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Agenda

• Common Mistakes on Last Exam
• Trajectory Generation
• Motion Planning
• Manipulation



Common Mistakes on Exam 2

• Writing [S] instead of S when we asked for the screw
• Missing negative sign when computing v = -w x q
• Forgetting to multiply by the pitch when computing 

v = - w x q + h*w
• Correctly performing calculations but then referring 

to wrong variable name, leading to wrong answer
• Formatted answer wrong (row vs. column vector; 

missing commas in input)
• e^(A+B) does not equal (e^A)(e^B) for matrices A & B!



Normalized Trajectories

A trajectory is a mapping from continuous time to a robot state

𝜃: 0, T → ℝ𝑛

Where 𝑇 is the time at the end of the trajectory & 𝑛 is the state dim

We define normalized trajectories with an additional time-scaling 
function to map continuous time to a completion percentage along 

the trajectory

s 0, T → 0,1 ; 𝜃: 0,1 → ℝ𝑛



Different people might define their time-scaling function differently
s 0, T → 0,1 ; 𝜃: 0,1 → ℝ𝑛

Suppose we are working with a straight-line path:

𝜃 𝑠 = 𝜃0 + 𝑠 𝑡 ∗ (𝜃1 − 𝜃0)

ሶ𝜃 𝑠 =
𝑑𝑠

𝑑𝑡
∗ (𝜃1 − 𝜃0)

ሷ𝜃 𝑠 =
𝑑2𝑠

𝑑𝑡
∗ (𝜃1 − 𝜃0)

𝑠 and 𝑇 can be chosen to 
meet robot and task 

constraints

Normalized Trajectories





𝑠 𝑡 = 𝑎0 + 𝑎1𝑡 + 𝑎2𝑡2 + 𝑎3𝑡3 𝑠′ 𝑡 = 𝑎1 + 2𝑎2𝑡 + 3𝑎3𝑡2

𝑠 𝑇 = 1

𝑠 0 = 𝑠′ 0 = 𝑠′ 𝑇 = 0
The initial completion %, and 

initial/end velocity should be 0

The final completion % should be 1

𝑠 0 = 𝑎0 = 0 𝑠′ 0 = 𝑎1 = 0

Using the fact that 𝑠 𝑇 = 1 & 𝑠′ 𝑇 = 0:

𝑎2 =
1

𝑇2
− 𝑎3𝑇

2

𝑇
+ 𝑇2𝑎3 = 0

𝑎3 = −
2

𝑇3
𝑎2 =

3

𝑇2

Then, we can 
plug in 𝑇 = 2





𝑥(𝑠) = cos(2𝜋𝑠) 𝑥′(𝑠) = −2𝜋𝑠′ ∗ sin(2𝜋𝑠)

𝑥′′(𝑠) = −2𝜋𝑠′ 2𝜋𝑠′ ∗ cos 2𝜋𝑠 + (sin(2𝜋𝑠))(−2𝜋𝑠′′)

𝑦(𝑠) = sin(2𝜋𝑠) 𝑦′(𝑠) = 2𝜋𝑠′ ∗ cos(2𝜋𝑠)

𝑦′′(𝑠) = 2𝜋𝑠′ −2𝜋𝑠′ ∗ sin 2𝜋𝑠 + (cos(2𝜋𝑠))(2𝜋𝑠′′)

𝑧(𝑠) = 2s 𝑧′(𝑠) = 2s′ 𝑧′′(𝑠) = 2s′′

𝑠(𝑡) =
1

4
𝑡 +

1

8
𝑡2 𝑠′(𝑡) =

1

4
+

1

4
𝑡 𝑠′′(𝑡) =

1

4



Plugging in 𝑡 = 0.9 gives us the position, velocity, and 
acceleration of the body at the given time

Note that 𝑡 ranges from 0 to 2. We can plot the trajectory, 
velocity, and acceleration of the body for all valid times to ensure 

we meet actuator constraints!























Don’t forget to check for 
robot self-collisions!



Is 𝑝2 − 𝑝1 > 𝑟1 + 𝑟2?

No! Thus, there is a collision.



Now, we can check collision 
between each robot-obstacle 

sphere pair



If there is a solution, the planner 
is guaranteed to find it

Key Properties of Planners

The solution found is the shortest path

With more samples, the planner will 
converge to a solution if one exists

Complete:

Probabilistically 
Complete:

Optimal:

The solution found may be suboptimalSatisficing:



Graph-based Methods
A* Dijkstra’s

Complete and optimal



Properties of the planner depend on the construction 
method of the visibility graph









https://github.com/smitdumore/f110-rrt 

https://github.com/smitdumore/f110-rrt
https://github.com/smitdumore/f110-rrt
https://github.com/smitdumore/f110-rrt




Contact is maintained iff all time derivatives are 0



Examples of Motions

Roll

Slide

Roll-Slide



𝜕𝑑

𝜕𝑞
 carries information on the separation direction, or contact normal



ො𝑛 is the unit contact normal vector
𝑝𝐴 and 𝑝𝐵  are equal, but ሶ𝑝𝐴  and ሶ𝑝𝐵  might be different









ℱ𝑇 𝑉𝐴 − 𝑉𝐵 = 0

𝑝 × ො𝑛 𝑇 ො𝑛𝑇
𝜔𝐴 − 𝜔𝐵

𝑣𝐴 − 𝑣𝐵
= 𝑝 × ො𝑛 𝑇 ො𝑛𝑇

𝜔𝐴𝑥 − 𝜔𝐵𝑥

𝜔𝐴𝑦 − 𝜔𝐵𝑦

𝜔𝐴𝑧 − 𝜔𝐵𝑧

𝑣𝐴𝑥 − 𝑣𝐵𝑥

𝑣𝐴𝑦 − 𝑣𝐵𝑦

𝑣𝐴𝑧 − 𝑣𝐵𝑧

= 0

Plugging in values for 𝑝 and ො𝑛 yields: 

𝑣𝐴𝑧 − 𝑣𝐵𝑧 − 6𝜔𝐴𝑥 − 𝜔𝐴𝑦 + 6𝜔𝐵𝑥 + 𝜔𝐵𝑦 = 0

Rewriting our active constraint:



We like working with planar systems because the space of 
twists is 3D, and easier to visualize

The CoR is the point in the 
projective plane that stays 

stationary under the motion
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