ECE 470, Spring 2023 Exam 3 Equation Sheet

Grubler’s Formula

Dof =m(N —J 1)+ f;

N: number of links
J: number of joints
m: Dof of rigid body, if planner m=3, if spatial m=6

fi: number of freedom from joint i

2D Rotation matrix '
R(O) = [COSG —sm&]

sinf  cosf
3D Rotation matrix -~

1 0 0
R,(0) = |0 cosf —sinf
|0 sinf cosf |

[ cosf® 0 sinf]
Ry)=| 0 1 0

|—sinf 0 cosf |
[cos® —sind O]
R.(#) = |sinf cosf O

L O 0 1]
3 x 3 skew-symmetric matrix representation
0 —XI3 €T
[z] = | =3 0 —x
—XT2 T 0

Angular velocity in the fixed frame and body frame
[ws] = RRT
lwy] = RTR
Rotation matrix in exponential coordinate representation
R(@,0) = el®? = I + sinfl0] + (1 — cosh) @)

Matrix Logarithm Method
tr(R) =ri1 + roo + 133 = 1 + 2cosf

@] = 2331@0 (R - RT)




The inverse of the transformation matrix

_|R p 1 RT —RTp
=[5 1 -]

Twist

Twist in fixed and body frame
W =TT [V =TT"!

Vs = [Adr|V, [Adr] = [[p]RR ]g]

Screw
screw axis: S = {q,§,h}, velocity: 6

Screw to twist

Twist to screw

T
b= =0, b=, h=-—
]l [l
if w#0, q:s%v
0
Screw axis
lwl|=1: v=-wxq+ hw
[lv]] =1, w=0": translate along v

Exponential Coordinates for Rigid Body Motions(S — T)

W G
_ s1e _ |€ (0)v
T=e [O 1 ]

G(0) = I8 + (1 — cosh)[w] + (6 — sinb)[w]?
Logarithm of rigid body motions(T — S)
tr(R) =r11 + 122 + r33 = 1 + 2cosf

@l = 233710 (- RT)




Forward Kinematics
Screw in fixed frame: T(6) = elS101¢lS2102 ... e[Snl0n py

Screw in body frame: T'(#) = MelBil01elB2102 ... o[BnlOn

Velocity Kinematics
Space Jacobian

61
) 02
Vs - J5<9)0 - [Js,l Js,2 T Js,n]
O
Js1 =51 Js2= Ade[sl]el (S9) .- Jon = Ad o[51101 .. o[Sn—110n_1 (Sn)
Body Jacobian
61
) )
Vo =Ju(0)0 = [Jo1 Jop -+ Jonl | .
O,
Jon =Bn  Jyn-1 = Ad-15a16, (Bu-1) -+ Jp1 = Ad,_8,10n....~ 8210, (B1)

Relationship between Space and Body Jacobian

Vil =TTy Vel =T5'Tw
V, = Adr, (V) V= Adg, (Vs)
Js(0) = Adr,, (Jp(0)) = [Adr,, | Jp(0)
Jo(0) = Adr,, (Js5(0)) = [Adr,,]Js(0)

Cross Product

it 7k
%
d % b = l|ay ay a; —zzy ZZ -7 ZI bZ +kzx Zy

Path & Trajectory
Straight-Line Path
9(8) =6y + 8(91 — 90) s € [O, 1]
X(s)=Xo+s(X1 —Xp) se [O, 1}
Decouple Rotation and Translation
= (R.p)

(3) po + s(p1 — po)
(S) RO log RTRl)s



Polynomial Time-Scaling

s(t) = ap + art + ast® + ast®, t€[0,T]

3 2
s(t) —T2t2 - —T3t3, t€1[0,T]
3o 23
0(t) =0y + ﬁt - ﬁt (61 —60), te€]0,T]

Motion Planning

Distance Measures

d(g, B) = min (|[ri(q) — bjl| — Ri — By)

Given a robot at g represented by k spheres of radius R; centered at r;(¢), and an obstacle B
represented by [ spheres of radius B; centered at b;.

Collision Detection

d(q,B) >0 — mno contact
d(qg,B) =0 — contact
d(q,B) <0 — penetration

Manipulation

Wrenches

m
Fa=|"e
[fa]
Impenetrability Constraint
. ad
d _ ot T
(q) 9= " (Pa —PB)

PA=vA+wa X pa=uv4+ [walpa

it
n

Fl(Va—Vg)>0



Active Constraint

Rolling Contacts

Planar Center of Rotation
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