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Abstract

We model the interaction of fads, customs, and other conventions of behavior as
the interaction of information cascades in a simple, two-group game. We characterize
this interaction and find, for instance, that a cascade may move from one group to
another. This occurs because cascades represent information about the payoff-relevant,
but unknown state. Additionally, we find that interaction is often welfare enhancing

and should occur earlier in the game.
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1 Introduction

The Burmese popular music scene is thriving. Not with traditional sounds of a Saung, but
with those of an electric guitar strummed to the beats of Collective Soul, an American rock
band (NPR [?]). Rock music has been popular in Burma since the early 1970s, when it in-
teracted with and subsequently displaced traditional Burmese music. Was this displacement
inevitable, or was it only one possible outcome of their interaction? For that matter, what
happens in general when conventions of behavior (like musical genres) interact?

To develop answers to these questions, we draw on the observational learning literature
and take a convention (of behavior) to be an information cascade since both are events
where many players pool on a common action. Our interest lies in determining how cascades
interact. To these ends, we consider a game where two finite groups of players interact
via a common player, which we call the interacting cascade (game). In this game, a finite
number of Bayesian players move sequentially in an exogenously specified order. When a
player moves, she attempts to match her (binary) action to the (binary) unknown state. She
does this after observing an informative private signal and the behavior of previous players
in her group, or both groups if she is the common player. While simple, this game allows
both groups to have different cascades and, thus, is an ideal environment for studying their
interaction.

Our solution concept is refinement of a Perfect Bayesian Equilibrium. We show that an
equilibrium exists and is unique up to out-of-equilibrium beliefs; see Proposition 1. Sub-
sequently, we characterize the equilibrium strategies of the players; see Propositions 2 to
4.

We find that, in equilibrium, a cascade emerges in a group when a sufficient number of
players receive private signals indicating the same state. Thus, cascades embody information
about the state. If cascades form then interaction has three core effects depending on the
nature of the cascades; see Proposition 5.

First, if cascades on the same action emerge in both groups, then interaction does not
change either group’s cascade. This is due to the fact that both groups have similar infor-
mation about the state.

Second, if a cascade emerges in group A, but not group B, then interaction results in B
adopting A’s cascade. Intuitively, the players in B have not formed a cascade because they
do not know enough about the state. When they learn of A’s cascade, they also infer the
private information that lead to the cascade. This new information is enough to convince
the (remaining) players in B to mimic A’s cascade. In essence, the cascade is transmitted

because it is an expression of information about the state.



Third, if cascades on different actions emerge in both groups, then one group’s cascade
ends. Basically, interaction results in players in one group, say B, learning that players in
A received contradictory information from their signals. Thus, players in B who have yet to
move doubt their group’s information, so B’s cascade ends. Meanwhile, players in A do not
learn anything from interaction, so their cascade continues. (This asymmetry reflects the
indirect way in which player communicate.)

Additionally, we find that there is usually a welfare benefit to having a common player; see
Proposition 6. Intuitively, her aggregation of information increases the (ex-ante) chance that
subsequent players will correctly match their actions to the state. We also show that it is often
better to have the common player move earlier, though not too early; see Propositions 7 and
8. If the common player is placed too late, then fewer players benefit from her aggregation.
Conversely, if the common player is placed too early, there is not much information for her

to aggregate. This increases the chance that she and later players make a mistake.

Our work is partially an extension of the observational learning literature. As its name
implies, this literature is concerned with how players learn from the behavior of others. A
typical model assumes that players move sequentially and face payoffs that depend on the
unknown state. When a player moves, she makes a one-time decision after observing a some
common statistic, which is often the complete history of decisions, and a private signal. She
uses this information to make inferences about the state and pick a payoff-maximizing action.

In their seminal paper, Bikhchandani et al. [?] found that, asymptotically, players form a
cascade with certainty and this cascade may be incorrect for the realized state. Subsequently,
much of the literature has concerned itself with developing conditions under which (i) players
form cascades and (ii) players asymptotically learn the true state and make the correct
decision (e.g., Smith and Sorensen [?]). See Bikhchandani et al. [?] for an overview.! Our
work differs in that our focus is on the interaction of group’s cascades, not asymptotic
learning.

Our work is also related to the research of Bala and Goyal |?] and Gale and Kariv
[?], which examine Bayesian learning in social networks when players move repeatedly. In
these models, players face payoffs that depend on the unknown state and pick an action to
maximize their per-round payoff. They do this after observing the history of their social
network (and an initial private signal). Asymptotically, both papers find that all players,
regardless of which groups they belong to, converge to a single, best action, so long as

networks are connected. While these models allow for a greater variety of social networks

!Experimental and empirical studies have found support for cascades (in smaller groups) and, in general,
observational learning. See Anderson and Holt [?] and Cai et al. [?], among others. Goeree et al. [7]
experimentally demonstrate the fragility of cascades in larger groups (e.g., 20+ participants).



than ours, neither focuses on how different conventions interact.

The research of Banerjeea and Fudenberg [?|, Smith and Sorensen [?], and Acemoglu et al.
[?], represents a hybrid of these two literatures. In these models, players move sequentially
and make a one-time decision. They make these decisions after observing the history of
their social network, which is a “stochastically-generated neighborhood of |past| individuals
(Acemoglu et al. [?]).” These papers find conditions under which players asymptotically
discover the optimal action.

More broadly, our work is related to a literature which studies how factors aside from
information drive the emergence of conventions. For instance, Bernheim points out that
conventions may be explained by a desire for conformity. In his static model, players get
utility from social status and consumption. In equilibrium, non-conformity in consumption
is punished by a loss of status, so players have an equilibrium desire to conform. Bernheim
characterizes when this desire is strong enough to cause a convention to develop. Other
authors have also used a desire for conformity to explain the emergence of conventions —
e.g., Akerlof [?] and Becker [?].

Young |?] takes a different approach. He examines evolutionary coordination games where
agents have limited memories and shows that conventions may emerge as a ways of solving
the coordination problem. He characterizes the nature of these conventions and examines
how they migrate between groups. Our findings are complementary as we approach the issue

of interaction from (very) different perspectives — information versus coordination.

Our interaction results (Proposition 5) finds support in the sociological and economic
literatures. Lindstorm and Munoz-Franco’s [?| study of contraceptive use in Guatemala
provides an example of our second result. The authors find that urban migrants (the common
players) transmit the urban convention of contraceptive use back to their (rural) villages.
Levitt’s [?] study of Dominican migrant workers in the US provides an example of our third
result. She finds that migrant women (the common players) adopt (some) US fashions
(e.g., wearing long sleeves). This adoption (i) causes non-migrant woman in the Dominican
Republic to discontinue their traditional fashions and (ii) does not cause the non-migrant
women to adopt US fashions.

Closer to home, Javorcik’s [?] study of spillovers from foreign direct investment in Lithua-
nia also provides an example of our second result. He finds that ventures by foreign firms
(from developed countries) are able to transmit productivity-enhancing practices to their

up-stream Lithuanian suppliers and those suppliers’ competitors.

Our game is simple. It does not capture the full complexity of many larger, real-world
social networks. For instance, we omit multiple common players, i.e., multiple connections

between groups. Hence, we view our results as an approximation of the interaction of con-

4



ventions in small groups — e.g., in two teams connected by a common manager or two trade
associations connected by a common firm.? In spite of this, our results are novel and com-

pelling.

Section 2 provides a description of our game. Section 3 provides an example that il-
lustrates the equilibrium. Section 4 formally presents our major results and examines the

optimal placement of the common player. All proofs are in the Appendix.

2 The Game

This section describes the environment, the equilibrium concept, and proves that an equi-

librium exists and is essentially unique.

Basic CASCADES
In a (basic) cascade, N identical players move sequentially in a commonly known and
exogenous order. Let ¢ denote the i-th player to move, where i € {1,2,..., N}. When it’s
her move, a player decides whether to adopt (a) or reject () a behavior. A player’s payoff
depend only on her own decision and the true, but unknown state, which may be either
high (H) and low (£). The payoff of player ¢ when she takes decision d; € {a,r} in state
se{H,L}is
1 ifdi=aand s=H
u(d;,s) =< —1 ifd;=aand s =L
0 ifd;=r.

Each state is equally likely, i.e., P(H) = P(L) = 1/2. Each player i observes the decisions of
the prior players d;_; := (dy,...,d;_;) and an informative private signal z; € {H, L}, prior

to making her own decision. The probability of signal x, conditional on the true state being

P(als) p ifzrx=s
x|s) =
1—p ifz#s,

where p € (1/2,1). Given s, the signals x; and x; are independent when i # j. We write z;

s, is

for (x1,...,x;), where Ty = ().

A belief for player i is a function ¢; : {a,r}*"*x{H, L} — [0, 1] which gives the probability
player ¢ assigns to the state being H given the decisions of the prior players and her own
signal. A (pure) strategy for player ¢ is a function o; : {a,7}*"' x {H,L} — {a,r}, which

maps the profile of decisions of prior players and her own private signal into a decision.

INTERACTING CASCADES

2 Alternatively, our results may be viewed as a “local” approximation of the interaction in larger groups.



Group A i i O 3% 145 = Nt

Group B 2 22 = =18 wiBe o NB

Blue is d4 and yellow is dp.

Figure 2.1: Interacting Cascade Environment, Groups A and B

We study interacting cascades in which there are two groups — A and B — each with N
players. In each group, the players move sequentially in a commonly known and exogenous
order. We write ¢ for the i-th player to move in group g € {A, B}. The groups interact via
a common player who is a member of both groups and who is the k-th player to move in
each group. For simplicity, we take k to be odd and 1 < k < N.3 The arrangement of the
players is illustrated in Figure 2.1. Each player observes the decisions of the prior players
in her own group and an informative private signal prior to making her own decision. The
common player observes the decisions of the prior players in both groups.

For each player other than the common player, strategies and beliefs are as defined for a
basic cascade. For the common player k a belief is a function ¢y, : {a, r}** D x{H, L} — [0,1]
which gives the probability player k assigns to the true state being H given the decision of
the 2(k — 1) prior players and her private signal. A (pure) strategy for player k is a function
o : {a,r}**V x {H L} — {a,r}, which maps the decisions of the prior players and her
own private signal into a decision.

We write 2 for the signal of the i-th player in group g, we write ¢ for her belief, d? for
her decision, and o for her strategy. Since player k is a member of both groups, we denote
her decision by either di!, d?, or simply dy. We write d? for (d,...,d?) for the decisions of
players 1 through ¢ in group g.

A strategy profile o is a list

A _B A B A B A B
(07,07 01y k15 Oks Oy 1> Ot - - s ON+s ON )

3Proofs when k is even are available on request.



and a belief profile ¢ is a list

( f7¢{37"'7¢k 17¢k 17¢k7¢k+17¢k+17"'7¢ﬁ7¢]§])'

Given a strategy profile o, the probability that the decision profile of the first ¢ players
in group g is d; = (di_1,d;) € {a,r}""! when the true state is s is denoted by P¢(d,|s) and
is defined recursively: For g € {A, B} and i = 1 we have

Pi(dils) =Y P(xls).

{zlof (z)=d1}

For g € {A,B} and i € {2,..., N}\{k} we have

PY(di-1, dils) = PS(di-1]s) > P(z|s).

{zlof (di—1,w)=d;}

For g = A and i = k we have

PHdp-r dils) = ) PP(diyls) > Py (dy-1]s) P(x]s),

Jf_le{a,r}k*1 {$|Jk(gk_1,({k3_1,x):dk}

whereas for ¢ = B and ¢ = k£ we have

PP(di-vdils) = Y P s) > P (di-1]s)P(a]s).

df;?ile{a,,,.}k—l {x|‘7k( k— 1dk 1,7)=dy}

Definition. An equilibrium is a profile of (pure) strategies and beliefs (*, ¢*) such that o*

is sequentially rational and ¢* satisfies Baye’s Rule:

(i) Sequential Rationality
For g € {A,B}, and i € {2,...,N}\{k}, and d;_; € {a,r}"!, and x € {H, L} we have:

. a if¢? (diq,x)>1
O'ig(di—lyl’): ¢ ( 1 ) 2
roif ¢f (11, )<%

and
. - a if ,r)=%fandr=H
Ul-g(dz;l,l’): ¢ ( 1 ) 2
roif ¢¢ (di_y,2) = % and z = L.
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Further, for (dy_1,,dr_1,) € {a,7}>*1) and x € {H, L} we have:

a if qﬁi*(J?_l,Jf_l,x) >

UZ(JI?—I’JE—DCE) = . . _
roif ¢f (dpy,di g 2) <

= N

and

ot (o) = a if ¢f (di,,dP ,2)=1andz=H
E\Wi—-1, - . _
roif ¢f (df ,dP |, 2)=1%and z = L.

2
(ii) Bayes’ Rule
For g € {A,B}, and i € {2,..., N}\{k}, and d;_; € {a,r}"!, and x € {H, L} we have

that _
o PY.(di s |[H) P(a|H) P(H)

i) = 5 e P @ a3 Pals) P(5)

if PY.(d;_1|s) > 0 for some s. Further, for (di* |, d? |) € {a,r}**~Y and z € {H, L} we have
that

P (di_y[H) PR () [H) P(x[H) P(H)

Y secy P (diy|9)PL(dEy | s)P(x]s)P(s)’

sz(cz?fla Jfflv I) =

if PA(d2 |s)PE(dB ||s) > 0 for some s.

Sequential rationality requires that each player’s decision be optimal given her belief. If

¢f*(di,1, x) > 1/2, then player i’s (expected) payoff to choosing a is

u(a, H)o? (dir,7) + ula, L)1 — ¢¢ (di1,2)) = ¢ (di1,2) — (1= ¢f (di_1,2)) > 0,

whereas her payoff to choosing r is zero. Hence a is optimal. If ¢¢ (d;_y,x) < 1/2, then
r is optimal. If gbf*(c?i_l,a:) = 1/2, then a and r both yield a payoff of zero and both are
optimal. In this case, our definition requires (as is common in the literature) that player i
follows her own signal, choosing a if she observes H and r if she observes L. Condition (ii)

requires that, on the equilibrium path, beliefs are given by Bayes’ rule.

Proposition 1. Existence and Uniqueness of Equilibrium.

A (pure) strategy equilibrium exists. Equilibrium is unique up to off-equilibrium-path be-

: : - - A B A B A A A B
liefs, i.e., fix a profile of private signals (1,7, ..., T} 1, TF 1 Thy Thp1s Thogtr - - TN TN);
then the equilibrium outcome (dit,dP ... di |, d2 | d, d‘,?H, di 1. .. Ldy,dR) is the same

i every equilibrium.

The players moving prior to the common player face the same game in an interacting

cascade and in a basic cascade. For these players, equilibrium play coincides with the equi-
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librium play for the basic cascade given in Bikhchandani et al. |?].

We need one definition before discussing the example given in the next section.

Definition: Player i is in a cascade given (pure) strategy o; and history d;_; if her action

does not depend on her private signal, i.e., if o;(d;_1, H) = 04(d;—_1, L).

Observe that if player ¢ in group g is not in a cascade, then subsequent players in group g

can infer her signal from her decision.

3 Illustration of Equilibrium

To illustrate the model and give intuition to our core results, we look at an example of
regulatory compliance. Scholz [?] finds that Democratic presidential administrations (state
H) enforce regulations more strongly than Republican administrations (state £).

Suppose that regulated firms, to minimize compliance costs, would like to “adopt” com-
pliance (i.e., choose a) if there will be a Democratic administration and “reject” compliance
(i.e., choose r) if there will be a Republican administration. However, firms are uncertain
about whether there will be a Democratic or Republican administration at the time they
make their compliance decision. After conducting their own research, i.e., observing their
private signals about the political alignment of the next administration, members of the
East Coast trade association B(eltway), D(owning), and W (hittier) make their decisions.
Meanwhile, members of the West Coast trade association A(ccent), E(ssex), and S(un) also
observe their signals and make their decisions. Additionally, M(adison), with operations on
the East and West coasts and a member of both trade associations, observes its signal and
makes its decision. In this example (i) firms move in alphabetical order; (ii) firms believe
that both types of administrations are equally likely; (iii) p = 2/3; and (iv) complying in a
Democratic administration gives a payoff of one, while complying in a Republican adminis-
tration gives a payout of negative one. The arrangement of the player is illustrated in Figure
3.1.

BASIC CASCADES
To see how a cascade forms, we focus on the East Coast firms and suppose, for the
moment, that West Coast firms do not exist. Suppose that Beltway’s (private) signal is L,
i.e., its research indicates the next administration is likely Republican. Then, its belief is
P(H)P(L|H) s(1—p) 1

)= PP 10—l 3
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Figure 3.1: Regulatory Compliance Example

and it optimally chooses non-compliance, i.e., o5(L) = r. If B’s signal had been H, then
o5(H) = 1/3 and B would have chosen a. B’s decision thus reveals his signal to Downing,
Madison, and Whittier. Note that in state H the probability B chooses r is P,«(r|H) =
1 —p=1/3, while in state £ we have P,«(r|L) = p = 2/3.
Downing sees Beltway choose r and infers that B received a signal of L. If D’s signal is
also L (i.e., dg = r and xp = L in the notation of the model) then its belief is
P(H)P(L|H)P,-(r|H) 5(1—p)? 1

* _ — 2 = —
o L) = PP B () T0—pP L2 5

Thus, D also chooses r. If D’s signal had been H, then ¢%,(r, H) = 1/2 and D would have
chosen a, following its signal. D’s action therefore also reveals its signal.
Madison, after observing Beltway and Downing choose non-compliance, i.e., dp = (r,7),

infers that they both received signals of L. Thus,

3)7 ifwy =H

(b)]k\/[(rv T, xM) =
1/9 if oy = L,

which is less than 1/2 for both realizations of z;. Hence, M optimally follows the decisions
of B and D and also chooses r. Consequently, dy; = (r,7,7). As M’s decision does not
depend on its signal, M’s decision is uninformative to Whittier. Therefore, W has the same
belief as M, i.e., %y (dar, ¥) = ¢%,(dp, x) for x € {L, H}, and also chooses 7.

When Downing and Beltway both choose r, then Madison and Whittier are in a cascade.
Madison chooses compliance because the information revealed by B and D’s decisions is
strong enough to “outweigh” Madison’s own signal. Since Madison’s decision is uninforma-
tive, then Whittier is in the same situation as Madison and makes the same decision. This

leads to our first observation.
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Observation 1: In a basic cascade, if the private signals of the first two players (e.g.,
Beltway and Downing) are the same, then a cascade emerges, i.e., the third player and all

subsequent players make the same decision as the first two players.

If the signals of the first two players are not the same, then Madison is not in a cascade.
If D’s signal had been H rather than L, it would have chosen a. In this case, Madison infers
Tp = (L, H) and has a belief

2/3 ifxy =H
1/3 if zy = L.

Qﬁd(ra a, xM) =

M’s decision would depend on its signal.

INTERACTING CASCADES

To see how cascades interact, we return to our initial setting with both East and West
Coast firms. In light of Observation 1, we say that group ¢ is in a cascade if the decisions
of the first two players in g are the same. We illustrate equilibrium play for the common
player and the subsequent players when: (i) one group is in a cascade and the other is not,
and (ii) both groups are in cascades on different actions.

To examine (i), suppose that the East Coast firms are in a cascade on non-compliance,
i.e., both Beltway and Downing choose r, and that the West Coast firms are not in a cascade,
e.g., Accent chooses a and Essex chooses 7. Thus, d5¢ = (r,7) and d¥¢ = (a,r). Since
these firms follow their private signals, Madison infers that z5¢ = (L, L) and d¥¢ = (H, L).

Madison’s belief given signal x,; is

1.2 3
3 p°(1-p) 1 _
=5 ifxy=H
85 (00, VO gyy) = 4 FPOPIE P B M
M\"D »YE > 1p(1—p) 1

p—pitipii—p 9 it zy = L.

Thus M decides r, regardless of its signal, following the action of the group that’s in a
cascade.
Table 3.1 summarizes how Madison’s decision depends on its signal and the private signals

of Beltway, Downing, Accent, and Essex. Madison will choose a if at least three of these five
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signals are H and it will choose r otherwise.

= H Ty =L
East Coast (zp,zp) West Coast (z4,2p) West Coast (4, 2p)
HH HL LH LL HH HL LH LL
HH a a a a a a a r
HL a a a r a r r r
LH a a a r a T T r
LL a r r r r r r r

Table 3.1: Madison’s Optimal Decisions

Continuing the example, suppose that Madison indeed chooses r. Whittier, an East
Coast firm, observes Jff = (r,r, ), from which it infers that xgp = zp = L. It cannot infer
(xa,xp,zy). However, W knows that the only signal profiles, (zp,xp, x4, g, 2y ), which
are consistent with d¥C are those in the last row of Table 1 except for the left-most cell
(L,L,H, H, H). Whittier calculates that

1 19
PEC(dST 1) = 39 (1 —p)* +3p(1 —p)' + (1 )" = o .
and
EC ( 7EC 3 2 4 5 104
PR (dy 1£) =3p°(1 —p)* +3p* (1 —p) +p :%‘
Whittier’s belief, given signal xyy, is?
= B ifay=H
¢%/(df407 IW) = & W (31)

Thus, W chooses r, regardless of its signal. This leads to our second observation.

Observation 2a: If group g is in a cascade and the other group is not, then the decision of

the common player follows the cascade and the cascade in g continues.

Sun, a West Coast firm, observes dy,¢ = (a,r,7) and infers 2% = (H, L). Since Madison
decided r, S knows that there were at least three L signals among (xg,xp,za, Tg, ). Since

r4 = H and xg = L, then S knows that Beltway, Downing, and Madision collectively received

4For instance, ~
sPPFC(d5F M) 19

¢* (&EC,H) _ _ _ .
e sPPEC(dR ) + 5(1 = p) PEC(dF L) T

12



at least two L signals. The probability of this is 3p(1 — p)? + (1 — p)? if the state is H.5 Sun

calculates that

14
PRO(dy M) = p(1 = p)Bp(1 = p)* + (1 =) = 5 5
and, in an analogous manner, that
W gwe 2 3 40
P (dy1£) = p(1 = p)3p"(1 = p) +17] = o 2.

Sun’s belief, given signal zg, is

1f$S:H

7
* CZWC,.I' — 17
¢5(du " Ts) { L ifxg=L.

1
4

-

Thus, S chooses r regardless of its signal. Intuitively, M’s action conveys enough information
about the state to outweigh S’s private signal and the information revealed by A and E’s
decisions. The cascade on r is transmitted from the East Coast firms to the West Coast

firms. This leads to our third observation.

Observation 2b: If group g is in a cascade and the other group is not, then the decision
of the common player and all subsequent players in both groups follows the cascade. The

cascade is transmitted from one group to the other.

We now consider the case in which both groups are in cascades on different actions.
Suppose that the East Coast firms are in a cascade on non-compliance, i.e., both Beltway
and Downing choose r, and that the West Coast firms are in a cascade on compliance, i.e.,
both Accent and Essex choose a. Then Madison infers z5¢ = (L, L) and 2%¢ = (H, H).
Table 3.1 shows that M resolves its decision in favor of its signal.

Suppose that 2y, = L and thus dy; = 7. Then d¥¢ = (r,7,7) and Whittier’s belief is
given by (3.1), so it optimally chooses r and the cascade in East Coast continues. Sun,
however, observes dy, = (a,a,r) and infers Z%¢ = (H, H). Table 3.1 shows that when
x4 = zg = H, then Madison only chooses r if (g, xp,zy) = (L, L, L). Hence S’s history

effectively contains three L signals and two H signals. Sun’s belief, given signal zg, is

1fo:H
leL‘S:L

gbg(%ca flfs) -

Gl= D=

5There are three ways that two of the players could receive an L signal, and one way all three players
could receive an L signal.
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Hence, S chooses a if tg = H and r if v = L, and so S is not in a cascade. Intuitively,
M’s decision to not comply conveys enough information to S for it to doubt its own group’s
cascade on compliance, but not enough to give rise to a new cascade. This leads to our next

observation.

Observation 3: If both groups are in cascades on different actions, then the cascade that
agrees with the common player’s action continues, while the cascade that disagrees with the
common player’s action ends.

Observations 2a, 2b, and 3 allow us to write Table 3.2, a description of how cascades
interact when East Coast is in a cascade on a. In the table, “a” denotes a cascade on a, “r” a
cascade on r, and “n/a” denotes no cascade. For instance, the second row of the table shows
that if East Coast is in a cascade on a (before M moves) and West Coast is not in a cascade,
then M chooses A, East Coast remains in a cascade on a, and the cascade is transmitted to

West Coast.

Existing Cascade in Subsequent Cascade in
East Coast West Coast dj; East Coast West Coast
a a a a
a n/a a a a
r a a n/a
r n/a r

Table 3.2 Madison’s Effects on Cascades in East and West Coast

Table 3.2 shows our two findings for this example: (i) if one group is in a cascade and the
other is not, then the cascade is transmitted through the common player to the second group,
and (ii) when two cascades on opposite actions meet, one ends. It also shows that when both

groups cascade on the same action, then interaction has no effect.

WELFARE

When is interaction via a common player welfare improving? Table 3.2 indicates that
the common player Madison sometimes generates a benefit. For instance, if the state is H,
East Coast is in cascade on a (the correct action), and West Coast is in a cascade on r (the
incorrect action), then when M chooses r it ends West Coast’s incorrect cascade and raises
Sun’s payoff. This comes with the risk, however, that M may choose a and end East Coast’s
correct cascade, thereby decreasing Whittier’s payoff. To get a handle on this we need to
compare the (ex-ante) equilibrium payoffs of Whittier and Sun with and without a common

player.
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In a basic cascade, where Madison is a regular player, Whittier’s (and Sun’s) equilibrium
payoff is wY, = 13/54. In an interacting cascade, where Madison is a common player,
Whittier’s equilibrium payoff is wfj, = 47/162. As wi;, — w%, = 4/81 > 0, Whittier and Sun
are better off when groups interact than when they do not.%

The presence of a common player raises payoffs by increasing the chance that players who
follow it choose the correct action. It accomplishes this by (i) ending incorrect cascades more
often than correct cascades, and (ii) by transmitting correct cascades (to a group not in a
cascade) more often than incorrect cascades. For this example, we can show that interaction

always raises welfare. We will establish the following result in general:

Observation 4: FEz-ante payoffs in the interacting cascade equilibrium are (strictly) higher
than ex-ante payoffs in the basic cascade equilibrium if p is sufficiently high or k s sufficiently

large.

4 Results

In this section, we present our formal results regarding the strategies of the players, the
equilibrium interaction of cascades, the welfare properties of our equilibrium, and we discuss

the problem of optimally placing the common player. All proofs are given in the Appendix.

EQUILIBRIUM STRATEGIES

This subsection presents three propositions concerning the equilibrium strategies of (i)
players moving before the common player, (ii) the common player, and (iii) players moving
after the common player.

The next definition is useful.

Definition: A history d; = (dy,...,d;) is balanced if, for every odd integer j < i, we have

that d; # dj11, and is unbalanced otherwise.

We take any singleton or null history to be trivially balanced. The histories (a,r,a) and
(a,r,7,a) are balanced, whereas (a,a,r) and (r,a,r,r,a) are unbalanced. In a balanced
history, the cumulative total of actions of one type never exceeds one plus the cumulative
total of actions of the other type at any point in the sequence.

Let D? be the set of all balanced i length histories. Let D¢ be the set of all i length histo-
ries that become unbalanced on a and where all subsequent actions are a, i.e., D¢ = {d;|d; =
(dj,a,a,...,a), with d; € D? and j even}. Also, let D! = {d;|d; = (d;,7,r,...,r), with d; €

6Ex-ante equilibrium payoffs, when groups interact and when they do not, are computed in lemmas 1 and
2, respectively.
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Uz(Jk—1A7 Jk_137$k)

vy din, H L
Dy, a a
o (di_1,, x;) D¢ D?
ig \Wi—1gy Lig k—1 k—1 a a
7 .
di—1, H L 1 a r
D¢ a a D¢ a a
b b b
D; a r Dy, D, a r
Dy, r r 1 T r
(a) Player iy < k Dy, a r
Dr . Db, r r
1 T T

(b) Player k
Bold indicates a cascade.

Table 4.1: Equilibrium Strategies of Players Through k

Db and j even}. For instance, (a,a) € D§ since (a,a) = (0,a,a) and § € D, (a,r,a) € D}
since (r,a) € D, and (a,r,a,a) € D} since (a,7) € D5.

The next proposition, due to Bikhchandani et al. |?], gives the behavior of players before
the common player. The intuition underlying this result is the same as for Beltway and

Downing’s behavior in the Illustration.

Proposition 2. Equilibrium Before the Common Player.
Let i < k and g € {A,B}. If Ji_lg belongs to a row in Table 4.1(a), then player i,’s

equilibrium strategy o} (di-1,,x;,) is given by the last two columns. Otherwise, o7 (di-1,, H)
and o}, (di—1,, L) are arbitrary.
For instance, if d;, € D¢ |, then Table 4.1(a) shows that o7 (d;,, H) = o} (d;,, L) = a,
g 9 g g

i.e., that player i, is in a cascade on a. If d;, € D’ ;, then Table 4.1(a) shows that player
ig follows her signal. Intuitively, when a history is balanced, it is less informative about the
state, so players follow their own signals. Whereas a history in D{ ; or D] _; contains more
information about the state, causing players to cascade.

The next proposition gives the behavior of the common player. The intuition underlying

this result is the same as for Madison’s behavior in the Illustration.

Proposition 3. Equilibrium for the Common Player.
If (dy_1,,dr_1,) belongs to a row in Table 4.1(b), then the common player’s equilibrium

strategy ot (dp_1,, dp—1,,, k) is given by the last two columns. Otherwise, o7 (dp_1,, dg_1,, H)
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and o7 (dy_1,,dx_1,, L) are arbitrary.
The next proposition gives the behavior of players moving after the common player.

Proposition 4. Equilibrium After the Common Player.
Let g € {A, B}.

P41 : (Player k+ 1,.) If dkg = (cfk,lg,dk) belongs to a row in Table 4.2(a), then player
k+14’s equilibrium strategy azﬂg(czkg,a:kﬂg) s giwen by the last two columns. Otherwise,

agﬂg(czkg, H) and oy, (dx,, L) are arbitrary.

P42 : (Player k +24.) If czkﬂg = (cfk,lg,dk,dkﬂg) belongs to a row in Table 4.2(b), then
player k + 2,’s equilibrium strategy 02+29(Jk+1g,$k+29) is given by the last two columns.

Otherwise, oy .5 (dit1,, H) and OZHQ(Jng, L) are arbitrary.

P4.3 : (Subsequent players.) Let i > k + 2. If cZHg = (Jk,lg,dk,dkﬂg,dmgg,...,di,lg)

belongs to a row in Table 4.2(c), then player i,’s equilibrium strategy ai*g(cii_lg, T;,) s gien

by the last two columns. Otherwise, o7 (di-1,, H) and O';g(di_lg, L) are arbitrary.

For instance, if d_1, € D{_, and dj, = a, then the top row of Table 4.2(a) shows that
player k+1, is in a cascade on a. The intuition underlying of P4.1 is the same as for Sun and
Whittier’s behavior in the Illustration. While P4.2 and P4.3 are more complicated, similar

intuition underlies them.

Remark: Let (Z4,Zp) be a signal profile, then successive application of Propositions 2 to 4

give the unique history (d, dg) that results from equilibrium play.

We need to say more about histories and cascades before k. To these ends, we give the

next corollary. The intuition is the same as for Observation 1 in the Illustration.

Corollary 1. Histories and Cascades.
Let g € {A, B}.

C1.1 : Fori < k, if Ji_lg 1s a history that results from equilibrium play, then czi_lg €
D, UD}  UD],.

C1.2 : In equilibrium, player i, < k is in a cascade on a (on r) when two prior players j,
and j, + 1 (with j odd) both receive H signals (L signals).

C1.3 : In equilibrium, if player i, < k is in a cascade on a (on 1), then so too are players
i+ 1y, .., k=1,

The first result, C'1.1, shows that the equilibrium path histories for players before k

are precisely those enumerated in Table 4.1(a). Corollary C'1.2 gives the conditions under

17



iy (dt1,, Thso,)

L
Oy, (diys Tit,) dp-1, dp dry, H L
dp—1, dp H L a a a a
a
a a a a k—1 r a a T
k-1
r a r r r r r
b a a a b a a a a
k—1 Dk;—l
r r r r r r r
. a a r a a a a
k-1 i,
r r r rLoa r a r
(a) Player k + 1, T T r r

(b) Player k + 2,

oy ((L—lg7 %’g)

=
@

di-1, dr diy1, (drgog, oo dic1y) H L
a a (a,...,a) a a

i k2 a a

k1 Ta D} a "
ko r r

r r (ry...,m) r r

D a a (a,...,a) a a
r T (ry...,r) r r

a a (a,...,a) a a

i k2 a a

k-1 O r D}y, a r

i k2 r r

r r (ry...,7) r r

(c) Player iy > k+ 2,4
Bold indicates a cascade.

Table 4.2: Equilibrium Strategies of Players After k
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Subsequent

Cascade in

dk—lA dk:—lg dk A B

1. (P5.1) D, a a a

2. (P5.2) Do Db, a a a

3. (P5.3) o D a a n/a

4. (P5.3) S n/a r

5. (P5.2) D, a a a
6. (P5.4

oY by, opp, 4

7. (P5.4) r r r

8. (P5.2) Dy, r r r

9. (P5.3) Do a n/a a

k—1

10. (P5.3) D r r n/a

11. (P5.2) LD r r

12. (P5.1) Di_, r r r

Table 4.3: Histories and Subsequent Cascades

which a player before k is in a cascade. Corollary C'1.3 shows that once a cascade begins, it
continues until player k.

Corollary C'1.1 gives that, in equilibrium, the common player observes a history Jk_lg €
D¢ uD:  UD; . 1If Jk_lg € D¢, then we know from Proposition 2 that (i) some player
before k is in a cascade on a or that (ii) no player before k is in a cascade, but player k
would be in a cascade if she were a regular player. For the purposes of interaction, (ii) turns
out to be equivalent to (i) (see the Standard Method in the Appendix). Thus, we there is
cascade on a in group g before k when Jk,lg € D¢_,, likewise for r. And we say there

is no cascade in group g before k when cfk,lg eDd .

EQUILIBRIUM INTERACTION OF CASCADES
In this section, we characterize the equilibrium interaction of cascades. The next propo-

sition is our principle result.

Proposition 5: Equilibrium Interaction of Cascades.

If (dy_1,,dp_1,,dy,) belongs to a row in Table 4.3, then, in equilibrium, the cascade (if appli-
cable) of group g is given by the last two columns. Otherwise, the behavior of players moving

after k is arbitrary. The table gives:

P5.1 : If both groups are in cascades on the same action (before k), then each cascade

continues (see rows 1 and 12).
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P5.2 : If one group is in a cascade and the other group is not, then the cascade spills over

(see rows 2, 5, 8, and 11).

P5.3 : If the groups are in cascades on different actions, then (i) the cascade that agrees with
the common player’s action continues, while (ii) the cascade that disagrees with the common

player’s action ends (see rows 3, 4, 9, and 10).

P5.4 : If neither group is in a cascade, then a cascade forms in each group on the common

player’s action dj, (see rows 6 and 7).

Table 4.3 is read like Table 3.2 — a indicates a cascade on a, r indicates a cascade on r,
and n/a indicates that player k + 1, (and possibly other players after k) follow their own
signals. For instance, if neither group is in a cascade and the common player chooses a, i.e.,
dj—1 . d_1 , € DP | and dj = a, then Table 4.3 shows that subsequent players (i.e., players
k+1,, ..., Ny) in both groups are in cascades on a. The intuition for P5.1 to P5.4 is the

same as for Observations 2 through 4 in the Illustration.

WELFARE

Is a common player welfare improving? We show the answer often yes, i.e., that all
players obtain a (weakly) higher (ex-ante) payoff in a interacting cascade than in a basic
cascade. The common player’s aggregation of information gives players a greater chance of
taking the correct action (given the true state).

We write wi (p) for player i,’s equilibrium payoff in a basic cascade, where p is the signal
accuracy. We write w{g (p, k) for i,’s equilibrium payoff in an interacting cascade, where k is

the position of the common player. The next two lemmas give expressions for both functions.

Lemma 1. Basic Cascade Equilibrium Payoffs.

In a basic cascade, the equilibrium payoff of player i in group g € {A, B} is

(2p = D1 = (N)")
2(1—2,)

wi (p) =

where A\, = 2p(1 —p), v, = % if i is even, and y; = % if i is odd.

The lemma gives that, when i is even, player ¢+ 1 has a greater payoff than player i. This
reflects the fact that later players have more information as they observe more decisions by
prior players. However, the lemma also shows that players ¢ and ¢ + 1 have the same payoff
when ¢ is odd. This stems from the fact that players ¢ and ¢ + 1 either follow their own
signals or are both in the same cascade. The next lemma establishes the analogous result

for an interacting cascade.

Lemma 2. Interacting Cascade Equilibrium Payoffs.
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In an interacting cascade, the equilibrium payoff of player i in group g € {A, B} is

( ,
(2p—1)(A—(Ap)™) e
. e ifi<k
I (2p—1)(1—(A\p)F) 9 if i =k or
w;, (P, k) = § =i + A p(l —p))*(2p - 1) ,
1=k+1
2p—1)(1—(Xp)* _ , .
| oG (A p(1 = p))2(2p = DL+ (L = ()] if i > k2,
%
where Ay, = % and 8, = 7 — %

The next proposition establishes conditions under which players are better off in an

interacting cascade. The intuition is the same as for Observation 5 in the illustration.

Proposition 6. Ranking of Equilibrium Payoffs.
If (i) p > %ﬁ or (it) k > 5, then the presence of a common player raises payoffs, i.e.,
w] (p, k) > w7 (p) for alli >k and g € {A, B}.

Since w{g (p) = wg (p, k) for i < k by Lemmas 1 and 2 then, under the assumptions of
Proposition 6, each player’s payoff is weakly higher when cascades interact. However, if
k = 3, then there are values of p for which the payoff ranking is reversed. For instance, if
p =3/5 and N > 13, then wi}, (3/5) = 0.191 > wis,(3/5,3) ~ 0.188. In this example, the
payoff ranking is reversed because there is a greater chance that players who move after the
common player make an incorrect decision due to the common player’s early position and

the low signal accuracy.

PLACEMENT OF THE COMMON PLAYER

Where is it best to place the common player? That is, should information be aggregated
earlier or later? We show that it is best to place her early, but not too early. Our analysis
is partially computational due the complexity of the problem.

Write W (N, p, k) for the sum of the players’ equilibrium payoffs in an interacting cascade,
ie.,

W(N,p. k) =wi(p, k) + > (w],(p,k) +w] (p, k).
ie{1,.., N\ {k}

The problem, taking N and p as given, is to choose a k, where 1 < k < N and k is odd,” to
maximize W (N, p, k). Let k*(N, p) = argmaxy W (N, p, k).

A useful way to proceed is to think about moving the common player. Fix an order of

the players and name the players by their positions. Suppose we move the common player

"Results are similar when k is even; these are available on request.
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e
Group B 18 = = k3t k2P kl® 1BE o NP
Position 1 . k3 k2 Kkl k kel .. N
Group A I s 24 k1 ekt e e N
k
S
Group B 12 = = i3 B k1B je1Be e B

The top pane gives the original game and the bottom pane gives the new game.

Figure 4.1: Changing the Common Player’s Position

from position k to position £ — 2. We do this by picking up the common player, pushing the
players occupying positions £ — 2 and k — 1 up by one position to fill in the gap, and then
inserting the common player into the now empty k& — 2 position. Figure 4.1 illustrates this —
the top depicts the original game and the bottom depicts the new game. The figure shows,
for instance, that player k — 2, moves from position £ — 2 in group A to position k£ — 1 in
group A.

The payoffs of players 1, to k — 3, are the same in both games since they don’t change
position and their payoffs don’t depend on the common player’s position (see Lemma 2).
However, the payoffs of (i) players k — 24, k — 1,, (ii) the common player, and (iii) players
k+1,4, ..., Ny change when going from the original game to the new game because they
depend on the common player’s position. We refer to these changes as the ‘“regime switching”
effect, the “own” effect, and the “information” effect respectively. We consider each in turn.

The regime switching effect is positive under the assumptions of Proposition 6. By moving
the common player to a position before players k —2, and k—1,, we improve the information
these players have about the state and, thus, increase their payoffs. To see this for player

k — 24, recall that in the original game her payoff is w]_, , (p, k), while in the new game her
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payoff is w,ﬁfu(p, k —2). We have,

wé*QA(Z% k) = kafQA(p) S kaflA<p> < wlﬁ*lA(]Lk - 2)7

where the equality follows from Lemmas 1 and 2, the weak inequality follows from Lemma
1, and the strict inequality follows from Proposition 6.

The own effect is negative. The common player’s payoff w}(p, k) is decreasing in k as
she observes fewer decisions and, thus, less information; see Lemma 2. Thus, the move from
position k£ to k — 2 makes the common player worse off.

The information effect is ambiguous. This ambiguity stems from the fact that w; (p, k)
is not monotone in £ for all players moving after the common player. For instance, if p = 6/10
and N > 29, then wiy, (6/10,27) — wiy  (6/10,25) ~ 0.05, while wly, (6/10,5) — wly , (6/10,3) =
—0.04. The lack of monotonicity is driven by two factors. First, the common player aggre-
gates less information — this decreases surplus. Second, if the common player ends a group’s
cascade, there are now more players after the common player to reveal information — this
increases surplus.

It follows that the overall effect of moving the common player is usually ambiguous.
However, the next proposition shows that when p is close to 1, the move is surplus improving.

The intuition is that the regime switching effect dominates.

Proposition 7. Earlier Optimal Placement.

For every odd k > 3, there exists a py, such that moving the common player from position k to
k—2 (as in Figure 4.1) is surplus improving when p > py, i.e., W(N,p,k—2) > W(N,p, k)
for all p € [px,1).

The next corollary shows that the optimal placement is arbitrarily early for p sufficiently

close to 1.

Corollary 2.
For every odd m, where 1 < m < N, there is a p,, such that k*(N,p) < m for all p € [pm,1).

Table 4.4 illustrates how W (N, p, k) changes with k£ and p when N = 15 (i.e., there are
14 players in each group and one common player). For example, when p = 0.55 it is best to
put the common player in position 7. This example illustrates that as signals become more
informative, it tends to be optimal to place the common player earlier.

The next proposition is a converse to the last two results. It shows shows that £*(N,p)

does not contain early positions when p is close to 1/2 and N is large.

Proposition 8. Later Optimal Placement.
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D k=3 k=5 k=7 k=9 k=11 k=13
0.55 2.583 2900 2.928 2.851 2.737 2617
0.65 7.342 8.033 8.054 7.865 7.611  7.351
0.75 11.016 11.566 11.511 11.321 11.102 10.883
0.85 13.275 13.440 13.371 13.278 13.183 13.089
0.95 14.273 14266 14.255 14.245 14.234 14.223

Bold indicates a maximum.

Table 4.4: W(15,p, k)

For every odd m, where m > 1, there is a p,, and a N,, such that k*(N,,,p) > m for all
p € (Y2, pm].

Table 4.5 gives k*(V, p) for a several values of N and p. In the table, k*(N,p) does not
occupy early positions when N is large and p is close to 1/2. However, it moves towards an

early position as p increases to 1.

P N =100 N =1,000 N =10,000 N =100,000 N = 1,000,000

0.55 13 19 27 33 39
0.65 11 17 23 29 35
0.75 11 15 19 25 29
0.85 9 11 15 19 21
0.95 ) 7 9 11 13

Table 4.5: k*(N, p)

24



A Appendix

This appendix gives the proofs of our propositions. We first give the proof of Proposition 1.
Subsequently we develop a several lemmas concerning the equilibrium strategies of players
and the probabilities of various outcomes before proving Propositions 2 through 8. Since p
and k are fixed, we suppress the dependence of \,, Ay and d;; on them, and write A\, A, and

J; respectively. (We reintroduce the dependence when needed.)

EXISTENCE AND UNIQUENESS
We say strategy profile &; and signals (z;,,%;,) = (1,,...,%i,, T1,,- .., Ziz) generate

decisions (d;,,d;,) = (d1,,-..,d1,, dip,-..,d;,) if, for all j < i and g € {4, B}, we have

iA

(1) O'jg(dlg, ce ,dj_lg,xjg) = djg lfj 7& k, and
(ll) O'j(dlA, Ce ,dj,lA,dlB, . ,dj,lB,fﬂj) = dj lf] = k

That is, (d;,,d;,) is the history if players follow &; when they receive signals (Z;,, Z;,,)-

1A

Let E;(7;) be the set of all histories generated through player i, i.e.,
Ei(5;) = {(d;,,d;,)|G: generates (d;,, d;,,) for some (Z;,,Zi;)}
Let Eg (7;) be the set of histories generated through player 7 in group g, i.e.,
EO( i) = {d;,|(di,.d;_,) € Ei(5;) for some d;__}.

Note that player i, observes a history in £ ~1,» while the common player observes a history

in B_q.

Proof of Proposition 1: The proof is by induction. Without loss of generality, we focus

on group A. Consider player 14. If 1, = H then, by Bayes’ rule, we have 14’s belief is

P(H)P(H\H)P(CZOAW) _ 3P
>wepury P(s)P(H|s)P(do,ls)  5p+5(1—p

¢IA<JOA7H): ) =D,

where for the null history do, it is trivial that P(do,|s) = 1 for each s. Since p > 1,
sequential rationality implies U’I“A(JOA,H) = a. Analogously, gb*{A(d_oA,L) = 1 —p and
o1, (do,,L) = r. Since no other beliefs and strategies satisfy Bayes’ rule and sequential
rationality, o, (do,, 21,) defines a unique map from signal profiles {H, L} to decisions {a,r}.

Assume that we have constructed pure strategies o7 and beliefs ¢f satisfying sequen-

tial rationality and Bayes’ rule for players 1,...,l and g € {A, B}. Additionally, assume
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these strategies define a unique mapping from signal profiles (z;,,Z;,) to decision histories
(di,,dy,). We now construct a strategy and beliefs for player [ + 14 which satisfy sequential
rationality and Bayes’ rule.

For each (di,,d,) € E{ (a}), there is some (Zy,, ;) that generates it. Thus, Ps«(dy,|s)
is positive. Hence, player [ + 14’s belief ¢}, (di,,2141,) is given by Bayes’ rule for each
di, € EP(57) and x4, € {H,L}. Let o}y (di,, xi11,) be the sequentially rational de-
cision for player [ + 14 given her belief ¢}, (di,,%iy1,). Thus, for each signal profile
(Z1,, Trs1 4, Tiyy Try1y ), there is a unique profile of decisions (d;,, diy1,, diy, diy1y)-

For off-path histories, i.c., for d;, ¢ Ef (67), we are free to construct beliefs as we choose.
Let ¢y, (diy, 2i41,) = Y2 for each dy, ¢ EP(67) and 241, € {H,L}. Let ¢}y, (diy, x141,)
be [+ 14’s sequentially rational decision. As constructed, o7,  and ¢;,,  satisfy sequential

rationality and Bayes’ rule. O

CHARACTERIZATION OF EQUILIBRIUM
It is useful to keep track of where a signal profile becomes unbalanced. Let Z; be a signal

profile.

Definition: Let 6(%;) be the largest integer less than or equal to i such that z4_; is balanced,
where T; = (Tg_1, Tg, Tor1, -, T;)-

Such a 0 exists. If z; = (z;_1,2;) is balanced, then Z; ; is balanced, so 0 = i. If z; is
unbalanced, then there is an odd j < ¢ such that ; = x;.,. Then, 6 = j + 1 for the
smallest such j, implying that (i) € is even and (ii) dg—1 = dp. For instance, 6(H, H) = 2
and §(H,L,H,L,L,L, H) = 6. For a history d;, we define 6(d;) in the same way.

Let X; = {H, L}* be the set of signal profiles of length i. Let X} = {Z; € X;|7; is balanced}
be the set of balanced signal profiles. Then X;\ X? is the set of unbalanced profiles. Define
X" ={z € X\X!|z; = (z;,H,H,xj45...,7;), with T; € X! and j even} as the set of
unbalanced signal profiles that become unbalanced on H. Analogously, define X! = {z; €
X\X|z; = (&j,L,L,xj43...,2;), with z; € X} and j even}. Thus, (z1,...,2;) € X[
if and only if g, 20)-1 = To(, .0y = H. Likewise, (z1,...,2;) € X} if and only if

For T' C X;, we define Prob(T|s) = XpP(x4|s)--- P(z;|s), since the signals are condi-

tionally independent.

Lemma Al.
For i > 2, let z; be a signal profile. Then, for s € {H, L},

LA1.1: Prob(X?|s) = A"

$)? .
LA1.2: Prob(X#|s) = %(1 — A7)
LA13: Prob(X%|s) = ZEEE (1 — iy,
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where A = 2p(1 — p) and n; = % if i is even or n; = % if i is odd.

Proof. We prove the claims when ¢ is even. The arguments are analogous when i is odd.
To establish LA1.1, note Prob(X?) = Prob({Z;|x1 # xo, 23 # T4,..., 71 # 3;}]s). Let
T, € {Z;|v1 # xo, w3 # x4, ..., 7,1 # x;}. Then T} consists of i/2 pairs 81gnals — either (H, L)
r (L, H). Thus, the (condltlonal) probability of Z is (p(1 — p))2. There are 22 orders of
(H,L) and (L, H). Hence,

Prob({z;|z1 # 2,3 # x4, ..., 21 # x;}|s) = (2p(1 — p))% = Az,

To establish LA1.2, we partition X/ by the values of § where the profiles first become
unbalanced. Let XX (m) = {z; € X|0(z;) = m} be the set of signal profiles that become
unbalanced on the m-th signal. Note that for z; € XX we have 0(z;) € {2,4,...,i}. Thus,
X1 = Upeqa,..a X (m). Observe that the X/*(m) are disjoint. The probability of X7 (m)
is the probability of a balanced (z1,...,2,_2) and x,,_1 = z,, = H, that is P(H!s)Q)\de

Hence,

Prob(X/|s) = Z A2 = P(H|s)? 1‘_?

An analogous argument shows LA1.3. [J

Let (z1,xs,...,2;) be an arbitrary signal profile and let P(H|z1,...,x;) denote the pos-

terior probability that the state is ‘H after observing (xy, za, ..., x;), i.e.,

P(H)P(x1|H)P(x2|H) - - - P H)
> seqpcy P(8)P(@1s)Pwals) - - - P(xils)’

P(H|ZL’1,J}2, e ,ZEZ'> =

as the signals are conditionally independent.

Lemma A2:
If i is even and (x1,...,x;) is balanced, then [, P(zi|H) = [Ti_, P(x:|L) = (p(1 — p))2.

Proof: The result follows from the symmetry of the signal distribution and the fact (x1, ..., z;)

contains /2 H and /2 L signals. O

Let (6*,¢*) be an equilibrium. Since the groups are symmetric and all equilibria yield
the same histories (by Proposition 1), we write E° for Efg) (7). We partition this set by
whether the history is balanced, unbalanced on a, or unbalanced on r. Define E! = {d; €
EP|d; is balanced} as the set of balanced histories. Then EP\E? is the set of unbalanced
histories. Let Ef = {d; € EP\E!|d; = (d;,a,a,d;ss...,d;), with d; € E? and j even} as
the set of unbalanced histories that become unbalanced on a. Also, define EI = {d; €
EO\E!|d; = (dj,r,r,djys...,d;), with d; € E? and j even}. Thus, (di,...,d;) € Ef if and
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only if dyq,,..d)-1 = do(a,,...q,) = a. Likewise, (dy,...,d;) € E] if and only if dg(a,,..4,)-1 =

PrAy BEFORE THE COMMON PLAYER
Since players who move before £ make no inferences about the other group, we dispense

with the g subscript. In this subsection, we take i < k.

Lemma A3.
If 2,y = (x1,...,7,_1) is a balanced signal profile, then T; = (%; x;) generates d; =
(dy,...,d;) where, for j <i,
a ifx;=H
d; = (A1)

r ifx;=1L
Furthermore, (dy,...,d;_1) is balanced.

Proof. Let (6*,¢*) be an equilibrium. Let (z1,...,2;_1,7;) be a signal profile such that
(x1,...,m;1) is balanced and (dy,...,d;) be the history it generates. Our goal is to show
that (di,...,d;) is (also) given by (A.1).

Let | <. We show d; is given by (A.1) for all j € {1,2,...,1}. We do this by induction
on [. First we show the claim when [ = 1. Subsequently, we assume the claim is true at an
arbitrary [ < ¢ and show that it’s true at [ + 1.

Let [ = 1. Since player one observes only z1, sequential rationality gives o} (H) = a and
oi(L) = r. Thus, player 1’s equilibrium decision d; is given by (A.1).

Assume that the claim holds for [ < . To prove the claim is true at [ + 1, it suffices to
show that [ 4 1’s equilibrium decision d;; is given by (A.1).

Since (z1,...,x;) is balanced, the induction hypothesis implies (di,...,d;) is given by
(A.1). Since (A.1) defines a one-to-one mapping, no other private signals may generate
(dy,...,d;). Thus, on observing (di,...,d;), player I + 1 may apply (A.1) to infer that the

first [ private signals are (z1,...,x;). Hence,
Ps(dy, ... di|s) = P(xy,...,xz|s) = 1L, P(xj|s).

If [ is even, Lemma A2 gives IL,<;P(z;|H) = I1;<;P(x;|L), while if [ is odd, Lemma A2
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gives Il;<;_1 P(x;|H) = Ilj<;_1 P(x;|£). Hence, player [ 4 1’s belief is
P(H)P(z Po(dy,....d
Gra(dy, .. diywg) = 286{52 P((.sl)Jr;’(;zl)Jrﬂs)(Plg*(dl, : l‘},[c)m.s)
__ POOPrn | )< P(x;[H)
>sermry P8 P(ria | H) < P(x]s)
P(H|zy,x141) if 141 1is even
P(H|x141) if [+ 1 is odd.

Since (i) P(H|z;, H) > Y2, (ii) P(H|x, L) < 12, (iii) P(H|H) > /2, and (iv) P(H|L) < /2,
the sequential rationality of player [+1 implies o, | (d1, ..., d;, H) = aand o/, ,(dy,...,d;, L) =
r. Thus, [ + 1’s equilibrium decision d;,; is given by (A.1). O

Corollary A3.1.

If di_y = (dy,...,d;i_1) is a balanced history, then d; = (di_1,d;) is generated by Z; =

(x1,...,2;) where, for j <i,

H if dj =a
L if dj =T
Furthermore, (x1,...,2;_1) is balanced.
Proof. Inverting (A.1) gives (A.2). O
While Lemma A3 describes play for a signal profile (x1,...,2;_1,x;) that becomes un-

balanced at i, i.e., where on where 6(-) = i, it does not describe play for all unbalanced

profiles.
Lemma AA4.

If Z; = (x1,...,7;) is an unbalanced signal profile, then it generates d; = (dy, ..., d;) where

d; is giwen by (A.1) for players j < 0(z;) and,

a ifz;e XzH
' roif T; € XZL

Proof. Let (*,¢*) be an equilibrium. Let z; = (21,...,7;) € X;\X? and d; = (dy, ..., d;)
be the history it generates. Let § denote 6(7;) and, for j < i, let d; denote the first j
components of d;, i.e., d; = (dy, ..., d;).

Lemma A3 gives players 1,...,60 make decisions given by (A.1).

Let [ <. We show that d; is given by (A.3) for all j € {#+1,...,1}. We do this by

induction on I.
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Let | = 6 + 1. Recall 6 is even and dy_; is balanced. Since dy_; is balanced, Corollary

A3.1 allows subsequent players to use (dg_1,dy) to infer the first 6 private signals (Zo_1, 7).

Hence,
Py (dg|s) = P(zg_1|8)P(zg|s)j<o_oP(x;]5). (A.4)
By hypothesis, (z1,...,zg_2) is balanced and, as 6 is even, Lemma A2 gives,
<o P(x|H) = Ij<o-2P (5] L). (A.5)

Thus, 6 + 1’s belief is

o o) — — PODP G [H)Por(dof#)
T N ety P(9)P(x011]5) Po (dols)
_ P(H)P(xo-1|H)P(x9|H)P(x941|H)
Zse{H,L} P(s)P(zo-1]s)P(xel|s) P(Tg11|s)

= P(H|zo-1,T9, To41),

where the second line follows from (A.4) and (A.5). If z; € X/ then zy_, = zp = H.
Thus, ¢}, (dg, xo+1) = P(H|H, H,x41) > Y2 for 291 € {H, L}. The sequential rationality
of player 6 + 1 implies 0}, (dg11,26+1) = a. Likewise, if #; € X}, then zp_1 = zy = L.
Thus, ¢;+1(CZQ, xor1) = P(H|L, L, x911) < 1/2 for xg,1 € {H, L}, and so U(jH(CZgH, Top1) =T
Hence, player 6 + 1’s equilibrium decision dp,; is given by (A.3).

Assume the claim holds for some [ < i. To show the claim is true at [ + 1, it suffices to
show d;;; is given by (A.3). By successive application of the induction hypothesis (starting
with player 6 4+ 1), we have that players j € {# + 1,... 1} take the same action, label it d*,

for all values of their private signals, so Py« (d*|s,d;_1) = 1. Thus,

Py(di]s) = Py (dg|s) 1T’y P (d*|s, d;—1)
= P(xg_1]8) P(zg|s) i1 P(xm]s).

Hence, we have that [ + 1’s belief is

P(H)P(ml+1|H)Pﬁ*(Jl|H)_
Zse{H,L} P(s)P(z111]s) Ps+ (di|s)

= P(H|$0_1, Zg, xH—l)'

</57+1(Jz, Il+1) =

If z; € X1, then w9y, = 19 = H and gzﬁz"ﬂ(czl,xlﬂ) > L for 2.1 € {H,L}. Sequential
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rationality implies ‘71*+1(Jl+1a$l+1) = a. Likewise, if z; € X!, then zy_; = zy = L and
Ul*H(Jl,le) = r for all ;1. Thus, d;4; is given by (A.3). O

Corollary A4.1.
Let Z; be a signal profile and d; the history it generates. Then,

CA4.1.1 : T, € X} <= di€ Bl =D}
CA4.1.2: T, € X' <= d; e B¢ = D¢
CA4.1.3: 7, € X} < d,e E' =D

Proof. Let Z; be a signal profile and d; the history it generates. Let j < i and let Jj and 7;
denote the first j elements of d; and Z; respectively.

Since Lemma A3 gives 7, € X! <= d; € E? and Corollary A3.1 gives E? = D!, we
have C'A4.1.1.

To establish C'A4.1.2, we first show 7; € XH <= d; € E¢. If 7; € X then d; € E? by
Lemma 4. Conversely, let d; € E and let 6 denote 6(d;). Corollary A3.1 pins down the first
0 components of z; and gives that (i) (z1,...,%9_2) is balanced and x4 1 = 9y = H since
dp_1 = dg = a. Thus, 7; € X[

Now we show E? = D2. First, B¢ C D¢. Let d; € E* and 6 denote d;. Since § — 1 is
odd and dy_, is balanced (by definition of 6(-)), we have d; € D. To show the converse, let
d = (d,...,d}) € D¢ Define z; = (z},...,}) where 2, = Hif d; =a and 2y = L if dj = r

for 1 < j <i. Then Lemma A4 gives 7} generates d}; thus, d; € E¢.

(2

An analogous argument establishes C'A4.1.3. [J
Remark: Consequently D?, D¢, and D! also partition E°.

The next corollary gives the probability that a player is in a cascade. For a set T' C E?,
let Prob(T|s) = Y1 Ps+(d;|s). As players 1 is never in a cascade, we take i > 2.

Corollary A4.2.
In equilibrium, fori > 2 and s € {H, L},

CA4.3.1: Prob(D?|s) = Prob(X?|s)
CA4.3.2: Prob(D¢|s) = Prob(X/|s)
CA4.3.3: Prob(D?|s) = Prob(XF|s).

Proof. All three are direct consequences of Corollary A4.1. [J

Proof of Proposition 2. Let (5*, ¢*) be an equilibrium.
Let d;_y € D! , = E? , (by Corollary A4.1). Then Corollary A3.1 gives 7;_; is balanced.

Lemma 3 implies that d; = a if 2; = H and d; = r if 2; = L. Thus, we have o (d;_1, H) = a

and U:(di_l, L) =T.
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Let di_y € D¢, = E?,. Then, Corollary A4.1 implies 7;_; € X/,. Thus, 7; =
(Ti_1,2;) € XH for x; € {H, L}, so Lemma A4 gives d; = a. Hence, we have o7(d;, H) =
or(d;, L) = a.

Analogous logic shows o} (d;, H) = 07(d;, L) = r when d;_; € D} |, = EI'_,.

Ifdi 1 ¢ E?, = D¢ ,UD’  UD? |, then player i has arbitrary strategy o7(d;_, ) for
x € {H, L}, as for any strategy we may construct beliefs so that the strategy is sequentially

rational. [

Let (6%, ¢*) be an equilibrium. For any d; = (d,,...,d;) € EC, we develop a Standard
Method to calculate Py-(d;|s). Let 6 denote 6(d;) and, for j < i, let d; = (dy,...,d;), i.e.,
the first j components of d;. Write

P&* (CZ,J|S) = P&* ((Z9|S)Hj>gp5* (dj|8, Cijl).

Corollary A3.1 implies Py« (dg|s) = P(xg_1|s)P(zg|s)lj<p_2P(z;|s), where z; = H if d; = a
and z; = L if d; = r for 1 < j < 0 per equation (A.2). Since d;_; € EZ \E?_, for j > 0,
Proposition 2 implies Py-(d;|s,d;_,) = 1. Hence,

PE*(CMS) = P(l‘g_l|S)P<£L’9|S)Hj§9_gp<l'jg|S).

Recall that 6 is even unless i is odd and d; € D. If  is even, Lemma A2 gives IL;<g_»P(z;,|s) =
(p(1 — p))% since (x1,...,79_o) is balanced. If i is odd and d; € D?, Lemma A2 gives
<o 1P(zj,]s) = (p(1 — p))e%1 since (x1,...,x9_1) is balanced. Thus,

9—1

. P(xgls)(p(1 —p)) =

if i is odd and d; € D?
Pa-*(dl'|8> =

6—2

P(xz9-1|5)P(zg|s)(p(1 — p)) =  otherwise.

COMMON PLAYER

Proof of Proposition 3. Let (6*,¢*) an equilibrium. Let (dj_1,,dr_1,) € Ex_1(6*). Let
6, denote H(CJZk,lg) for g € {A, B}. Write dk,lg = (&9,1!],(199, ...,dp_1,) and, for j < k, let
Jjg denote the first j components of Jkg.

We proceed by deriving player k’s beliefs given (dj_1,,dr_1,). For g € {A, B}, by the
Standard Method, we have

0g—2

Py (dy-1,]5) = P(zg,-1|5) P(wq,|5)(p(1 —p)) 7.
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Jk,lA CZ,HB v, =H x.=1
Di_, Qx> 12 fp > 12
Der DY, or > 2 ¢ > 1)
Dy 4 Or > 12 P <12
Dy Or > 12 fp > 12
Dy Dy_, Or > Y2 dp <12
Dy or <2 ¢ <12
Dy Or > 12 dp <12
Der DY, O <2 op <12
Diy <2 ¢p <l

Table A.1: ¢Z<Jk*1A7 dikle, $k>

Thus, k’s belief is

P(H)P(xk[H) Po (d—1,|H) Po (di—1, | H)

2se iy P(8)P(@rls) Pdi-1, [ H) P(dr-1,|H)

__ PH)P(xo,[H) P, |[H) Pwg, 1 [H) P(2o, [H) P(xi|H)
Y seppey P(8)P (w0, 1|8)P(20,|8) P (05-1]8) P(20,]5) P(k]s)

= P<H|x9/§—17 Lhyy LOg—1y) Loy, I’k)

¢Z(Czk—1A,CZk—1B,$k) =

Using this expression, Corollary A3.1, and a bit of algebra, we get Table A.1, a description
of when ¢%(dy_1,,dx_1,,7r) is greater than, less than, or equal to /2. We illustrate the
calculation of the second row of Table A.1, i.e., when (dj_1,,dr_1,) € D¢ , x D%_,. Then,
dr_1, € D¢ _,. As (dg,_1,dy,) satisfies Corollary 3.1 and dy, 1 = dy, = a, Corollary A3.1

gives xp,_1 = w9, = H. Since dj,_;, € DZ_I, we have zy,_1 # xp,. Thus,

P(H)P(H|H)P(H|H)P (29, 1| H) P (2o, |H)P(x1|H)
> seqpcy P(s)P(H|s)P(H|s)P(xg,—1|s)P(zoy|s)P(xkls)
_ P(H)P(H[H)*P(x|H)

B Zsé{%,ﬁ} P(s)P(H[H)*P(xk|s)
= P(H|H, H,xy,).

QSZ(CZIC—IA) Jk—lg) xk) —

As P(H|H, H,z}) > /2 for 7, € {H, L}, sequential rationality implies of(dy_1,, dr_1,, Tk) =
a. Hence, we record of(dy_1,,dr_1,, H) = a and o7 (dy_1,,dx_1,,L) = a in the second row
of Table 4.1(b). The other cases are analogous.

If (dy_1,,dx_1,) is not described by Table 4.1(b), then (dy_1,,dr_1,) & Ex_1(5*). Hence,
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player k has an arbitrary strategy. [

AFTER THE COMMON PLAYER
Since it is more useful to characterize behavior based on histories (rather than player
positions), we split the proof of Proposition 4 across three lemmas and two corollaries.

However, we first need to derive Py (dyls, dj_1,).

Lemma A5.
Let g € {A, B}, i >k, and d;, = (dy_1,,d, ..., d;,) € EC. Then Py (dk|s, dy_1,) is given by

k—1
Table A.2, where A = 2p(1 —p), A = %, and s € {H,L}.

Py (di|s, di-1,)

Jk_lg dip, = a dp, =r

Di_ 1— P(L|s)3A P(L|s)3A

Db . P(H|s)\'T + P(H|s)2A P(L|s)\"= + P(L|s)2A
Dj_, P(H|s)3A 1— P(H|s)*A

Table A.2: Posterior Probability of d

Proof. Let (5%, ¢*) be an equilibrium. Without losslet g = A. Let d;, = (dy_1,,dx, ..., d;i,) €

E9. Given (dy_,,,dy), Proposition 3 gives the possible pairings (dj_,, 71) for which player k

chooses dj. Given these, we apply Corollary A4.2 and Lemma A1 to calculate Py« (dy|s, dy, ).
We illustrate the calculation of the top-right cell of Table A.2, i.e., when dy_;, € D},

and d = r. Player k chooses r when Jk_lB € D;_, and z;, = L. Hence,

Py (r|s,dg_1,) = P(L|s)Prob(di_1, € Dj_,|s) = P(L|s)*A,
where the second equality follows from Corollary A4.2 and Lemma A1l. The other cases are
analogous. O

The next lemma gives the equilibrium behavior of player & + 1,.

Lemma AG6.
Let g € {A, B} and Jkg = (Jk_lg, dy) € E. In equilibrium:

LAG6.1: If (i) dy—1, € D§_; and dy, = 1 or (ii) dy_1, € Dy_, and dj, = a, then O'erlg(CZkg,H) =

a and a,:Hg(JkQ, L)y=r.

LA6.2 : If (iii) Jk_lg e Db |, (i) Jk_lg € D¢ | andd, = a, or (v) Jk_lg €D ,anddy =r,
then J;Hg(dkg, H) = agﬂg(dkg, L) = dy.
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Proof. Let (6*,¢*) be an equilibrium and, without loss, let g = A. Let dy, = (dy_1,,dx) €
E?. Let 04 denote 6(dy,_1,) and, for j < k+1, let d;, denote the first j components of dy, .
We proceed by deriving player k + 14’s belief. Write

PC—,* (JkA|S> = Pc_r* (dk|8, czk_lA)P(—,* (Jk:—lA|S)
— 04—2
= Py« (di|s, dp—1,)P(xo,~1]5)P(xs,|5)(p(1 — p)) o,

where the second line follows by the Standard Method. Thus,

¢Z+1A (Czkm l’k;+1A) = P(H)P(xkﬂAH)P&* (JkAH'_[) ‘
Zse{’H,L} P(8)P(gs1,]5) Pss (di,|s)
_ PP [H) P (g, [H)P (o, [H) P (do M, i1,
" S ctue) PP (s, [V Pla, ) Plan, [5) P (s dir,)

Using this expression, Lemma A5, and a bit of algebra, we get Table A.3, a description of
when ¢%_,  (dy,, Tx41,,) is greater than, less than, or equal to 1/2. We illustrate the calculation
of the top-left cell of Table A.3, i.e., when that d,_;, € D¢ |, dy = a, and 23,1, = H. Then,
Ty, 1 = 19, = H by Corollary A3.1 and Ps.(a|H,dx_1,) = 1 — P(L|H)?>A by Lemma A5.

Hence,

Z+1A (ka H) = . p3(13— (1— p)3A)3 —
p}(1=(1=pP°A)+ (1 -p)P°(1—-p°A)

Note p > 1/2 implies p* > (1—p)® and 1 —(1—p)*A > 1—p*A. Thus, ¢}, (di,, H) > /2. By

sequential rationality, azﬂg(dkg, H) = a. If, instead, 211, = L, Table A.3 gives ¢p,, > /2,

S0 041, (dx,, L) = a. Thus, LA6.2(iv) is true. Analogous arguments establish the remaining

cases.

Tpy1, = H Tp1, = L

J,HA dp, =a dp =1 dp, = a dp =7

Dy, Prvin > Y2 G =2 Bryiy > Y2 by, < V2
Dy, Orria > Y2 Prpr, <12 Pry1s > 2 Gpgr, <12
Dy, Prrin > Y2 Grpra <V2o Gryi, =2 brpr, < V2

Table A.3: &5 1, (dy,, Tpi1,)

The next corollary shows that if player £ + 1, is in a cascade, then so too is every

subsequent player.

Corollary AG6.1.
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Let g € {A,B}, i > k+1, and d;i_y, = (dk—1,,dp,...,di_1,) € EZ,. In equilibrium, if
(i) dy—1, € Di_,, (ii) dy_1, € D{_, and dy = a, or (iii) dy_1, € Dy_, and dy = r, then
dk+1g .= d —1g = dk anda (dl 1g,H> = O'g(dZ 1g,L) = dk

Proof. Let (6*,¢*) be an equilibrium and let g = A. Let i > k+ 1, let d;_1, € E2, and,
for j <, let d;, denote the first j components of d;_ .

Let [ < 4. We claim that if (i), (i), or (iii), then 0%, (d;_1,, H) = 0%, (d;-1,, L) = dj for
allje{k+1,...,1}.

Let | = k4 1, then Lemma A6 gives the claim is true.

We show that if the claim is true at [, then it is true at [ + 1. Since the claim is true at
[, we have all players j € {k +1,...,l} take action dj for all values of their private signals,
80 Py (dg|s,d;_1,) = 1. Thus,

Poe(di,|5) = Poe (diy [$)I 41 Po (di]s, djo1,,) = Por (di,|5)-

Hence,

P(H)P (111, H) Ps (di,|H)
Yseicy P(8)P (@i, ls) Po (di, |s)
_ PP, ) Po (diy [H)

Dsemcy P(8)P(wri1,|5) Por (dry] )

= ¢Z+1A <(jk,47 xl-i—lA)?

(b?JrlA (d_lA7 $l+1A) =

for 211, € {H, L}. Consequently, sequential rationality gives o7, (di,, Zis1,) = 054y (diys Tis1,)-

Thus, Lemma A6.2 describes player [ + 14’s behavior; so the claim is true. O

The next lemma gives player k + 2,’s equilibrium strategy if player k + 1, is not in a
cascade, i.e., when (i) Jk_lg € D¢, and di, = r or (ii) Jk_lg € D;_, and dj, = a.
Lemma AT.
Let g € {A, B} and dji1, = (dy—1,,dk, dys1,) € E2y. In equilibrium:
LAT 2 If (i) dp1, € Df_y, d, = r, and dy1, = a or (i) dy1, € Dj_;, dy = a, and
dyy1, =7, then a,j+2g(dk+1g, H)=a and JEHQ(CZng, L)y=r.
LA7.2: If (i) Jk_lg € D{_, and dy, = dipy1, = 1 or (v) Jk_lg € D;_, and dy = dy11, = a,
then 0-2+2g (CZkJrlg, H) = O',:+29 (Jk+1g, L) = dk
Proof. Let (6*,¢*) be an equilibrium and let g = A. Let dyy1, = (dp_1,, dp, dgs1,) € EkOJrl
such that (i), (ii), (iii), or (iv). Let 04 denote 8(dy_1,) and, for j < k +2, let d;, denote the

first j components of dj 1 A
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We proceed by deriving player k + 24’s beliefs. If (i), (ii), (iii), or (iv), then Lemma A6

gives dy41, = a <= Tpy1, = H and dy41, =17 < 2441, = L. Hence,

Pﬁ* (Jk+1A|S) = PE* (dk|5a Jk—lA)PE* (dk+1A|S’ CZkA)Pa'* (Jk_1A|S)
_ 04—2
= Py (dils, di—1,) P(w111,]5) P(w,—115) P, |5) (p(1 — p) 7,

where the second line follows by the Standard Method. Consequently,

T A P(H)P(kaFZA’H)Pa'*(d_kJrlA’?—l)
> seprcy P(8)P(Thi1,|8) Poe (diy|s)
_ PH)P(apy2,[H)P(wg, 1 [H) P, | H) Por (die|H, di—1,) Plapi, | H)
B >wepmey P(8)P(wrya,]s) P(wo,-118) P(xg,]5) Por (dils, d—1,) P(x111,]s)

Using this expression, we write Table A.4, a description of when ¢5 +2A(Jk+1 s T2, ) 18
greater than, less than, or equal to /2. We illustrate the calculation of the top-left cell
of Table A4, ie., when d,_,, € D¢ |, dy, = r, dpy1, = a, and x4y, = H. Then: (i)
Tg,_1 = 19, = H by Corollary A4.1, (i) Py« (als,dy_1,) = P(L|s)*A by Lemma A5, and (iii)
Ty, = H by Lemma A6. Thus,

4 3
. (7 p'(1—=p)°A
d H) = =p.
¢k+2A( k+14> ) p4(1_p)3A+p3(1_p)4A p
Since p > 1/2, we have ¢}, (dit1,, H) > 1/2. By sequential rationality, 0;+2g(cik+1g, H) =a.
If, instead, xj42, = L, then of ., (Jk+1g, L) =r. Thus, L7.1(7) is true. The other cases are

analogous. O

Tpio, = H Tpyo, = L
di_1, di dpt1, =a  dpy1, =7 dpt1, =a  dpyr, =7
Diy r Orray > Y2 Oryay <2 Prpa, <2 Pria, <12
Di .y a rron > Y2 Orio, > Y2 Gryo, > V2 Gryo, <2

Table A.4: ¢f s, (dt1a> Thvas)

The next corollary shows that if player k& + 2, is in a cascade, then so too is every

subsequent player.

Corollary A7.1.
Let g € {A, B}, leti > k+ 2, and cii_lg = (Jk_lg,dk, o disy,) € EC .. In equilibrium, if
(i) cfk,lg € Dj_,, dp =7, and dyy1, = 1 or (i) Jk,lg € D;_,, dp = a, and dy41, = a, then

dk-i—lg =...= di—lg = dk and O‘;; (di—lg7 H) = O':g (di—lg> L) = dk
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Proof. The proof is analogous to the proof of Corollary A6.1 and is omitted. O

The next lemma describes the equilibrium strategies of players moving after k + 24, when

player k + 2, is not in a cascade.

Lemma AS.

Let g € {A,B}, i > k+2, and d;_1, = (dp—1,, di, k1, dji2,, - - - dic1,) € B2, Assume
that (1) Jk_lg € Dj_,, dp =, and dy11, = a or (i) czk_lg € D;_,, dp = a, and dpy1, = 7.
Then, in equilibrium, (dyis,,-..,d;i—1,) € D¢, ,UDY  ,UDI , , and:

LA8.1: [f (dk+2g7 Ce ,dz;lg) € D?—k—Q? then 0';9(622;19, H) =a and Ufg(cﬂ-,lg, L) =T.
LAR.2: ]f (dk_,_gg, o 7di—1g) c D?7k72 U Dg—k—2f then

— — a if d ,...,di, ED?__
g;g(di_w H) = o';(g(di_lw L)= ( k424 19) k—2
rif (dk+2g,...,di_1g) S Drfkf?

Proof. Let (6*,¢*) be an equilibrium and let ¢ = A. Let i« > k+ 2 and d;_;, =
(diy, ey ds1 sy dproys - - -5 dic1,) € B2, Assume case (i) or (ii). For j < i, let JjA de-
note the first j components of d;,. We proceed in two steps. First, we show that LAS.1
holds for player k + 34, since player k + 34 always observes a balanced history. Second, we
use induction to show that if LA8.1 and LA8.2 hold for all players j4 € {k+44,...,la},
then they also hold for player [ + 14.

Consider player k + 34. Since (dgyo,) is trivially balanced and since (i) or (ii) hold,
Lemma A7 gives player k + 2,4 follows her signal xjo,, where x40, = H if dj42, = a and

Tpyo, = L if dyio, = r, we write
Pﬁ*(CZk+2A|3) = Pa*(jk+1A|5)P(95k+2A|5)-

Next, we establish Py« (dpy1,|H) = Ps(dpi1,|L). For case (i) let 04 = 0(dy_1,) and

write

P5'*<Jk3+114|8> = P5*(T|S, Jk_lA)Pa.*(a|S, JkA)Pa-*(CZk_lA|S)
— — 04—2
- P&*(Tlsadk—lA)Pﬁ*(a‘sadkA)P<H‘S)2(p(]‘ _p))AT7

where the second line follows by the Standard Method and the fact zp, 1 = z9, = H. Since
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Py (r|s,dy,) = P(L|s)*A by Lemma A5 and P« (als, dy,) = P(H|s) by Lemma A6, we have

Pye(dys1,4|5) = P(H|3)* P(L|s)*A(p(1 — p))
= Alp(1—p)) ™"

A similar argument applies for case (ii).

Hence,

P(H)P(p43,|H) Poe (dir2, [H)
sE{H,L} P(8)P(T13,|8) Poe (dit2,15)
_ PH)P(@rys, | H) P (w42, H)

- Seepper P(8)P(ria,]s) P(Thra,]s)

= P(H|Tki2,4, Tra3a)-

¢Z+3A (Jk+2A7 :Bk+3A) = Z

Sequential rationality gives player k + 34 follows her signal. Thus, LAS8.1 holds for player
k+3a4.

Now we begin the induction. Consider player [ = k + 44. The history (dgi2,,dkr3,) iS
trivially in DS, DS, or Dj. If (dyo,,drss,) is balanced, a similar argument establishes that
player k + 4,4 follows her signal. If (dji2,,dkt3,) is unbalanced on a, then we may write
Py (dyia,|8) = Pse(dyi1,|s)P(H|s)?. Since Py (dpi1,|H) = Por(dyy1,]L), we have

P(H)P(xk%f;|H)P&*(Jk+3A|H)

se{H,L} P(S)P(IIJHBA’S)P&*@HM\5)

_ P(H)P(zira | H)P(H[H)?
Sseim,cy P (8)P(Thia,|s)P(H]|s)>

= P(H|H,H, xy4,)-

Grya, (Aitsy, Trra,) = 5

Sequential rationality gives player k + 44 chooses a. Likewise if (dgy2,, dk13,) is unbalanced
on r, then player k + 44 chooses r. Thus, LA8.1 and LAS8.2 hold for player k + 4 4.

Let | < 7 and assume that that LA8.1 and LAS.2 hold for all player ja, k+4 < j <1I. We
need to show and that LA8.1 and LAS8.2 hold for player [ + 14 and that (dgya,,...,d;,) €
Df  sUD]  yUD[ .

To establish LAS8.1, suppose (dk42,, - -.,d;,) is balanced. Successive application of LAS8.1
(starting with player k+4,4) gives that players k+44, ..., L4 follow their own signals. Thus,
v;j=Hifdj=aand z; = Lif d; =r for k+2 < j <. Hence, (j42,,...,2,) is balanced
and

Pa'*(d_lA|S) = P5*(Jk+1A|S)H§=k+2P(‘rjA|S)‘

39



Thus,
Oor (dopst1sn,) = P(H)P (111, H) Po (di,|H)
Zse{H,L} P(8)P(x141,]8) Po (diys)
_ P(H)P (i1, |H)T o P2y, [H)
Sse .y P(8) P, [$) Iy o P2, ]5)
P(H|xy,, x141,) if 1 is odd
P(H|z141,) if [ is even,

where the third line follows from Lemma 2 when [ is even and an analogous argument with
[ is odd. Sequential rationality gives player [ + 14 follows her signal. Thus, LAS8.1 holds for
player [ + 14.

To establish LA8.2, let 0 denote 0(dy2,,--.,d;,). Suppose (dgi2,,--.,d;,) is unbalanced
on a, i.e., dg_1 = dy = a. Successive application of LA8.1 and LA8.2 (starting with player
k+4,4) gives that players k+24, ..., 0 follow their signals, while players 8+ 14, ..., 4 always

take action a. Hence,
Py (diy|5) = Pos (dyin, |8) T sn P(5,]),

where z; = Hifd; =aand o; = Lifd; =7 for k+2 < j <[, and x9_; = 29 = H. Since
Pse(dps1,|H) = Py+(diy1,|L) and (Thy2,, -, Tg—2) is balanced, with an even number of H

and L signals, we have

Giery i) = o OO, PORs (170
: T et PO (s, 5) P (0,19
_ POOP, ) PHHY
Sty PO P(r1i1, [ PUHTSY
= P(H|H, H, x141,).

Sequential rationality gives UZ*HA(CZZA, Zi41,) = a. Likewise, if (dgi2,,...,d;,) is unbalanced
on 7, the induction hypothesis and sequential rationality imply Jl*+1A(dl s Ti1,) = 1. Thus,
LAS8.2 holds for player [ + 14.

If (dgtay,--.,d;,) is unbalanced, it is either unbalanced on a or on r. Thus, successive
application of the induction hypothesis gives (dxi2,,...,di,) € Df, 4 U D], ;. Since
(dyt2,, - -, di,) is either balanced or not, we have (dyya,,...,d;,) € D¢, ,UD? , UDr , .
O

Corollary AS8.1.
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Let the antecedents of Lemma A8 hold, let (Ty42,,...,xi,) be the signal profile for players

k+2y, ..., 149, and let (diyo,, ..., d;,) be their equilibrium decisions. Then,

CA8.1.1: (digogs---sdiy) € DYy = (Thpoy, .- 2i,) € XP 4y

CA8.1.2: (drgay - diy) € Df | = (Tpgo,,-..,Ti,) € Xy

CA8.1.3: (digay,--->di,) € DIty <= (Thgay,-- - Ti,) € X[ 4

Proof. The first part of the induction in Lemma A8 showed that a balanced history
(dpsoys---,dy,) implies that (z4ya,,...,7;,) is balanced, i.e., (dgya,,...,d;,) € D? , | =
(Tryou,--->21,) € X2, 4. In the second part of the induction we saw that (dyia,,...,d;,) €
D, . = (Tig2,,....71,) € XHk 1 A similar argument gives (dyi2,,...,di,) €
Dy, = (Tkiou,---,71,) € XF . . The necessity follows from: (i) X}, ,, X/, |,

and X}, | partition X; 5 1, and (i ) b . 4, D¢, |, and DI, | partition the space of

equilibrium histories (dxy2,,...,d;,). Letting [ =i gives the claim. O

Proof of Proposition 4. Let (6%, ¢*) be an equilibrium. Without loss, let g = A.

To establish P4.1, note that the histories in EY are those enumerated in Table 4.2(a).
Thus, for each case we apply Lemma A6 to obtain player k + 14’s equilibrium strategy.

To establish P4.2, note that the histories in Ef,; are those enumerated in Table 4.2(b).
Thus, for each case we may apply Corollary A6.1 or Lemma A7 to obtain player k + 24’s
strategy.

To establish P4.3, let i > k + 2 and note that the histories in E2 | are those enumerated
in Table 4.2(c). Thus, for each case we apply Corollary A6.1, Corollary A7.1, or Lemma 8
to obtain player 74’s strategy.

In all three cases, the enumerations are established successively. To illustrate, let (cfk,l i) €
E9. Then Corollary A4.1 gives d,_,, € D¢ ,UD , UD; |. Since dy_1, € D¢ | U
Db U Dy _,, Proposition 3 gives, in equilibrium, d; € {a,r} as there are (equilibrium)
histories from B and private signals x; such that player k chooses either a or r. Thus,
E9 =D ,UDb ,UD; | x{a,r}, which is what Table 4.2(a) enumerates. The other cases
are analogous.

If a history Ji,lg is not described by Table 4.2, then (L,lg ¢ E? .. Hence, player i, has
an arbitrary strategy. O

Proof of Corollary 1. Apply Corollary A4.1. [J
EQUILIBRIUM INTERACTION OF CASCADES

Proof of Proposition 5. It is sufficient to prove Table 4.3 as P5.1 to P5.4 follow. Let
(6%, ¢*) be an equilibrium. Let (d4,dp) € Ex(6*) and write JN = (dj_ 1> Dy Aty - - - dn,)
for g € {A, B}. By symmetry, it suffices to consider six cases: (i) (d_1,,dr_1,) € D} | x
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Dy, (i) (dy—14, k1) € Di_yx DYy, (iid) (dp—1,, di—1) € Dy X DYy, (iv) (dimrys dimi) €
Dji_y X Dj_y, (V) (di—ryo dim1) € Dy x Diy, and (Vi) (dy—1,, di—1,) € Djy % Dy

Suppose case (i). Then Proposition 3 gives player k follows her signal. By Corollary
A6.1, all subsequent players in both groups are in a cascade on di. Hence, we record a in
row (6) and r in row (7).

Suppose case (ii). Then Proposition 3 gives player k is in a cascade on a, so dy = a.
By Corollary A6.1, cascades on a form in both groups. Likewise, if case (iii), an analogous
argument establishes both groups are in cascades on 7.

Suppose case (iv). Then Proposition 3 gives k follows her signal: (i) If z;, = H, then
d, = a. By Corollary A6.1, a cascade on a occurs in group A. However, Lemma A7 gives
player k 4 15 follows her signal; so, no cascade occurs in group B. If z = L, then dy = r.
Similar logic shows a cascade on r occurs in group B and no cascade occurs in group A.

Suppose case (v). Then Proposition 3 gives player k is in a cascade on a, so di = a. By
Corollary A6.1, both groups are in cascades on a. Likewise, if case (vi), then both groups
are in cascades on 7.

If (Jk,lA, Jk,lB, dy) is not in a row of Table 4.3, then it is a history which does not occur

in equilibrium, so Proposition 4 gives that the behavior of players after k£ is arbitrary. O

WELFARE
Recall that the equilibrium beliefs and strategies of players 1,4, ..., K — 1, in both groups
(5%, ¢5_,) constitute a basic cascade equilibrium. Thus, Lemmas A3 and A4, their corol-

laries, and Proposition 2 describe play in a basic cascade equilibrium.

k—1
We write A\, = 2p(1 —p), 7 = % if 7 is even or y; = % if i is odd, Ay = %, and
8oy =~y — kE3
ik Vi 2

Proof of Lemma 1. Without loss, let g = A. We suppress \,’s dependence on p and write
A

Proposition 2 gives player is chooses a if (i) d;—1, is balanced and z;, = H or (ii)
di_1, € B, - Suppose i is odd, then as d;_1, contains an even number of entries, Corollary
A4.2 and Lemma Al give the probability of (i) is %(1 - A7), Corollary A4.2 and
Lemma A1 also show that the probability of a balanced d,_, , is )\%, implying the probability

of (ii) is )\%P(H |s). Repeating a similar argument for even i gives

(PULDR (1 \5*) 4 N'F2P(H|s) if i is even

Prob(ia chooses als) = ) . .
PHID (1 - X2 )+ AT P(H|s) ifiis odd.

Since i4 gets 1 if she chooses a and the state is H, —1 if she chooses a and the state is
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L, and 0 if she chooses r, we have

w? (p) = Prob(i chooses a|H)P(H) — Prob(i chooses a|L)P(L),

1A

which gives the desired result after a bit of algebra. O

Proof of Lemma 2. Without loss, let g = A. We suppress the dependence of \,, A, and
0;, on p and k, and write A, A, and 9; instead.

If 7 < k, we have that player i, uses a strategy which is a basic cascade equilibrium
strategy; thus, w/, =w?, .

Let i« > k. We proceed by conditioning on the state and the type of cascades in both
groups before k, as then Propositions 3 and 5 give the actions of all subsequent players.
The exception is when both groups are in cascades on different actions. In these cases, we
(successively) apply Propositions 3 and 4 to find the probability that a player chooses a. It
is useful to differentiate these cases. Let g € {A, B} and let ¢, € {a,n,r} denote the type
of cascade in group ¢ before k. Let Cy = {(a,7), (r,a)} be the set of cascades on different
actions and C} = {a,n,7}?\C, be the set of all other cascades.

Since the signals are conditionally independent, we have that ¢4 and cg are also condi-

tionally independent. This, C1, and Cy allow us to write

w;, (p, k) = g} (p, k) + g} (p, k),
where

gi(p, k) = Z E;i(u|s,ca, cg)Prob(ca|s)Prob(cg|s)P(s)

se{H,L}
(ca,cB)ECH

a(p, k) = Z Ei(uls,ca, cg)Prob(ca|s)Prob(cg|s)P(s).
se{H,L}
(cacB)ECy
Here Prob(c,|s) is given by Corollary A4.2 and Lemma A1, and E;(uls, ca, cg) = u(a, s)Prob(is
chooses als, ¢,, ¢p) with u(a, s) the payout of choosing a in state s and Prob(is chooses als, ¢,, ¢p)
is the conditional probability i4 chooses a (in equilibrium). (Since u(r,s) = 0, we omit it
from the conditional expectation.)
First, we calculate g!. Proposition 3 (for i = k) or Proposition 5 (for i > k) give
that if (ca,cp) € {(a,a),(a,n),(n,a)}, then player is chooses a with certainty, implying
Ei(u|H,ca,cp) =1 and E;(u|L,ca,cp) = —1. If (ca,cp) € {(r,7),(r,n), (n,r)}, then player

ia chooses r with certainty, so F;(u|s,ca,cg) = 0 for all s.
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Prob(is chooses als, hq, hyp)

Player Position (ca,cg) = (a,r) (ca,cp) = (r,a)
k P(H|s) P(H|s)
k+ 14 P(H|s) + P(L|s)P(H|s) P(H]|s)?
) P(H]|s) + P(Lls) P(H]|s) P(H|s)” + P(LIs)P(H]5)?
in>k+2 P(H|s) + P(L|s)P(H|s)2\  P(H|s)2 + P(L|s)P(H|s)2\*

+P(L|s)P(H|s)*(1 — X°") 2 +P(L|s)P(H|s)*(1 — X)) 12

Table A.5: Probability Player i4 Chooses a

If (ca,cp) = (n,n), then all players after k choose dj, with certainty. Since Proposition
3 gives dy = a if and only if 2, = H, we have dy = a with probability P(H|s). Hence,
Ei(ulH,n,n) =p and E;(u|L,n,n) = —(1 —p).

Plugging these conditional expectations into g} and simplifying gives

(2 — 1)(1 - X)

g (p. k) = 20N

Now we calculate g?. Given cascades in Cy, we successively employ Propositions 3 and
4 to calculate the probability that a given player chooses a. Table A.5 gives the results of

these computations.

We illustrate the construction of the bottom-left cell. Suppose (ca,cp) = (a,r) and
i > k + 2. Then, per Proposition 4.3, player i chooses a if (i) dy = dgy1, = ... = d;—1, = a,
(ii) dy =7, dys1, = a, (dgs2,s--->dii1,) € D, (i.e., no cascade), and x;, = H, or (iii)
dp =71, dpy1, = a, and (dgya,,...,di—1,) € D{,_, (i.e., a cascade on a).

Since Proposition 3 gives dy = a <= 1z, = H and Corollary A6.1 gives all subsequent
players are in a cascade on dy, the (conditional) probability of (i) is P(H]|s). Since (ii) if
and only if: zy = L (by Proposition 3), xx+1, = H (by Proposition 4.1), (zx42,,...,%i—1,)
is balanced (by Corollary A8.1), and z;, = H (by Proposition 4.3); the probability of (ii) is
P(L|s)P(H|s)?\% (by Lemma Al). Since (iii) if and only if: z, = L, that xx41 = H, and
that (zgi2,,...,2i—1,) is unbalanced on H, the probability of (iii) is P(L]s)P(H|s)311%)‘ji.
Summing gives the cell. The other cases are analogous.

Using Table A.5, it is straightforward to construct F;(u|s,ca,cp) for Cy. Plugging these

into ¢g? and simplifying gives

(2p—1) ifi=kori=k+1

(2p — 1)[1 + 221 = €] if i > k4 2,

g (p, k) = (Ap(1 —p))?
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Thus, the claim is true. O

Proof of Proposition 6. We suppress the dependence of \, and A, on p and k, and write

A and A instead. From Lemmas 1 and 2, when i > k, we have that

@p—-1)
2(1- %)

(2p =11 =A%)
2(1—-2A)

| /\

wi, (p)

wy (p,k) > + (Ap(1—p))*(2p — 1),

Hence, w] (p, k) —w[(p) > LB(p, k) for all i > k and g € {A, B}, where

(2p —1)(1 = \)
2(1— \)

(2p—1)

LB(p, k) = + (Ap(1 —p))*(2p—1) — CTERSYE

We establish that LB(p, k) is (weakly) increasing in k. Observe,

OLB —AFn())

Tk = b —p) =X F (=5

Since p € (1/2,1), we have A € (0,1/2), so In()) is negative and (1 — 2)) is positive. Thus,
the partial derivative is the sum of positive terms and is (weakly) positive.
To establish (i), let £ = 3 and note

1 —p)2p*(2p— 1
e ]
which is positive if p € (%,1). Hence, we have LB(p,k) > LB(p,3) > 0 for all k if
pe (BRE1).
To establish (ii), let £ =5, and note

(1—p)*p*(2p—1)
1—\

which is positive if p € (}/2,1). Hence, we have LB(p, k) > LB(p,5) > 0 for all pif k > 5. O

LB(p,5) = (14 2p — 6p* — 16p* + 68p* — 72p° + 24p%),

Proof of Proposition 7. We suppress the dependence of A\, and A, on p, and write A and
Ay instead. Let £k be odd and 3 < k& < N.

We prove the claim by establishing that the gain from moving the common player (from
position k to position k — 2) exceeds the loss. Since players players 1,, ..., kK — 3, in both
groups are unaffected by the move, we need only consider (i) the minimum gain for players
k—24, k=14, k—2p, and k — 1 and (ii) the maximum loss for the common player and

players k + 14, kK + 1, ..., N4, and Ng. With this in mind, we proceed by construction
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Player Gain
BN k=3
k—24 g 2 (=A%) + (Aeap(1 = p))*(2p — 1)

E—1a  gpAz (1-A7) + (A op(l —p)?(2p — 1)(1+p(1 — p))

Table A.6: Gain to Players k — 24 and k — 14

Player Loss
Common Player st N (L= N%) + (20 — D(p(1 = p))*(AF — A7)
k+ 14 g A 21 =A%) + (2p — D(p(1 = p))*(AF = AF (1 +p(1 —p)))
iazk+2 A1 = A2) + (2p — 1) (p(1 — p))?[AZ(1 + 22 (1 -
Nout1)) — A2 (1 4 B (] — \diw-2+1))]

Table A.7: Loss to Common Player and Subsequent Players

a (i’) lower bound on the gain and (ii’) an upper bound on the loss for these players. We
establish that (i’) is greater than (ii’) when p is close to 1. This gives the desired result.
First, we drive a lower bound on the gain Gpouna(p) to players k—24, k— 14, k—2p, and
k —1p. Table A.6 gives the gain of players k —2,4 and k — 14. To illustrate the construction
of the table, consider player £k — 24. Since player k — 24 moves from position k — 2 to k — 1,
her gain is wéflA(p, k—2)— w,LQA (p, k). The other case is analogous. A bit of algebra gives

the first row of the table. The table implies that all four players gain at least

2p—1 k=1 —3
P\ (1- A7),

Second, we derive an upper bound on the loss Lpouna(p) of the common player and players
k+1, to N, in both groups. Table A.7 gives the loss of the common player and players k+14
to N4. To illustrate the construction of the table, consider player i, when ¢ > k + 2. Since
player 74 does not change position, her gain is w! (k) — w! L (p, k—2). A bit of algebra gives
the last row of the table. The other cases are analogous. (Note that the common player’s
loss is wi(p, k) —wi_,(p,k —2).)

We establish that every row of Table A.7 is less than or equal to T'(p), where

T(p) = 5\ = )+ 22— (1 = (4] ~ AL y)

This is obviously the case for the first row. For the second row, observe that (A2 — A% ,(1+
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p(1 —p))) < (A7 — AZ_,), so T(p) is an upper bound. For the third row, write

a3+ PP g ey x4 PEZ P g ey

1—-A 1—A
p(1—p) p(l =p) k1
(A7 = A y) + (AL = Afy) — ="\ 7 (Af — AT,
1—A 1—A
Since I% < 12 and Ay > Ag_o, three terms on the right-hand-side are no more than

3(A7 — A7_,). Thus, T(p) is an upper bound. Consequently, the common player and all
2(N — k) players after k loose at most

LBound(p) = 2<N —k + 1/2)T(p)

Moving the common player from position k to k — 2 is surplus improving if Gpouna(p) >

LBound(p)7 i'e'7

2p— 1 k-1 k=3 2p—1 ..o 9
2 — 2 > —k+1 -

+2(2p — 1(p(1 — p)*(Af — Afo)].

Since A = 2p(1 — p), this inequality simplifies to

_ _ A2 A2
21—A7) > (N—k+Y2)A7 (1= N)+(N —k+1/2)(1 - /\)Ag()\T’;Z ~ ). (A6)
LH\Sr(p) RHE:(p) RH‘S;(M g

We establish (i) LHS(1) = 2, (ii) RHS;(1) = 0, and (iii) RHS2(p) = 0. The first
and second equalities follow from the fact A = 0 when p = 1. To establish (iii), write

A2 1 /o A2 _ 5, A2 A2
ko 2—1 1/2 k—2 __ 1 k/2—3 3/2 k =2\ __
N W—{—)\/ —2)\/ and N2 W+)\/ —2)\/ ThUS, )\Q(W — )\k/Q) =

A5 — A"F" + 2A% — 2\, which equals 0 when p = 1. Thus, (iii) is true.

It follows that (A.6) is true with strict inequality when p = 1. Since both sides of (A.6)
are continuous in p, there is a py, with 1/2 < p;, < 1, such that (A.6) is true for all p > p;. At
every p € [pg, 1), we have that %)\% > 0. Multiplying both sides of (A.6) by %)\%

establishes that Gpouna(p) > Lounda(p). O

Proof of Corollary 2. Let m be odd and 1 < m < N and let the common player move
in position £k = N — 1. First, we apply Proposition 7 to conclude it’s surplus improving to
move the common player to position N — 3 if p > p},_l, where p},_l comes from Proposition
7. Applying Proposition 7 again shows it’s surplus improving to move the common player to

position N —5if p > max{pj\,_?,, pj\,_l}. Successive application of Proposition 7 (keeping p at
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Player Loss

N k—1
k+1a s 7 (L= A7)+ (Ap(1 = p))*(2p — 1)

k+1

E+24 225N T (1= A7)+ (Ap(1 —p)*(2p — 1)(1+p(1 — p))

Table A.8: Loss to Players k — 14 and k — 24

the j-th step at or above the p}v_l, p}r\,_g), ..., and pj\,_gjﬂ) leads to the conclusion that £* <

m when p > max{p}r\,_l,p},_g, . ,pinJrQ}. Thus, we set p,, = max{pj\,_l,pj\,_?)7 . ,pInH}, SO

the claim is true. O

Proof of Proposition 8. We suppress the dependence of A, and A, on p, and write A and
Ay instead. Let k be odd and 1 < k < N — 2.

We prove the claim in two steps. First, we establish the that the gain from moving the
common player from position £ to position k+2 exceeds the loss. Since the payoffs of players
1y, ..., k=1, in both groups are unaffected by the move, we need only consider (i) the loss for
players k+ 14, k+24, k+ 15, and k425 and (ii) the maximum gain for the common player
and players k + 34, ..., N, in both groups. With this in mind, we proceed by (i’) deriving
the loss and (ii’) constructing a lower bound for the gain, which are both continuous in p.
Subsequently, we establish that (i) is less than (ii’) when p is close to 1/2 and N = N(k),
where N(k) = 1+ [k+1/s(5+ 22 (3-2"% —4))] and [z] is the ceiling function. Second,
we successively apply the first argument to establish the proposition.

First, we derive the loss L(p) to players k + 14, k + 1p, k + 24, and k + 2. Table
A.8 gives the loss of players k + 14 and k 4+ 24. To illustrate the construction of the table,
consider player k + 14. Player k + 14 moves from position k + 1 to position k, so her loss is
Wiy, (P, k) —wi, (p,k+2). Abit of algebra gives the first row of the table. The other case
is analogous. The table implies that the loss of these four players is
o) = 2B D0 1 ) 4 (Aep0 - (- D@+ 01— )]

Next, we derive an upper bound on the gain Ggoung of the common player and players
k + 1, to N, in both groups. Table A.9 gives the minimum gain for the common player
and players k + 34, ..., Na. We illustrate the construction of the table for player 74, where
1 > k + 4. Since player i, does not change position, her gain is wi]A (p,k+2) — wi[A (p, k).
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Since Agio > Ak, we have that

w (pk+2)—w! (p.k) >
2p—1
21—\

1—
(1= 542 + (Al — )2 — D1+ P2 0 yiwesny) —af p,),
the right hand side of which simplifies to the third line of the table. The other cases are
analogous. (Note that the common player’s gain is wy_,(p, k + 2) — wi(p, k).)
A minimum gain G4 for the common player, k+3,, ..., N, in both groups is the sum
of the lower bounds in Table A.9, i.e.,

, 2 —1 3
GBound = 1p_ LV =k = A1 = X%) = 2(A)*(p(1 = p))*(1 = A)
2 s L 2N =2
Since (1 —1/x) <0 and (1 —A"2 ) <1, we have that
, 2 — 1 3
ownd 2 Goowna = T [(V = k = SIX(1 = X)) = 2(A0)2(p(1 = p))*(1 = A).
1, 22

+2(A)*(p(1 —p))*(1 —

X)l—A]'

Moving the common player from position k to k — 2 is surplus improving if Ggouna(p) >

L(p). This inequality simplifies to

1)2)\2
N1—N
(

(N —k— ;)V(l =A%) = 2(AR)*(p(1 = ) (1 = A) + 2(AR)*(p(1 — p))*(1 —

> 20 (1= A7) + (A p(1 = p)*(1 = N2+ p(1 = p))]- AT)

Let p = 1/2 and N = N(k), simplifying shows that this inequality is true if and only if

Player Minimum Gain
Common Player 2%{’:/1\) AE(1 = )%
k+ 34 sty A (1 =A%) — (Ay)?(p(1 = p))*(2p — 1)
ia>k+3 A=)+ (A(p(1 ) TR - AT

Table A.9: Minimum Gain to Common Player and Players k + 34 to Ny
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5

(%)k+3(6(N — k) + 25" — 3.2kt _ 5) > 0, equivalently if
k+1
N>k+1s(54+27=2 (3-272 —4)).

Since this is true by hypothesis, the continuity of the left and right hand sides in p implies
the existence of a p. > 1/2 such that the equation (A.7) is true for all p € (/2,p}]. At
such a p, we have that (2p — 1)/(1 — \,) is positive. Multiplying both sides of (A.7) by
(2p —1)/(1 — A,) shows that Gpouna(p) > L(p), i.e., the move is surplus improving.

Now we establish the proposition. Let m such that 1 < m and m odd. Set N = N(m)
and note that N > k+1/6(5+2"2 (3-2"5 — 4)) for all integers k < m since the right hand
side of the inequality is strictly increasing in k. Thus, we may apply the above argument to
any odd integer k < m.

Let £ = 3. We apply the above argument to conclude that it’s surplus improving to
move the common player to position 5 if p < p3. Applying the above argument again shows
that it’s surplus improving to move the common player to position 7 if p < min{pg,pg}.
Successive application of the above argument (keeping p at the j-th step at or below pg, pj-),
..., and pgjﬂ) leads to the conclusion that k* > m when p < min{p}, ..., pl }. Thus, we set

D = min{p{, e fn} Hence, the proposition is true. O
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