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Review: Dijkstra’s mutual exclusion Algorithm

N processes: 0, 1, …, N-1
state of each process j is a single integer variable x[j]  {0, 1, 2, K-1}, where K > N

The “update” action is defined differently for P0 vs. others
P0 if x[0] = x[N-1] then x[0] := x[0] + 1 mod K
Pj , j > 0  if x[j] ≠ x[j -1]  then x[j] := x[j-1] 

pi has TOKEN if and only if the blue conditional below is true
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Review: Automaton for Dijkstra’s Token Ring
automaton DijkstraTR(N:Nat, K:Nat), where K > N
  type ID: enumeration [0,...,N-1]
  type Val: enumeration [0,...,K-1]
  actions
      update(i:ID)
  variables 
      x:[ID -> Val]  initially forall i:ID x[i] = 0
   transitions
      update(i:ID) 
        pre i = 0 /\ x[i] = x[N-1]
        eff x[i] := (x[i] + 1) %  K
   
       update(i:ID)         
         pre i >0  /\ x[i] ~= x[i-1]
         eff x[i] := x[i-1]

Automaton � = 〈�, Θ, �,  �〉



Review: Proving invariants by induction (Chapter 7)

Theorem 7.1. Given a automaton � = 〈�, Θ,  �,  �〉 and a set of states � ⊆ 푣�� �  if: 
● (Start condition) for any � ∈ Θ implies � ∈ �, and
● (Transition closure) for any �→��’ and � ∈ � implies �′ ∈ �

then � is an (inductive) invariant of �. That is 푅푒��ℎ� Θ ⊆ �.



Proving invariants by induction for Dijkstra

● �:  “Exactly one process has the token”.
(Start condition): since ∀�  �⌈� � = 0, only P0 has token, so � ⊨ �
(Transition closure): Fix a �→��′ such that � ∈ �. 
Two cases to consider. 

� = 푢푝푑��푒 0  

� = 푢푝푑��푒 � ,  i > 0  

automaton DijkstraTR(N:Nat, K:Nat), where 
K > N
  type ID: enumeration [0,...,N-1]
  type Val: enumeration [0,...,K-1]
  actions
      update(i:ID)
  variables
      x:[ID -> Val] initially forall i:ID x[i] = 0
   transitions
      update(i:ID) 
        pre i = 0 /\ x[i] = x[(N-1)]
        eff x[i] := (x[i] + 1) %  K
   
       update(i:ID)
         pre i >0  /\ x[i] ~= x[i-1]
         eff x[i] := x[i-1]

Theorem 7.1. Given a automaton � = 〈�, Θ,  �,  �〉 and a set of states � ⊆ 푣�� �  if: 

• (Start condition) for any � ∈ Θ implies � ∈ �, and

• (Transition closure) for any �→��’ and � ∈ � implies �′ ∈ �

then � is an (inductive) invariant of �. That is 푅푒��ℎ� Θ ⊆ �.



Proving invariants by induction for Dijkstra

● �:  “Exactly one process has the token”.

(Transition closure): Fix a �→��′ such that � ∈ �. 

Two cases to consider. 
1. If � = 푢푝푑��푒 0  then

(a) since � ⊨ 푃�푒 푢푝푑��푒 0   it follows that �⌈� 0 = �⌈� � − 1 
(b) since � ⊨ � it follows that ∀� > 0,  �⌈� � = �⌈� � − 1 
(c) �′⌈� 0 ≠ �′⌈� � − 1  by applying (a) and 퐸�� 푢푝푑��푒 0   to �
(d) �′⌈� 1 ≠ �′⌈� 0  by applying (b) and 퐸�� 푢푝푑��푒 0   to �
(e) ∀� > 1 �′⌈� � = �′⌈� � − 1 by applying (b) and 퐸�� 푢푝푑��푒 0   to �
Now there is only one token hold by P1. Therefore �′ ⊨ �.

2. If � = 푢푝푑��푒 � ,  i > 0 then fix arbitrary � > 0 … (do it as an exercise) 

automaton DijkstraTR(N:Nat, K:Nat), where 
K > N
  type ID: enumeration [0,...,N-1]
  type Val: enumeration [0,...,K-1]
  actions
      update(i:ID)
  variables
      x:[ID -> Val] initially forall i:ID x[i] = 0
   transitions
      update(i:ID) 
        pre i = 0 /\ x[i] = x[(N-1)]
        eff x[i] := (x[i] + 1) %  K
   
       update(i:ID)
         pre i >0  /\ x[i] ~= x[i-1]
         eff x[i] := x[i-1]

Theorem 7.1. Given a automaton � = 〈�, Θ,  �,  �〉 and a set of states � ⊆ 푣�� �  if: 

• (Start condition) for any � ∈ Θ implies � ∈ �, and

• (Transition closure) for any �→��’ and � ∈ � implies �′ ∈ �

then � is an (inductive) invariant of �. That is 푅푒��ℎ� Θ ⊆ �.

From above  Theorem it follows that � is an invariant of DijkstraTR



Proving invariants by induction for Dijkstra

● �:  “Exactly one process has the token”.

(Transition closure): Fix a �→��′ such that � ∈ �. 

Two cases to consider. 
1. If � = 푢푝푑��푒 0  then

(a) since � ⊨ 푃�푒 푢푝푑��푒 0   it follows that �⌈� 0 = �⌈� � − 1 
(b) since � ⊨ � it follows that ∀� > 0,  �⌈� � = �⌈� � − 1 
(c) �′⌈� 0 ≠ �′⌈� � − 1  by applying (a) and 퐸�� 푢푝푑��푒 0   to �
(d) �′⌈� 1 ≠ �′⌈� 0  by applying (b) and 퐸�� 푢푝푑��푒 0   to �
(e) ∀� > 1 �′⌈� � = �′⌈� � − 1 by applying (b) and 퐸�� 푢푝푑��푒 0   to �
Now there is only one token hold by P1. Therefore �′ ⊨ �.

2. If � = 푢푝푑��푒 � ,  i > 0 then fix arbitrary � > 0 … (do it as an exercise) 

automaton DijkstraTR(N:Nat, K:Nat), where 
K > N
  type ID: enumeration [0,...,N-1]
  type Val: enumeration [0,...,K-1]
  actions
      update(i:ID)
  variables
      x:[ID -> Val] initially forall i:ID x[i] = 0
   transitions
      update(i:ID) 
        pre i = 0 /\ x[i] = x[(N-1)]
        eff x[i] := (x[i] + 1) %  K
   
       update(i:ID)
         pre i >0  /\ x[i] ~= x[i-1]
         eff x[i] := x[i-1]

Theorem 7.1. Given a automaton � = 〈�, Θ,  �,  �〉 and a set of states � ⊆ 푣�� �  if: 

• (Start condition) for any � ∈ Θ implies � ∈ �, and

• (Transition closure) for any �→��’ and � ∈ � implies �′ ∈ �

then � is an (inductive) invariant of �. That is 푅푒��ℎ� Θ ⊆ �.

Can we prove this part automatically?
Yes! Use a satisifiability solver! (HW1)



Many different types of models…

Boolean logic,
propositional logic

https://gcallah.github.io/DiscreteMathematics/proplogic.html

Temporal logic

"Whenever the nth floor's call 
button is pressed, the cabin will 
eventually stop at the nth floor 
and open the door"

Automaton

And many others…

Hybrid automaton



Today: boolean logic and the satisfiability problem

Set of variables: � = {�1, �2, …, ��} 
Each variable is Boolean {0, 1} or {T, F}
Formula � built from propositional operators (“and” ∧ , “or” ∨, “not” 
¬,  ”implies” →, “exclusive or” ⊕, “iff” ↔ ) 



Today: boolean logic and the satisfiability problem

Set of variables: � = {�1, �2, …, ��} 
Each variable is Boolean {0, 1} or {T, F}
Formula � built from propositional operators (“and” ∧ , “or” ∨, “not” 
¬,  ”implies” →, “exclusive or” ⊕, “iff” ↔ ) 
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Today: boolean logic and the satisfiability problem

A “valuation” x of � maps each �� to a value 0 or 1
푣�� �  denotes the set of all possible valations
A valuation x of � satisfies � when each �� in � replaced by the 
corresponding value in x evaluates to true. 
We write this as � ⊨ �; otherwise, we write  � ⊭ �

Example: 
� �1, �2, …, �� ≡  �1 ∧ �2 ∨ �3 ∧  �1 ∧ ¬�3 ∨ �2 
� ≡ ⟨�1 ↦ 1, �2 ↦ 1, �3 ↦ 0⟩ 

� ⊨ �



Example: model a problem using boolean logic

Suppose you need to schedule 6 exams (E1, E2, ..., E6) on a single day. The day is 
divided into 4 time slots (S1, S2, S3, S4).
The following constraints must be satisfied:

1. Each exam must be scheduled exactly once.

2. The student conflicts are:
● E1 and E2 cannot be at the same time
● E3 and E4 cannot be at the same time
● E3 and E6 cannot be at the same time

3. Due to prerequisites, E1 must be scheduled in the morning (first 2 slots) and E4 
must be in the afternoon (last 2 slots)

Can you use boolean logic to represent all the constraints?



Example: model a problem using boolean logic

Suppose you need to schedule 6 exams (E1, E2, ..., E6) on a single day. The day is 
divided into 4 time slots (S1, S2, S3, S4).

First step: define variables ��� which indicates example i is schedule to slot j 



Example: model a problem using boolean logic

Suppose you need to schedule 6 exams (E1, E2, ..., E6) on a single day. The day is 
divided into 4 time slots (S1, S2, S3, S4).

First step: define variables ��� which indicates example i is schedule to slot j 

1. Each exam i must be scheduled exactly once.

Ensure each example is scheduled in some slot: (��1 ∨ ��2 ∨ ��3 ∨ ��4) 
Ensure each pair of slots j and k, ensure the example is not scheduled to more than 
one slot: 
(¬�1� ∨ ¬�1�) for all pairs of j ≠ k; j, k ∈ {1,2,3,4}

for all i ∈ {1,2,3,4,5,6}



Example: model a problem using boolean logic

Suppose you need to schedule 6 exams (E1, E2, ..., E6) on a single day. The day is 
divided into 4 time slots (S1, S2, S3, S4).

2. The student conflicts are:
● E1 and E2 cannot be at the same time
● E3 and E4 cannot be at the same time
● E3 and E6 cannot be at the same time



Example: model a problem using boolean logic

Suppose you need to schedule 6 exams (E1, E2, ..., E6) on a single day. The day is 
divided into 4 time slots (S1, S2, S3, S4).

2. The student conflicts are:
● E1 and E2 cannot be at the same time
● E3 and E4 cannot be at the same time
● E3 and E6 cannot be at the same time

(¬�1� ∨ ¬�2�) (¬�3� ∨ ¬�4�) (¬�3� ∨ ¬�6�) for all j



Example: model a problem using boolean logic

Suppose you need to schedule 6 exams (E1, E2, ..., E6) on a single day. The day is 
divided into 4 time slots (S1, S2, S3, S4).

3. Due to prerequisites, E1 must be scheduled in the morning (first 2 slots) and E4 must 
be in the afternoon (last 2 slots)

(�11 ∨ �12) (�43 ∨ �44)



The satisfiability problem: can we find an exam schedule?

Suppose you need to schedule 6 exams (E1, E2, ..., E6) on a single day. The day is 
divided into 4 time slots (S1, S2, S3, S4).

(�11 ∨ �12) (�43 ∨ �44)

(¬�1� ∨ ¬�2�) (¬�3� ∨ ¬�4�)

(��1 ∨ ��2 ∨ ��3 ∨ ��4) 

(¬�1� ∨ ¬�1�)

for all j ∈ {1,2,3,4}

for all  pairs of j ≠ k; j, k ∈ {1,2,3,4}

(¬�3� ∨ ¬�6�)

for all i ∈ {1,2,3,4,5,6}



The satisfiability problem (SAT)

Given a well-formed formula in boolean logic, determine whether there exists a 
satisfying solution:

∃� ∈ 푣�� � : � ⊨ �?
If the answer is “No” then � is said to be unsatisfiable
If ∀� ∈ 푣�� � : � ⊨ � then � is said to be valid or a tautology
If α is valid then ¬α is unsatisfiable
� and �′ are tautologically equivalent if they have the same truth tables

∀� ∈ 푣�� � : � ⊨ � ↔ � ⊨ �′



Equisatisfiability

Repeated subexpression is inefficient
How about: rename  � ∧ � ↔ 퐸, reducing circuit complexity
�′ ≡  � ∧ 퐸 ∨  ¬� ∧ 퐸 ∧   � ∧ � ↔ 퐸 

� and �′ are not tautologically equivalent
� = 0,  � = � = 1,  퐸 = 0 satisfies � since � does not mention 퐸

But they are equisatisfiable, i.e., � is satisfiable iff �′ is also satisfiable
(there could be two different valuations to make them satisfiable)
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� ≡  � ∧  � ∧ �  ∨  ¬� ∧  � ∧ �  

� ↔ �
 � → � ∧  � → � 

 ¬� ∨ � ∧  ¬� ∨ � 

Recall that: 



The CNF Form

We will assume � to be in conjunctive normal form (CNF)
literals: variable or its negation, e.g., �3, ¬�3
clause: disjunction (or) of literals, e.g.,  �1 ∨ �2 ∨ ¬�3  
CNF formula: conjunction (and) of clauses, 

e.g.,  �1 ∨ �2 ∨ ¬�3 ∧  ¬�2 ∨ �1 
A variable may appear positively or negatively in a clause



Any boolean formula can be converted to CNF

One approach:
● View the formula as a graph
● Give new names (variables) to non-leafs
● Relate the inputs and the outputs of the nonleafs and add this as a new 

clause
● Take conjunction of all of this
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Converting to CNF
● � ↔ ¬�

○ � → ¬� ∧ ¬� → �
○  ¬� ∨ ¬� ∧  � ∨ � 

●  � ∧ � ↔ 퐸
○   � ∧ � → 퐸 ∧  퐸 →  � ∧ �  
○  ¬ � ∧ � ∨ 퐸 ∧  ¬ 퐸 ∨  � ∧ �  
○  ¬� ∨ ¬� ∨ 퐸 ∧   ¬ 퐸 ∨ � ∧  ¬퐸 ∨ �  

●  � ∧ 퐸 ↔ �
○  ¬� ∨ ¬퐸 ∨ � ∧  ¬ � ∨ � ∧  ¬� ∨ 퐸 

●  � ∧ 퐸 ↔ �
○  ¬� ∨ ¬퐸 ∨ � ∧  ¬ � ∨ � ∧  ¬� ∨ 퐸  

●  � ∨ � ↔ �
○   � ∨ � → � ∧  � →  � ∨ �  
○  ¬� ∧ ¬� ∨ � ∧  ¬� ∨ � ∨ � 
○  ¬� ∨ �    ∧  ¬� ∨ � ∧  ¬� ∨ � ∨ � 
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� ≡  � ∧  � ∧ �  ∨  ¬� ∧  � ∧ �  



Challenge: how to solve the SAT problem?

Try this one:

(x ∨ y) ∧ (¬x ∨ z) ∧ (y ∨ ¬z) ∧ (¬y ∨ ¬z)

If satisfiable, what is the valuation of x, y, z?

If not satisfiable, why?



2-SAT

(x ∨ y) ∧ (¬x ∨ z) ∧ (y ∨ ¬z) ∧ (¬y ∨ ¬z)

2-SAT can be solved in polynomial time 

Idea is to build the implication graph:
e.g., (x ∨ y) becomes (¬x → y) ∧ (¬y → x)
(following the definition of implication)



2-SAT

(x ∨ y) ∧ (¬x ∨ z) ∧ (y ∨ ¬z) ∧ (¬y ∨ ¬z)

2-SAT can be solved in polynomial time 

Idea is to build the implication graph:
e.g., (x ∨ y) becomes (¬x → y) ∧ (¬y → x)
(following the definition of implication)

Follow the graph we have 
x → ¬x, ¬y → y, z → ¬z
How do you assign x, y, z to make them true?



2-SAT another example

(x ∨ y) ∧ (x ∨ ¬y) ∧ (¬x∨ z) ∧ (¬x∨ ¬z)

Idea is to build the implication graph:
e.g., (x ∨ y) becomes (¬x → y) ∧ (¬y → x)



2-SAT another example

(x ∨ y) ∧ (x ∨ ¬y) ∧ (¬x∨ z) ∧ (¬x∨ ¬z)

Idea is to build the implication graph:
e.g., (x ∨ y) becomes (¬x → y) ∧ (¬y → x)

Follow the graph we have 
x → ¬x, ¬x → x
No possible assignment for x, UNSAT



3-SAT

(x ∨ y ∨ z) ∧ (¬x ∨ y ∨ z) ∧ (y ∨ ¬z) ∧ (¬y ∨ ¬z)

The implication graph idea cannot be applied anymore.

Any other ideas to solve this problem?



SAT is NP-complete

SAT was the first problem shown to be NP-complete [Cook 71]
2-SAT can be solved in polynomial (actually, linear) time

This has real implications
1. Essentially we don’t know better than the naïve algorithm 
2. A solver for SAT can be used to solve any other problem in the 

NP class with only polytime slowdown. i.e., makes a lot of sense 
to build SAT solvers

3. SAT/SMT solving is the cornerstone of many verification 
procedures

Stephen Cook, The complexity of theorem-proving procedures. In Proceedings of the third 
annual ACM symposium on theory of computing. STOC ‘71.

thousands variables
millions of clauses
are solvable



SAT is NP-complete

Next lecture: solve SAT problems (DPLL algorithm)

Stephen Cook, The complexity of theorem-proving procedures. In Proceedings of the third 
annual ACM symposium on theory of computing. STOC ‘71.

thousands variables
millions of clauses
are solvable


