, our model primitives are (≿, r).
Now we are in a position to state our two main axioms which capture the nature of pride and
shame. First axiom simply says that including a choice which is not chosen by reference behavior
does not decrease the decision maker’s utility.

AXIOM 4(r-Dominance Monotonicity): For any A,B ∈ A, A ≻r B implies A ∪B ≿ A.

4Similar situation is examined by the experimental study of Bicchieri and Xiao(2009).
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To understand this axiom more precisely, consider a dictator game example where a dictator
has to choose an allocation from {(1, 0), (0, 1)}.5 Suppose r((1, 0)) > r((0, 1)). Then

r((1, 0)) > r((0, 1)) then {(1, 0), (0, 1)} ≿ {(1, 0)}.

Above relation says that, when faced with a choice set {(1, 0), (0, 1)}, a typical dictator who
follows the reference behavior chooses (1,0). Therefore, even if the dictator chooses (1,0)
from {(1, 0), (0, 1)}, she does not feel shame (or pride) and can obtain utility same with the
level she could have been obtained from choosing (1,0) from {(1, 0)}. Therefore, the situation
{(1, 0), (0, 1)} is not worse than the situation {(1, 0)}. The next axiom is states which choice
to be the reference point when there exist multiple choices that are supported from reference
behavior.

AXIOM 5(r-Indifference Set Betweenness): For any A,B ∈ A, A ∼r B and A ≿ B implies
A ≿ A ∪B ≿ B.

To understand this axiom, consider again a dictator game example where a dictator has to
choose an allocation from {(1, 0), (0.9, 0.1)}. And suppose r((1, 0)) = r((0.9, 0.1)). For example,
think about the case where a typical dictator who follows reference behavior is purely altruistic
and evaluates (1,0) and (0.9, 0.1) as indifferent. A typical example of axiom5 is the following

r((1, 0)) = r((0.9, 0.1)) and {(1, 0)} ≿ {(0.9, 0.1)} then {(1, 0)} ≿ {(1, 0), (0.9, 0.1)} ≿ {(0.9, 0.1)}.

For the sake of simplicity, let us suppose that the dictator under consideration is intrinsically
selfish and prefer (1,0) to (0.9, 0.1). This can be represented by a relation over singleton
{(1, 0)} ≻ {(0.9, 0.1)}. Above relation simply says that, in this example, choosing (1,0) from
{(1, 0), (0.9, 0.1)} is costly because of the cost of shame even though both (1,0) and (0.9, 0.1) are
consistent to the reference behavior. i.e. {(1, 0)} ≻ {(1, 0), (0.9, 0.1)} ≻ {(0.9, 0.1)}. Therefore,
axiom5 says that the socially best choice( in above example (0.9, 0.1)) among choises that are
supported from the reference behavior( in above example {(1, 0), (0.9, 0.1)}) should become the
reference point. In other words, axiom5 states the tie breaking rule.

Note that the case where r = constant corresponds to the case of Gul and Pesendorfer(2001).
To be more precise, if r = constant axiom4 is no longer relevant and axiom5 reduces to the Set
Betweenness axiom proposed by GP. Therefore, this model contains GP as a special case. Since
our interest is when the reference behavior is relevant, we will assume that r ̸= constant from
now on.

3 Main Theorem

We say that the function V : A → R represents ≿ when A ≿ B if and only if V (A) ≥ V (B).
The function V is linear if V (αA+(1−α)B) = αV (A)+(1−α)V (B) for all A,B ∈ A. Similarly,
the function v : ∆(Z) → R is linear if v(αx+ (1− α)y) = αv(x) + (1− α)v(y).

THEOREM 1: The binary relation ≿ satisfies Axiom1, 2a-c,3,4,5 if and only if there are
linear functions V ,u and w such that

V (A) = max
x∈A

[
u(x)−

{
max

y∈Mr(A)
w(y)− w(x)

}]
where Mr(A) = argmaxz∈A r(z) and V represents ≿.

5Considering dictator game example is for the sake of persuasive explanation and the model can be applied
to more general setup.
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Proof : See Appendix.

The proof of the theorem is quite similar to that of GP. We first show that there exists a linear
function V : A → R that represents ≿. Secondly we show that any finite set A ∈ A can be
characterized by two elements in A.

LEMMA: Let V be a function that represents some ≿ satisfying Axiom4 and 5. If A ∈ A is a
finite set, then V (A) = maxx∈A miny∈Mr(A) V ({x, y}).

Proof : Put maxx∈A miny∈Mr(A) V ({x, y}) = V ({x∗, y∗}). Since V ({x∗, y∗}) ≤ V ({x∗, y})
for all y ∈ Mr(A), iteratively applying axiom5 yields V ({x∗, y∗}) ≤ V ({x∗} ∪ Mr(A)). Note
that {x∗} ∪ Mr(A) ≻r A \ {x∗} ∪ Mr(A). Then applying axiom4 yields V ({x∗, y∗}) ≤ V (A).
Secondly, let us show the opposite inequality. Since V ({x∗, y∗}) ≥ V ({x, yx}) for all x ∈ A where
yx ∈ argminy∈Mr(A) V ({x, y}). Then iteratively applying axiom5 yields V ({x∗, y∗}) ≥ V (A).
Q.E.D.

Above lemma says that any finite set A can be characterized by binary elements {x∗, y∗} where
x∗ ∈ A and y∗ ∈ Mr(A). Our next step is to identify u and w. Obviously, u can be identified
by defining V ({x}) = u(x). Identifying w is also simple. Suppose there exist a, b ∈ ∆(Z) such
that

V ({a, b}) > V ({a}) and r(a) > r(b).

If r(a) > r(b), then only reason why she prefers {a, b} to {b} is because she wants to choose b
from {a, b} ex-post. Therefore, from this observation, we can identify ex-post behavior. Since
∆(Z) is compact and V is lower semi-continuous and r is continuous, for sufficiently small
δ ∈ (0, 1), V ({a, (1 − δ)b + δz}) > V ({a}) and r(a) > r((1 − δ)b + δz) for all z ∈ ∆(Z). Then
we defined

w(z : a, b, δ) =
1

δ
V ({a, (1− δ)b+ δz})− 1− δ

δ
V ({a, b})− V ({z}).

Note that knowing our representation, above expression corresponds to w(z) − w(a). We first
show that the representation holds for all binary subsets using w(z : a, b, δ). After that, we
will show that the result does not depend on the choice of a and b and then extends to the
case where the set is finite. Finally, we show that if ≿ satisfies Axiom2a and Axiom5, we can
extend the representation to the case where the set is arbitrary closed set. All these strategies
are simple analogue of the proof in GP.

As explained in the introduction, we interpret u as representing a selfish utility function of
the decision maker and w as representing a social norm function which is internalized in the
decision maker. Our representation suggests that the decision maker chooses a lottery that
maximizes u(x) + w(x) from a menu which describes a compromise between selfish and social
desire. Furthermore, we interpret maxMr(A) w(y)− w(x) as the benefit of pride if it is negative
and the cost of shame if it is positive. We call maxMr(A) w(y) as a reference point. Since the
reference point maxMr(A) w(y) represents the value of social norm function when the decision
maker follows the reference behavior, the term maxMr(A) w(y) − w(x) is negative if and only
if the decision maker chooses a lottery which does not follow reference behavior but socially
desirable. In other words, the decision maker feels pride if and only if she chooses a lottery
which is socially superior compare with the reference point. Analogously, the decision maker
feels shame if and only if she chooses a lottery which is socially inferior compare with the
reference point. These model implications are all consistent to the psychological facts we have
noted in the introduction.

Let us show next the identification result. To show identification, we need the decision maker’s
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Figure 2: The relationship among Reference point, Pride and Shame.

ex-post behavior u + w to be different from the reference behavior r. The following definition
guarantees that condition.

DEFINITION: The preference ≿ feels pride or shame at a set C if and only if there are
subsets A,B ⊂ C such that A ∪ B = C, A ≻r B and A ∪ B ≻ A. The preference ≿ feels pride
if ≿ has pride or shame at some C ∈ A.

Above definition means that the agent will take an action different from the reference behavior
for some choice sets. Otherwise, the decision maker follows the reference behavior and does not
feel pride or shame. The following theorem shows that, if ≿ feels pride or shame, then u and w
are unique up to affine transformation and thus identifiable. The proof is straightforward from
the uniqueness of V .

THEOREM 2: (Identification) Let ≿ be a preference relation satisfies Axiom1,2a-c,3,4,5 and
feels pride or shame. Then following two statements are equivalent:
(i) (u,w) and (u′, w′) represents ≿.
(ii) u′ = αu+ βu and w′ = αw + βw for some α > 0 and βu, βw ∈ R.

Proof : See Appendix.
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4 Concluding Remarks

In this paper, we axiomatically analyze the role of emotions such as pride and shame. We
first argue that, based on various psychological literatures, pride and shame are (i) external (ii)
context dependent and (iii) relative feelings. In order to accomodate these psychological facts,
we proposed a model based on the Gul and Pesendorfer(2001) framework. Given a preference
relation ≿ over A and a reference behavior represented by a function r : ∆(Z) → R which is
linear and continuous, we show that ≿ satisfies Axiom1,2a-c,3,4 and 5 if and only if there exists
linear and continuous V, u and w such that

V (A) = max
x∈A

[
u(x)−

{
max

y∈Mr(A)
w(y)− w(x)

}]
where Mr(A) = argmaxz∈A r(z) and V represents ≿. Although we introduced some psycho-
logical literature on pride and shame to support the importance of reference behavior, there
are very few experimental evidence that examined the role of reference behavior on pride and
shame in economics. Therefore, we argue that further experiments are needed to obtain more
deep understanding about pride and shame and those relation to the reference point.

For example, consider a following experiment. We randomly devide subjects into three
groups. Subjects in the first group play usual dictator games and subjects in the second group
play dictator games with exit as in Dana et al.(2006). Subjects in the third group play dictator
games with exit but before the play, they learn how subjects in the first group played their
dictator game. The dictators in the third group learn the behavior of the first group when they
decide whether to exit or not and the recipients learn it only when dictators enter. We can see
how information about first group’s dictators payment affect the commitment behavior. Our
model suggests that the higher the reference point is the more incentive to commit one has. In
other words, if subjects observe high payment of subjects in the first group, we should observe
more exit behavior in the third group if our model is correct. This is for future research.

Our idea is very similar to that of Bicchieri(2006). She argued that whether people obey a
norm depends crucially on two types of expectations. One is an empirical expectation: what
agents expect others to do. Second is a normative expectation: what agents believe others
think they ought to do. In our terminology, the empirical expectation correspoinds to r and the
normative expectation corresponds to w. We also agree that r is an expectation made by an
agent and thus r should by endogenously determined. Our model exogenously state r and thus,
in that sense, not satisfactory. Endogeneizing r is the most important and challenging topic for
future research. Bicchieri and Xiao(2009) coducted a dictator game exmperiment which suggests
that the empirical expectation changes the payments made by dictators. Our theory cannot
capture this phenomena since our representation suggests that ex-post behavior is independent
from r. Our guess of why agents change their behavior in response to a change in the empirical
expectation, r, is that pride, shame and reference point exhibit nonlinear relationship. Namely,
if we consider a more general form such as

V (A) = max
x∈A

[
u(x)− g

(
max

y∈Mr(A)
w(y)− w(x)

)]
where g is increasing, we can capture a nonlinear relationship among pride, shame and reference
point. Bicchieri and Xiao(2009) confirmed that agents follow norm only when others follow
suggesting that shame is more considerable than pride. Nonlinear generalization of our model
is also for future research.
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5 Appendix

5.1 Mathematical Preliminary

LEMMA 1: For every A ∈ A there exists a sequence {An}∞n=1 of finite sets such that
dH(An, A) → A as n → ∞.

Proof : Since A ∈ A is compact, for every ϵ > 0 there exists a finite set {xϵ
1, · · · , xϵ

k(ϵ)} ⊂ A

such that A ⊂ ∪k(ϵ)
i=1N(xϵ

i , ϵ).

Then defineAn = {x1/n
1 , · · · , x1/n

k(1/n)} whereA ⊂ ∪k(1/n)
i=1 N(x

1/n
i , 1/n). Therefore dH(An, A) ≦

1/n and thus dH(An, A) → 0 as n → ∞. Q.E.D.

5.2 Proof of the Theorem 1

It is straightforward to see that the representation satisfies Axiom 1,2a-c,3,4 and 5. Let us show
the sufficiency part.

LEMMA 2: Let ≿ be a binary relation over A satisfying Axiom1, 2a-c,3. Then there exists a
linear function V : A → R that represents ≿. V is unique up to affine transformation.

Proof : See Gul and Pesendorfer(2001) lemma1. Q.E.D.

LEMMA 3: Let V be a function that represents some ≿ satisfying Axiom1, 2a-c,3,4,5. If
A ∈ A is a finite set, then V (A) = maxx∈A miny∈Mr(A) V ({x, y}).

Proof : Put maxx∈A miny∈Mr(A) V ({x, y}) = V ({x∗, y∗}). Since V ({x∗, y∗}) ≤ V ({x∗, y})
for all y ∈ Mr(A), iteratively applying axiom5 yields V ({x∗, y∗}) ≤ V ({x∗} ∪ Mr(A)). Note
that {x∗} ∪ Mr(A) ≻r A \ {x∗} ∪ Mr(A). Then applying axiom4 yields V ({x∗, y∗}) ≤ V (A).
Secondly, let us show the opposite inequality. Since V ({x∗, y∗}) ≥ V ({x, yx}) for all x ∈ A where
yx ∈ argminy∈Mr(A) V ({x, y}). Then iteratively applying axiom5 yields V ({x∗, y∗}) ≥ V (A).
Q.E.D.

LEMMA 4: Let V be a function that represents ≿ satisfying Axiom1, 2a-c,3,4, 5. Suppose

V ({a, b}) > V ({a}) and r(a) > r(b)

V ({c, d}) > V ({c}) and r(c) > r(d)

then
V (δ{a, b}+ (1− δ){c, d}) = V ({δa+ (1− δ)c, δb+ (1− δ)d})

for all δ ∈ (0, 1).

Proof : Put A = δ{a, b}+(1−δ){c, d}. Note that, by the linearity of r, Mr(A) = {δa+(1−δ)c}.
Therefore, by lemma2, V (A) = V ({x, δa + (1 − δ)c}) for some x ∈ A. Now suppose x =
δa+ (1− δ)d. Since V is linear, we have

V (A) = δV ({a}) + (1− δ)V ({c, d}) < δV ({a, b}) + (1− δ)V ({c, d}) = V (A)

which is a contradiction. Suppose x = δa+ (1− δ)c. Then

V (A) = δV ({a}) + (1− δ)V ({c}) < δV ({a, b}) + (1− δ)V ({c, d}) = V (A)
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which is a contradiction. Suppose x = δb+ (1− δ)c. Then

V (A) = δV ({a, b}) + (1− δ)V ({c}) < δV ({a, b}) + (1− δ)V ({c, d}) = V (A)

which is a contradiction. Therefore, x = δb+ (1− δ)d. Q.E.D.

Now let us identify the selfish function u : ∆(Z) → R by u(x) = V ({x}). Suppose for some
a, b ∈ ∆(Z), V ({a, b}) > V ({a}) and r(a) > r(b). Note that if our representation holds, then in
this case V ({a, b}) = u(b) + w(b) − w(a). Here, lower semi-continuity of V and continuity of r
and the compactness of ∆(Z) imply that, for sufficiently small δ ∈ (0, 1), we have

V ({a, (1− δ)b+ δz}) > V ({a}) and r(a) > r((1− δ)b+ δz)

for all z ∈ ∆(Z). Then, define

w(z : a, b, δ) =
1

δ
V ({a, (1− δ)b+ δz})− 1− δ

δ
V ({a, b})− V ({z}).

Note that, knowing our representation, w(z : a, b, δ) = w(z)− w(a).

LEMMA 5: Let V be a function that represents ≿ satisfying Axiom1, 2a-c,3,4,5. Suppose
V ({a, (1− δ)b+ δz}) > V ({a}) and r(a) > r((1− δ)b+ δz) for all z ∈ ∆(Z). Then:
(i) V ({a, z}) > V ({a}) and r(a) > r(z), then w(z : a, b, δ) = V ({a, z})− V ({z}).
(ii)w(a : a, b, δ) = 0.
(iii) w(αz + (1− α)z′ : a, b, δ) = αw(z : a, b, δ) + (1− α)w(z′ : a, b, δ) where α ∈ (0, 1).
(iv)w(z : a, b, δ) = w(z : a, b, δ′) for all δ′ ∈ (0, δ).
(v) V ({x, y}) > V ({x}) and r(x) > r(y), then w(z : a, b, δ) = w(z : x, y, δ) + w(x : a, b, δ).

Proof :
(i) Suppose z ∈ ∆(Z) satisfies V ({a, z}) > V ({a}) and r(a) > r(z). Note that, from lemma4,
V ({a, (1− δ)b+ δz}) = V ((1− δ){a, b}+ δ{a, z}). Then we have

w(z : a, b, δ) =
1

δ
V ({a, (1− δ)b+ δz})− 1− δ

δ
V ({a, b})− V ({z})

=
1

δ
V ((1− δ){a, b}+ δ{a, z})− 1− δ

δ
V ({a, b})− V ({z})

= V ({a, z})− V ({z}).

(ii) Since {a, (1− δ)b+ δa} = δ{a}+ (1− δ){a, b}, we have

w(a : a, b, δ) =
1

δ
V ({a, (1− δ)b+ δz})− 1− δ

δ
V ({a, b})− V ({z})

= V ({a}) + 1− δ

δ
V ({a, b})− 1− δ

δ
V ({a, b})− V ({a})

= 0.

(iii) Suppose z, z′ ∈ ∆(Z) and α ∈ (0, 1).

w(αz + (1− α)z′ : a, b, δ) =
1

δ
V ({a(1− δ)b+ δ[αz + (1− α)z′]})− 1− δ

δ
V ({a, b})

−V ({αz + (1− α)z′})

=
1

δ
V (α{a, (1− δ)b+ δz}+ (1− α){a, (1− δ)b+ δz′})

−1− δ

δ
V ({a, b})− αV ({z})− (1− α)V ({z′})

= αw(z : a, b, δ) + (1− δ)w(z′ : a, b, δ).
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(iv) Suppose z ∈ ∆(Z) and δ′ ∈ (0, 1). Note that

δ − δ′

δ
b+

(
1− δ − δ′

δ

)
((1− δ)b+ δz) = (1− δ′)b+ δ′z

and thus the result follows by definition.

(v) Suppose x, y ∈ ∆(Z) satisfy V ({x, y}) > V ({x}) and r(x) > r(y). What to show is that

1

δ
V ({a, (1−δ)b+δz}) = 1

δ
V ({x, (1−δ)y+δz})− 1− δ

δ
V ({x, y})+1

δ
V ({a, (1−δ)b+δz})−V ({x}).

From (ii), we have 1
δV ({x, (1−δ)y+δx})− 1−δ

δ V ({x, y})−V ({x}) = 0. Substituting this relation,
what to show is that

1

2
V ({a, (1−δ)b+δz})+ 1

2
V ({x, (1−δ)y+δx}) = 1

2
V ({a, (1−δ)b+δx})+ 1

2
V ({x, (1−δ)y+δz}).

From lemma4, both sides of the equation is equal to

V

({
x+ a

2
,
(1− δ)(y + b) + δ(x+ z)

2

})
.

Q.E.D.

LEMMA 6: Let V be a function that represents ≿ satisfying Axiom1, 2a-c,3,4,5. Consider
a, y ∈ ∆(Z) such that V ({a, y}) ≥ V ({a}) and r(a) ≥ r(y). Suppose V ({a, (1 − δ)b + δz}) >
V ({a}) and r(a) > r((1− δ)b+ δz) for all z ∈ ∆(Z). Then

V ({a, y}) = max
v∈{a,y}

{u(v) + w(v : a, b, δ)} − max
z∈Mr({a,y})

w(z : a, b, δ)

where Mr(A) = argmaxx∈A r(x).

Proof : First of all, consider the case where V ({a, y}) > V ({a}) and r(a) > r(y).Then by
lemma5,

u(y) + w(y : a, b, δ)− w(a : a, b, δ) = V ({y}) + V ({a, y})− V ({y})
= V ({a, y}) > V ({y})
= u(a) + w(a : a, b, δ)− w(a : a, b, δ)

and thus holds. Secondly, consider the case where V ({a, y}) = V ({a}) and r(a) > r(y). What
to be shown is

u(a) + w(a : a, b, δ) ≥ u(y) + w(y : a, b, δ)

⇔ V (δ{a, y}+ (1− δ){a, b}) ≥ V ({a, (1− δ)b+ δy}).

But this is trivial from lemma2. Thirdly, consider the case where V ({a, y}) > V ({a}) and
r(a) = r(y). In this case, note that from axiom5, it must be the case that V ({y}) ≥ V ({a, y}) >
V ({a}). And thus we can devide this case into V ({y}) = V ({a, y}) > V ({a}) and V ({y}) >
V ({a, y}) > V ({a}). Let us consider the former case. Then it suffices to show that

w(y : a, b, δ) ≥ w(a : a, b, δ) = 0

12



⇔ V ({a, (1− δ)b+ δy}) ≥ (1− δ)V ({a, b}) + δV ({a, y}).

It suffices to show that, denoting A = (1− δ){a, b}+ δ{a, y},

V (A) = min
w∈Mr(A)

V ({w, (1− δ)b+ δy}).

By lemma3, there exists z ∈ A such that V (A) = minw∈Mr(A) V ({w, z}). Suppose z = a. Then

V (A) ≤ V ({a}) < (1− δ)V ({a, b}) + δV ({a, y}) = V (A)

which is a contradiction. Suppose z = (1− δ)b+ δa. Then

V (A) ≤ V ({a, (1− δ)b+ δa}) < (1− δ)V ({a, b}) + δV ({a, y}) = V (A)

which is a contradiction. Suppose z = (1− δ)a+ δy. Then

V (A) ≤ V ({(1− δ)a+ δy, a}) < (1− δ)V ({a, b}) + δV ({a, y}) = V (A)

which is a contradiction. Let us consider the later case V ({y}) > V ({a, y}) > V ({a}). We will
show that

V ({a, (1− δ)b+ δy}) = δV ({a, y}) + (1− δ)V ({a, b}).

In the previous case, we have shown that V (A) = minw∈Mr(A) V ({w, (1 − δ)b + δy}). Suppose
w = (1− δ)a+ δy. Then

V (A) = V ({(1− δ)a+ δy, (1− δ)b+ δy})
= (1− δ)V ({a, b}) + δV ({y})
> (1− δ)V ({a, b}) + δV ({a, y}) = V (A)

which is a contradiction. Therefore

w(y : a, b, δ) =
1

δ
V ({a, (1− δ)b+ δy})− 1− δ

δ
V ({a, b})− V ({y})

= V ({a, y})− V ({y}) < 0 = w(a : a, b, δ).

And thus

u(y) + w(y : a, b, δ)− w(a : a, b, δ) = u(y) + w(y : a, b, δ)

=
1

δ
V ({a, (1− δ)b+ δy})− 1− δ

δ
V ({a, b})

= V ({a, y}) > V ({a}) = u(a) + w(a : a, b, δ)− w(a : a, b, δ).

Therefore, the representation holds. The last case is V ({a, y}) = V ({a}) = V ({y}). And this
case is trivial. Q.E.D.

Proof of the Theorem: We can divide into three cases: (i) V ({x, y}) > V ({x}) and r(x) > r(y)
for some x, y ∈ ∆(Z).(ii) V ({x, y}) = V ({x}) for all x, y ∈ ∆(Z) such that r(x) > r(y). (iii)
r(x) = r(y) for all x, y ∈ ∆(Z). However (ii) is obvious by letting u is equal to constant. And
(iii) corresponds to the case of Gul and Pesendorfer(2001) and thus holds.

(i) Suppose V ({x, y}) > V ({x}) and r(x) > r(y) for some x, y ∈ ∆(Z). Choose sufficiently
small δ ∈ (0, 1) such that V ({x, (1 − δ)y + δz}) > V ({x}) and r(x) > r((1 − δ)y + δz) for all
z ∈ ∆(Z). Consider the set A = {a, b}, where a and b are in the relative interior of ∆(Z).
Without loss of generality, assume r(a) ≥ r(b) and V ({a, b}) ≥ V ({a}).6 Since a is in the

6In case of r(a) > r(b), it is trivial. In case of r(a) = r(b), V ({a, b}) ≥ V ({a}) or V ({a, b}) ≥ V ({b}) is true
so it does not lose any generality.
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relative interior of ∆(Z), there exists a′ ∈ ∆(Z) and α ∈ (0, 1) such that αa′ + (1 − α)x = a.
Define c = αa′ + (1− α)y. Then since

V ({a, c}) = αV ({a′}) + (1− α)V ({x, y}) > V ({a})

and
r(a) = αr(a′) + (1− α)r(x) > αr(a′) + (1− α)r(y) = r(c)

for sufficiently small δ′ ∈ (0, 1), V ({a, (1 − δ′)c + δ′z}) > V ({a}) and r(a) > r((1 − δ′)c + δ′z)
for all z ∈ ∆(Z). Hence by lemma6,

V ({a, b}) = max
v∈{a,b}

{u(v) + w(v : a, c, δ′)} − max
z∈Mr({a,b})

w(z : a, c, δ′).

Now let δ∗ = min{δ, δ′}. Then w(· : x, y, δ) = w(· : x, y, δ∗), w(· : a, c, δ′) = w(· : a, c, δ∗) and
w(· : a, c, δ∗) = w(· : x, y, δ∗) + k from lemma5. Therefore, defining w(· : x, y, δ) = w(·) yields

V ({a, b}) = max
v∈{a,b}

{u(v) + w(v)} − max
z∈Mr({a,b})

w(z).

Next step is to show that the above equation holds for all a, b ∈ ∆(Z). Let a ∈ ∆(Z), possibly in
the boundary of ∆(Z), and let b be in the relative interior of ∆(Z). Define maxA{u(·)+w(·)} =
W1(A) and maxMr(A) w(·) = W2(A). Since for {(1− δ)a+ δb, b}, where δ ∈ (0, 1), we have

V ({(1− δ)a+ δb, b}) = W1({(1− δ)a+ δb, b})−W2({(1− δ)a+ δb, b})

which is equivalent to

(1− δ)V ({a, b}) + δV ({b}) = (1− δ)W1({a, b}) + δW1({b})− (1− δ)W2({a, b})− δW2({b})

by the linearity of V,W1,W2. Letting δ → 0 yields the result. For the case where a, b are both
possibly in the boundary of ∆(Z) is straightforward now. Therefore, the above equation holds
for all a, b ∈ ∆(Z). Now, for any finite set A ∈ A, we have

V (A) = max
a∈A

min
b∈Mr(A)

V ({a, b})

= max
a∈A

min
b∈Mr(A)

[ max
v∈{a,b}

{u(v) + w(v)} − max
z∈Mr({a,b})

w(z)]

= max
a∈A

{u(a) + w(a)} − max
b∈Mr(A)

w(b).

Finally, we will show that the representation holds for any closed set A ∈ A. To see this, let
us show the following lemma.

LEMMA 7: Let ≿ be a preference relation on A that satisfies Axiom2a,5. Suppose for any
A ∈ A, there exists a finite subset B of A such that (i) A ∼r B and (ii) For any finite C such
that B ⊂ C ⊂ A, C ∼ B. Then we have A ∼ B.

Proof : Note that there exists a sequence of finite subsets {An}∞n=1 of A such that dH(An, A) → 0
as n → ∞ by lemma1. Since B ∼ An ∪ B for all n, B ≿ A ∪ B = A by axiom2a. Now we
will show the opposite direction:i.e. A ≿ B. Since A is compact, for every ϵ > 0, there are
finite x1, · · · , xn ∈ A such that A ⊂ ∪n

i=1N(xi, ϵ). Suppose (B ∪ N(xi, ϵ)) ∩ A ≻ A for all

i = 1, · · · , n. Then by iteratively applying axiom5 yields A = ∪n
i=1{(B ∪ N(xi, ϵ)) ∩ A} ≻ A

which is a contradiction. Therefore, A ≿ (B ∪ N(xi, ϵ)) ∩ A for some i. Now, let {xn}∞n=1 be

a sequence in A such that A ≿ (B ∪ N(xn,
1
n )) ∩ A for all n = 1, 2, · · · . Since A is compact,

there exists a subsequence {xnk
}∞k=1 such that xnk

→ x∗ ∈ A. Then letting k → ∞ yields
A ≿ B ∪ {x∗} ∼ B by axiom2a. Q.E.D.
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Proof of the Theorem cont: Let A ∈ A be an arbitrary closed set. Let x∗ ∈ argmaxA u(x) and
y∗ ∈ argmaxMr(A) w(y). Put B = {x∗, y∗}. What to be shown is that V (A) = V (B). From
above discussion, V (B) = V (C) for all B ⊂ C ⊂ A where C is finite. Then by lemma7, we have
V (A) = V (B).

Q.E.D.

5.3 Proof of the Theorem 2

Proof : (ii) implies (i) is trivial. Let us show that (i) implies (ii). Let us denote the functions
that represent ≿ using (u,w) and (u′, w′) by V and V ′ respectively. Since V is unique up
to affine transformation, u′(x) = V ′({x}) = αV ({x}) + βu = αu(x) + βu for some α > 0 and
βu ∈ R. Since ≿ feels pride or shame at some C ∈ A, there exists a, b ∈ C such that {a, b} ≻ {a}
and r(a) > r(b). Now, for sufficiently small δ ∈ (0, 1) we have

u′(z) + w′(z)− w′(a) =
1

δ
V ′({a, (1− δ)b+ δz})− 1− δ

δ
V ′({a, b})

=
1

δ
[αV ({a, (1− δ)b+ δz}) + βu]−

1− δ

δ
[αV ({a, b}) + βu]

= α

[
1

δ
V ({a, (1− δ)b+ δz})− 1− δ

δ
V ({a, b})

]
+ βu

= α{u(z) + w(z)− w(a)}+ βu.

Since u′(z) = αu(z) + βu, w
′(z) = αw(z)− αw(a) + w′(a). Then letting βw = −αw(a) + w′(a)

yields the result. Q.E.D.
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