PARETO EFFICIENCY AND WEIGHTED MAJORITY RULES

YARON AZRIELI AND SEMIN KIM

July 13, 2012
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jority rule. The result offers a fundamental normative rationale for the use of weighted
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may be used to determine the weight to be assigned to each agent.
Keywords: Weighted majority rules; Pareto efficiency; Incentive compatibility.

JEL Classification: C72, D01, D02, D72, D82.

Thanks to Miguel Ballester, Tilman Borgers, PJ Healy, Dan Levin, Dipjyoti Majumdar, Jim Peck
and Arunava Sen for helpful comments and references.
Department of Economics, The Ohio State University, 1945 North High street, Columbus, OH 43210.

e-mails: azrieli.2@osu.edu, kim.2607@osu.edu.



1. INTRODUCTION

Weighted majority rule - the voting mechanism in which each agent has a certain
number of votes - is a widely used mechanism that has been extensively studied in the
political and economic literature." The most common form of a weighted majority rule
is the simple majority rule, in which all agents have the same weight. But there are also
examples of weighted majority rules with heterogenous weights, such as shareholders’
decisions in a publicly held firm, and indirect democracies with heterogenous district
sizes (as in [3]). A detailed discussion of applications of weighted majority rules can be
found in [6, Section 9].

Our aim in this paper is to offer a new normative rationale for weighted majority
rules, one that is based on the classic notions of Pareto efficiency and incentive com-
patibility. We consider a standard environment of incomplete information, where agents
are privately informed about their preferences (types) over two possible alternatives, say
reform and status-quo. Under the assumption of independent private values, we prove
that a Social Choice Function (SCF) is interim incentive Pareto efficient if and only if
it is a weighted majority rule. In other words, the Pareto frontier of the set of incentive
compatible decision rules coincides with the class of weighted majority rules.

We interpret this result as saying that, in environments that are likely to satisfy our
assumptions, the only kind of decision schemes that should be used are weighted majority
rules. Indeed, any other incentive compatible rule is Pareto inferior to some (incentive
compatible) weighted majority rule. And conversely, any weighted majority rule passes
the test of not being Pareto dominated. Of course, this is just a minimal test and one
may want to consider other criteria (e.g., utilitarianism or egalitarianism) to evaluate a
given rule.

Let us be more explicit regarding what we call a weighted majority rule. A SCF f is
a mapping from type profiles to lotteries over {reform, status-quo}. We say that f is a
weighted majority rule if we can find positive weights (wy, ..., w,) for the agents and a
positive quota ¢, such that under f the reform is implemented if the sum of weights of
agents that prefer the reform exceeds ¢, and the status-quo prevails if this sum is less
than ¢g. Ties are allowed to be broken in an arbitrary way.

Note that a weighted majority rule is essentially an ordinal SCF, in the sense that it

ignores completely the reported intensity of preferences (except maybe in case of a tie).

'See the related literature section below for references.
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The first step towards the main result is to prove that for every incentive compatible
SCF f there is another incentive compatible SCF ¢, such that ¢ is ordinal and gives
the same interim utility like f to every type of every agent (Lemma 1 below). This is
the main feature of the special environment in which we work of two alternatives and
independent private values; in Section 4 we show by examples that this is no longer true
if there are more than two alternatives or if types are correlated.

In the second step towards the main result, we consider the problem of maximizing
(ex-ante) social welfare subject to incentive compatibility. We show that a SCF is a
solution to this optimization problem if and only if it is a weighted majority rule with
specific weights (Proposition 1). While the main reason for stating this proposition is
that it is used in the proof of the main theorem, we also believe that it is of some
independent interest. The main result (Theorem 1) is then proved by showing that a
SCF is interim incentive efficient in a given environment if and only if it is a maximizer
of social welfare in an auxiliary “equivalent” environment.

Our result only holds under quite restrictive assumptions (two alternatives, indepen-
dent private values). However, from a practical point of view, the two alternatives case
is perhaps the most interesting one to study, since binary decision problems are frequent.
Type independence is more restrictive in our context, but given the pervasiveness of this

assumption in the literature we think that it is an interesting benchmark to study.

2. ENVIRONMENT

We consider a standard Bayesian environment a la Harsanyi. The set of agents is
N = {1,2,...,n} with n > 1. For each i € N, T; is a finite set of possible types
of agent 7, and t; denotes a typical element of T;. The type of agent ¢ is a random
variable #; with values in Tj. The distribution of #; is? u; € A(T}), which we assume
has full support. Let T = T} x --- x T, be the set of type profiles. We assume that
types are independent across agents, so the distribution of ¢ = (fl, e ,fn) is the product
distribution p = py X -+ X p, € A(T). As usual, a subscript —i means that the ith
coordinate of a vector is excluded.

Let A = {reform, status-quo} = {r, s} be the set of alternatives. The utility of each
agent depends on the chosen alternative and on his own type only (private values).
Specifically, the utility of agent i is given by the function u; : T; x A — R. For ease
of notation we write ul(t;) = u;(t;,r), ui(t;) = w;(t;, s) and w;(t;) = (ul(t;),us(t;)). We

7

2For every finite set X, A(X) denotes the set of probability measures on X.
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assume that no agent is ever indifferent between the two alternatives, that is u}(¢;) #
ui(t;) for every t; € T; and every i € N.

Since randomization over alternatives will be considered, we need to extend each
ui(t;, ) to A(A). We identify A(A) with the interval {(p,1—p) : 0 < p < 1} C R? where
the first coordinate corresponds to the probability of » and the second coordinate to the
probability of s. With abuse of notation we write w;(¢;, (p, 1 —p)) = pul (t;)+ (1 —p)ui(t;)
for 0 <p<1.

A Social Choice Function (SCF) is a mapping f : T — A(A). The set of all SCFs is
denoted F'. It will be convenient to think about F' as a (convex, compact) subset of the
linear space R, Thus, if f,g € F and o € [0,1] then af + (1 — a)g € F is defined by
(af + (1= a)g)(t) = af(t) + (1 — a)g(t) € A(A).

For every agent i, type t; € T; and SCF f we denote by U;(f|t;) the interim expected

utility of agent ¢ under f conditional on him being of type t;:
U(flt;) =E (Uz (fz‘, / (f)) |1 = ti) = u;(t;) - E (f(thf—i)) ;

where x -y denotes the inner product of the vectors x and y. The ex-ante utility of agent

¢ under f is

Uz(f) E(“z tZ?f ZM% i f|t

ti€T;

Definition 1. A SCF f is Incentive Compatible (IC) if truth-telling is a Bayesian
equilibrium of the direct revelation mechanism associated with f. Namely, if for all

i€ N and all t;,t, € T;, we have

(1) wi(t:) - (E(f(ti,t=)) —E (f(t,1-3))) > 0.
The set of all IC SCFs is denoted F°.

Remark 1. The focus of most of the social choice literature is on strategy-proof SCFs,

i.e. on functions [ that satisfy

(2) wits) - (f(tst—i) — f(t;,t=3)) >0

for all t;,t, and t_;. Our main result below shows that, within the larger class of IC

SCFs, essentially® every Pareto efficient SCF is also strategy proof.

3The tie-breaking rule of a weighted majority rule can be designed such that the resulting SCF is IC
and Pareto efficient but not strategy proof.



3. RESULT

This section contains the main result of the paper. Before we state the theorem we
need two more definitions. Let P; be the partition of 7} into the two sets (recall that

agents are never indifferent)

1

uf(tl)}’
ui(t;)}

Thus, P; reflects the ordinal preferences of agent ¢ over the alternatives.

>
77 = {ti eT; | u:(tz) <

7

Definition 2. A SCF f is a weighted majority rule if there are strictly positive numbers
(w1, ..., wp;q) such that Y, w; > q and such that

(LO) if Xfinerrywi>q
0.0 if Xpierrywi <4

ft) =

Remark 2. There is an equivalent way to represent weighted majority rules, which is
more convenient for our needs. Namely, f is a weighted majority rule if and only if there

are 2n strictly positive numbers ((w}, w?), ..., (w!,ws)) such that

(1,0) if Z{i:tieTi’“}w;ﬂ > Z{i:tieTf}wf
(0, 1) if Z{z‘:tieT[}w;ﬂ < Z{i:tieTf}wf'

ft) =

To see that the second representation implies the first, simply define w; = w] + w; for
every i € N and q = Y ..y w;. Conversely, if f can be represented as in Definition 2
then one can find positive numbers ((wi,ws), ..., (wl,w?)) such that w! + wi = w; for

each i and q =), w;i, which provides a representation of f as above.

Definition 3 (Holmstrom and Myerson [8]). A SCF f is interim incentive efficient if
f € FI° and there is no g € FI€ such that U;(glt;) > Ui(f|t;) for every agent i and

every t; € T;, with at least one strict inequality.
Theorem 1. A SCF f is interim incentive efficient if and only if f is an IC weighted
majority rule.*

We must explicitly require that f be IC, since the tie-breaking rule of a weighted majority rule
may introduce violations of incentive compatibility. However, under any ‘standard’ tie-breaking rule a

weighted majority rule will be IC.



The rest of this section is devoted to the proof of Theorem 1. The proof is broken into

three steps, each in a separate subsection.

3.1. Ordinal SCFs. Let P be the partition of 1" which is the product of all the P;’s: ¢
and t" are in the same element of P if and only if ¢; and ¢ are in the same element of P,
for every i € N. As usual, let P(t) be the element of the partition P that contains the
type profile t.

Definition 4. A SCF f is ordinal if it is P-measurable, i.e., if f(t) = f(t') whenever
P(t) = P(t').

The set of all ordinal SCFs is denoted FO®P . The next lemma shows that, in the class
of IC SCF’s, restricting attention to ordinal SCFs does not change the interim utility
possibility set. A similar result (for the agent-symmetric case) appears in [19, Lemma
14].

Lemma 1. If f € F'¢ then’ E(f|P) € FI°NFOED and satisfies U;(E(f|P)|t;) = Ui(f|t;)
for every i € N and every t; € T;.

Before the proof we remark that the lemma implies that the same relation holds also
in the ex-ante stage, i.e., U;(E(f|P)) = U;(f) for every i € N.

Proof. Let f € FI¢. From (2) we have that
wits) - (E(f(ti, 1)) —E (f(t;, 1)) >0
and
wity) - (B (f(ti, 1)) —E(f(t,13))) <0
for every i and every t;,t. € T;. Denote (p,1 —p) = E (f(ti,f_i)) and (¢,1 —q) =
E (f(t,%-;)). Then the above inequalities become
(P — @) (u (t:) — ui(t:)) = 0
and
(¢ = p)(ui(t;) — v (t;) = 0,
respectively. Now, if both t;,¢; are in 7] or both are in 7T° then the above inequalities

imply that p = ¢, that is E (f(t;,1;)) = E (f(t,,{—;)). In other words, E (f(t;,{_;))

viewed as a function of ¢; is constant on 7} and on T (P;-measurable).

SE(f|P) is the conditional expectation of f given the partition P, i.e., it is the SCF defined by
E(fP)(t) =z S poy i) FE)



Denote g = E(f|P). Obviously, g € FOFP. For any t; € T/ we have

() E(f(t.i) =E(f @) eT) =E(o () i € T) = E (g(ti)

where the first equality follows from the fact that E ( f (ti,f_i)) is constant on 7] and
type independence, the second from the definition of g and the fact that {f; € 77’} is in
(the algebra generated by) P, and the third from the fact that g(-,¢_;) is constant on T
for any fixed t_; and type independence. Using the same argument for ¢; € T we get

that (3) is valid for every t; € T;. Therefore,
Ui(fIt:) = wilts) - E (f(ti, 1)) = wi(ts) - E (g9(ts, 1-:)) = Ui(glts),

which establishes that every type of every agent gets the same interim utility under f
and under g. Finally, the fact that g is IC immediately follows from (2) and (3). O

3.2. The utilitarian solution. The next step of the proof characterizes the set of IC
SCFs that maximize (ex-ante) social welfare, i.e., the sum of ex-ante expected utilities
of all the agents. This result is similar to Theorem 1 in [3], and is also of independent

interest.
Definition 5. The (ex-ante) social welfare of a SCF f is V(f) = >_,cy Ui(f)-
Proposition 1. A SCF f € F'¢ is a mazimizer of V in FIC if and only if it satisfies

(1,0) if Z{i:tieTi’"}wg>Z{i:ti€Tf}wis

(4) f(t) = , ) )
(O> 1) Zf Z{i:tieTi’“}w: < Z{i;tieTf}wisa
where
(5) W =B (uj(l;) —uj(h) [ e T)), w) =E () —uj(l) | i eT}).

In particular, any mazimizer of V in FIC is a weighted majority rule.

‘)

if and only if it satisfies

Proof. First, note that for every g € FOFP we have

Vig)=E (Z Uz(fz) 9 (f)) =E |E (Z Uz(fz) 9 (f)
FORD

=E

9 (f) - (Z Uz(fz)

1EN

Thus, a SCF ¢ is a maximizer of V' in
(1,0) if E(Xienui(@) | Pt) >E (Cieywi(h) | P(t))
(0.1) if E(XCenui(@) | P1) <E(Xenui(t) | P(t)),

which is precisely condition (4) in the proposition.

g(t) =



Now, assume f € FI¢ satisfies (4). Then E(f|P) also satisfies (4), so by the previous
argument E(f|P) is a maximizer of V in FO®P. By Lemma 1, E(f|P) € FINF9RP and
V(f) = V(E(f|P)). Assume by contradiction that there is f’ € F¢ with V(f") > V(f).
Then again by Lemma 1, E(f'|P) € FI¢ N FORP and V(E(f'|P)) = V(f’). Tt follows
that V(E(f|P)) = V(f) < V(f') = V(E(f'|P)), contradicting the fact that E(f|P) is a
maximizer of V in FOFP,

Conversely, assume that f is a maximizer of V in F'C. Then by Lemma 1 E(f|P)
is also a maximizer of V in F'¢. From the first paragraph of this proof it follows that
the maximum of V in FO%P is attained (perhaps not exclusively) by some function in
FI¢N FORP Tt follows that E(f|P) is a maximizer of V in FOP and so it must satisfy

condition (4). However, if E(f|P) satisfies (4) then f satisfies (4) as well. O

If the environment is agent-symmetric (i.e., 7; = T and u; = u; for every two agents
i,7), then the weights (@], w?) are independent of i. Denoting the common weights by

(w",w*) we get the following immediate corollary.

Corollary 1. In an agent-symmetric environment, f € F'C is a mazimizer of V in FI¢
iof and only if it satisfies
(1,L0) if #{i:t; €T} >=2=n

7S

ft) = , ,
0,1) if #i:t, €]} < zimn

If there is also symmetry between the alternatives (i.e., W™ = w*), then f € FI is a
mazximizer of V in FI€ if and only if it coincides with a simple majority rule whenever

the votes are not tied.

3.3. Proof of Theorem 1. Assume first that f € F'¢ is a weighted majority rule
with corresponding weights ((wf, wy), (wh, ws) ..., (w],w;)) (here we use the alternative
representation of a weighted majority rule from Remark 2). We consider an auxiliary
environment with the same set of agents, types and distribution over types as in the

original environment. The utilities in the new environment are given by

g

S| oSy

|

<
~.
~—~

~
S
S~—

if tieTr
/Lf tl 67-‘1‘87

|€S
£
—~
S+
N—

s

where W], w; are as in equation (5). Since the set of IC SCFs is not affected by this

transformation of utilities, we can apply Proposition 1 to conclude that f is a maximizer
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of V' in the auxiliary environment (among IC functions). In other words, f is a maximizer

of
ZZM Ui (glt:)

among all functions g € F'¢, where U{(g\ti) is the interim utility of agent i of type t; in
the auxiliary environment when ¢ is implemented. Since U/(glt;) = Z—:Ul(g\tl) fort, € T
and U/ (g|t;) = Z—Ul(gltl) for t; € T7, we get that f is a maximizer of

Z Zﬂz i) = g’t Zﬂz i)= g‘t)

i LT w; t,€T?

Thus, f maximizes a linear combination with strictly positive coefficients of the interim

utilities of the players (in the class F'¢). This proves that f is interim incentive efficient.

Conversely, let f be interim incentive efficient. We claim first that there are strictly

positive numbers {\;(¢;) }ien, t,er; such that f is a maximizer of
2. 2 MUl

among all functions ¢ € F'C. Indeed, the set F''C, viewed as a subset of R%7!, is poly-
hedral and convex. Also, the mapping from SCFs to interim utility vectors is affine:
U(af + (1 —a)glt;) = aU;(f|t;) + (1 — a)Us(glt;) for any f,g € F and any « € [0,1]. Tt
follows that the set {(Ui(f\ti))ieN’ ver - f € FIC} is polyhedral and convex [18, Theo-
rem 19.3 on page 174]. For convex polyhedral utility-possibility sets, Pareto efficiency is
completely characterized by maximization of linear combinations of utilities with strictly
positive coefficients ([7, Theorem 9.7 on page 308]).

Fix a vector A\ as above and consider the auxiliary environment with utilities given by

wi(t;) = ;\LE ;uz( ;) (all other ingredients are the same as in the original environment).

As before, incentive compatibility is not affected by this change, and the interim utilities
Ai(ti)
pi(ts)

in the new environment are given by U] (g|t;) = Ui(g|t;). Tt follows that f maximizes

(in F'¢) the expression
R INETTES St

which means that f is a maximizer of (ex-ante) social welfare in the auxiliary environ-
ment. By Proposition 1 f must satisfy equation (4) (for the new environment), which

means that f is a weighted majority rule.
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4. DISCUSSION

4.1. More than two alternatives. With two alternatives, Lemma 1 tells us that we
can essentially consider only ordinal SCFs. When there are three or more alternatives
Lemma 1 is no longer true: The utility possibility set generated by IC ordinal functions
is a strict subset of that generated by all IC functions. Furthermore, the Pareto frontier
of these two sets may be different, as is demonstrated in the following example.®

Let N = {1,2}, Ty = T, = {z,y,2z,w}, and assume that the type of each agent i is
uniformly (and independently) drawn from 7;. There are three alternatives A = {a, b, c}.
For ¢ = 1,2, utilities are given by u;(x) = (u;(z,a),u;(x,b),u;(z,¢c)) = (5,4,1), u;(y) =
(5,2,1), ui(z) = (=5,—4,—1) and w;(w) = (=5,—2,—1). Notice that types z,y and
types z,w have the same ordinal preferences over alternatives.

Let f* be the ex-post first-best SCF, i.e. the function that chooses an alternative that
maximizes the sum of utilities at every type profile, and assume that in case of a tie
the winning alternative is randomly chosen from the set of maximizers. It is tedious but
straightforward to check that f* is IC. Thus, f* is interim incentive efficient (it is even
ex-ante incentive efficient, as it maximizes ex-ante social welfare).

However, we claim that there is no IC ordinal SCF f such that U;(f|t;) = U;(f*|t;) for
every t; and every i. Indeed, if f is such a function then it must also be a maximizer of
ex-ante social welfare. Thus, f must choose an alternative that maximizes social welfare
at every type profile. However, in type profile (x,w) the unique maximizer is alternative
b, while in type profile (y, z) the maximizers are alternatives a and ¢. If f is ordinal then

it must choose the same alternative in these two type profiles, a contradiction.

4.2. Correlated types. The following example shows the importance of the type-
independence assumption for our results. Consider a three agents environment with
Ty =T, =Ty = {z,y,z,w}, and utilities given by w;(z) = (3,0), u;(y) = (1,0),
ui(z) = (0,1) and u;(w) = (0,3) for i = 1,2,3. The distribution of type profiles is
given by u(x, 2, 2) = p(z, x,2) = p(z, z,2) = p(w, y, y) = ply, w, y) = ply, y, w) = 5.

It will be convenient to define a metric d over the set of type profiles T' by letting
dit,t') = #{1 < i <3 : t; # t.}. Denote E; = {(z,2,2),(2,2,2),(z2,2)} and
Ey = {(w,y,y), (y,w,y),(y,y,w)}. Define a SCF f* as follows. If ¢t € Fy or d(t,t') = 1

6See also [11] for a general result on the possibility of using cardinal information to improve efficiency

with at least three alternatives. The example below shares some similarities with the problem analyzed
in [4].
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for some ¢’ € Ey then f*(t) =r. If t € Ey or d(t,t') = 1 for some t' € Ey then f*(t) = s.
Otherwise, f*(t) is defined in an arbitrary way. Notice that f* is well-defined since
d(t,t') = 3 for every t € Ey and t' € Ej.

First, f* is IC since no player can influence the outcome by reporting untruthfully
(assuming other agents are truthful). Second, f* coincides with the ex-post first-best
SCF on E; U E,. Since pu(FEy U Ey) =1 this implies that f* is interim incentive efficient.
However, it is not hard to see that f* is not a weighted majority rule. Indeed, assume
by contradiction that (wi,ws,ws;q) represent f*. Since f*(x,z,z) = r we must have
wy > ¢, but since f*(y,y,w) = s we must have w; + wy < ¢. Since all weights must be

strictly positive, these two inequalities cannot hold simultaneously.

4.3. Ex-ante efficient SCFs. As is well-known (see [8]), the class of ex-ante incentive
efficient SCF's is contained in the class of interim incentive efficient functions. It is pos-
sible to characterize ex-ante incentive efficiency by putting restrictions on the weights
that players can have in a weighted majority rule. Namely, let ((@], @), ..., (W), ws))
be the weights used to maximize social welfare as in (5). Then a SCF f € FI© is
ex-ante incentive efficient if and only if it is a weighted majority rule with weights
(A (@], @5), ..., Ap(w], ws)), for some strictly positive numbers Ay, ..., \,. Here we use
the representation of a weighted majority rule as in Remark 2.

To see that there are weighted majority rules which are not ex-ante efficient, consider
the case where there is symmetry between the alternatives in the sense that w; = w;
for every i. In this case, every ex-ante efficient weighted majority rule is neutral, i.e.,
alternative r is chosen when a certain coalition of agents supports it if and only if
alternative s is chosen when the same coalition supports s. Obviously, there are many
weighted majority rules that do not satisfy this property, and thus the class of interim
incentive efficient rules is strictly larger than the class of ex-ante incentive efficient rules
in this case.

Notice that the characterization of ex-ante incentive efficiency is environment-specific,
since the weights depend on the parameters of the environment (utilities and probabili-
ties). In contrast, the characterization of interim incentive efficiency is universal, in the
sense that changes in the environment (monotone transformations of utilities, distortion

of probabilities) do not affect the class of weighted majority rules.

4.4. Weighted majority rules with zero weights. In the definition of a weighted

majority rule (Definition 2) we require that the weights of all players are strictly positive.
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It turns out that this is essential for the result to hold: If some of the players have zero
weights then the SCF may not be incentive interim efficient. The reason is that we may
have more type profiles in which there is exactly a tie, and the tie-breaking rule may
introduce inefficiencies.

To see this, consider an environment with six agents, each of which is equally likely
to be of type t, or type ts. Utilities are given by w;(t,) = (1,0) and u;(t5) = (0,1), so ¢,
prefers r while ¢, prefers s. Consider the weighted majority rule f given by the weights
and quota (1,1,1,1,0,0 ;2). Thus, r is chosen if at least three agents out of the group
{1,2,3,4} prefer r, and s is chosen if at most one agent out of {1,2, 3,4} prefers r.

To complete the description of the rule f we need to specify which alternative is
chosen if exactly two agents out of {1,2,3,4} prefer r. Let us introduce the following
tie-breaking rule: If the coalitions that prefer r are {1,2}, {1,3} or {2,4} then r is
chosen, otherwise s is chosen. Notice that this rule ignores completely the preferences of
agents 5 and 6.

We claim that we can introduce a different tie-breaking rule such that the resulting
SCF ¢ interim Pareto dominates f. Indeed, let the minimal winning coalitions in g
(in case of a tie) be {1,2}, {1,3,5}, {1,3,6}, {1,4,5,6}, {2,4,5}, {2,4,6}, {2,3,5,6}.
The change from f to g occurs in four type profiles: (¢,, s, b, ts, s, ts), (Lsy brytsy by b, ts),
(tr,ts, ts, tr e, ty), (ts, tr, b, ts, e, ). In the first two the outcome is switched from r to
s, while in the last two from s to r. Because of the symmetry of the problem it is easy to
see that the interim utilities of agents 1,2,3,4 are not affected by this change. However,
since the new tie-breaking rule is responsive to the preferences of agents 5 and 6, their

interim utilities increase.

4.5. Implementation. Reporting truthfully is an equilibrium of the direct revelation
mechanism associated with a weighted majority rule, but there are also other equilibria
and, furthermore, in some of these equilibria the chosen alternative may be different than
under truthfulness. In fact, in many cases there will be no mechanism that implements
a given weighted majority rule as the unique equilibrium. The problem is that in many
cases a weighted majority rule will fail to satisfy Bayesian monotonicity which is a

necessary condition for implementation. For details see the closely related Example
2 (pp. 677-679) in [16].
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Note however that if one strengthen the solution concept to require players to play
a Bayesian equilibrium using strategies that are not weakly dominated then the prob-
lem of equilibrium multiplicity disappears (here we assume that the tie-breaking rule is
‘standard’). Indeed, if ¢; € T then it is a (weakly) dominated strategy for i to report
some type outside of T7. Thus, in any equilibrium with strategies that are not weakly
dominated and in any type profile the outcome coincides with that of the truth-telling
equilibrium. Furthermore, truth-telling is a weakly dominant strategy, which makes this
equilibrium particularly plausible. See [9] and [16] for more on implementation in envi-

ronments with incomplete information.

5. RELATED LITERATURE

The theoretical study of weighted majority rules dates back at least to von-Neumann
and Morgenstern’s book [15, Section 50]. Much of the literature deals with the mea-
surement of the power of players in the cooperative game generated by the rule (e.g.,
21]).

There are several papers that take a utilitarian approach and find the voting rule
(within a certain class) that maximizes expected social welfare. This literature includes
[17], [2], [5] and [6] for the two alternatives case, and [1] for the case of at least three
alternatives. These results are similar in spirit to one of the steps (Proposition 1) in the
proof of our main result, with the important difference that we derive the optimality of
the weighted majority rule given incentive compatibility constraints. In [3] a model of
indirect democracy is studied, where each country in a union has a single representative
that votes on its behalf. The authors find the optimal weights (according to a utilitarian
criterion) that should be assigned to the representatives. These weights are essentially
the same as in our Proposition 1, and indeed the models become identical once one
identifies agents in our model with countries in [3].

The closest analysis to ours appears in the recent paper [20] (see also the working paper
[19]), which analyzes optimality of SCFs in an environment similar to ours, but under
the additional assumption that the distribution of types is symmetric between agents
and between the alternatives.” The authors consider only SCFs that are anonymous and
neutral, and prove (see Proposition 3 in [20]) that a simple majority rule gives higher

interim expected utility to every type of every agent than any other (anonymous and

"More precisely, the assumption in [20] is that the distribution of the difference in utilities between

the two alternatives is symmetric around 0.
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neutral) incentive compatible rule. Compared to this paper, our analysis is more general
in that we allow for arbitrary distribution over types and consider arbitrary SCFs.® More
importantly, we provide a complete characterization of Pareto efficiency in this general
environment.

The voting example in [14, Section 2] is also related to our analysis. In the same en-
vironment as in the current paper the author observes that a specific weighted majority
rule maximizes ex-ante social welfare, and that there are many weighted majority rules
that are interim incentive efficient. The analysis in [14] presumes that incentive compat-
ibility is equivalent to strategy proofness, which turns the problem into a purely ordinal
one. However, these two concepts differ even in this simple environment, and it is easy
to construct examples of SCFs which are incentive compatible but not strategy-proof.
With two alternatives incentive compatibility is equivalent to ordinal incentive compat-
ibility introduced in [12]. With at least three alternatives, however, ordinal incentive
compatibility is much stronger than incentive compatibility and generates a Gibbard-
Satterthwaite-like impossibility result.

This paper is also related to the large body of literature on mechanism design. Our
Pareto criterion of interim incentive efficiency is the one introduced in [8]. We deviate
from the main theme of this literature by not allowing monetary transfers. We believe
that this makes a realistic assumption, since in many cases monetary transfers are in-
feasible or excluded for ethical reasons. A related paper in which side payments are
forbidden is [4], who considers a two-agents model with privately known intensities of
preferences over three alternatives, and derives results regarding the form of the second-
best decision rule. Another example of Bayesian mechanism design without transfers is
[13]. Finally, our interest in the current question was initiated by Example 1 (pp. 243-
244) in [10], which shows that incentive constraints can be overcome by linking many

decision problems.
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