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Agenda

• Recap on Screws
• Forward Kinematics
• Velocity Kinematics
• Inverse Kinematics



Recap on Screws

While rotation matrices capture rotation, homogeneous 
transformations capture both rotation and translation

We want to find an operator that governs the ODE for the 
pose of the robot body

ሶ𝑅 = [𝜔𝑠]𝑅 = 𝑅[𝜔𝑏]

ሶ𝑇 = [𝑉𝑠]𝑇 = 𝑇[𝑉𝑏]



Recap on Screws

Twist 𝑉 is a 6D real-valued vector containing the angular and 
linear velocity



Recap on Screws

A twist 𝑉 can be viewed in terms of a screw motion 𝑆

Ƹ𝑠: a unit vector in the direction of the axis
𝑞: any 3D point along the axis

ℎ: the screw pitch (linear/angular speed)



Recap on Screws

A twist 𝑉 for 1 second around the screw axis at angular velocity 𝜃 
results in frame 𝑇

A twist 𝑉 for 𝜃 seconds around the screw axis at angular velocity 1 
results in frame 𝑇



Recap on Screws

Ƹ𝑠: a unit vector in the direction of the axis
𝑞: any 3D point along the axis

ℎ: the screw pitch (linear/angular speed)

𝑣 = ℎ𝜔 − 𝜔 × 𝑞

If 𝜔 = 1 and ℎ = 0:
Pure rotation
Revolute joint

If 𝜔 = 0 and 𝑣 = 1:
Pure translation
Prismatic joint



Solving the ODE ሶ𝑇 = [𝑉𝑠]𝑇

ሶ𝑅 = [𝜔𝑠]𝑅 = 𝑅[𝜔𝑏]

𝑅(𝜔, 𝜃) = 𝑒[𝜔𝑠]𝜃𝑅 0 = 𝑅 0 𝑒[𝜔𝑏]𝜃

Recall how we solved for the orientation 𝑅𝑠𝑏  given the angular velocity 𝜔:

ሶ𝑇 = [𝑉𝑠]𝑇 = 𝑇[𝑉𝑏]

𝑇(𝑉, 𝜃) = 𝑒[𝑉𝑠]𝜃𝑇 0 = 𝑇 0 𝑒[𝑉𝑏]𝜃

Similarly, solving for the pose 𝑇𝑠𝑏 after applying twist 𝑉:

scipy.linalg.expm()



Why do we care about screws???
We can calculate the end effector pose given robot joint 

angles by treating each joint as a screw axis! 

Forward Kinematics

Revolute Joint Prismatic Joint

Out of the Screen



Product of Exponentials



Product of Exponentials Algorithm
1. Identify the orientations of the fixed and tool frames with the right-hand rule

2. Create the homogeneous transformation M of the tool frame in the fixed frame 

3. Build the screw axis for each joint
• Ask yourself if we want the tool frame screw, the fixed frame screw, or either
• If we specifically ask for S -> fixed frame screw
• If we specifically ask for B -> body frame screw
• Else -> your preference

4. Build the matrix form [V] of each screw axis 

5. Use the PoE formula
• If you used S in step 3 -> 
• If you used B in step 3 -> 



3 DoF RRP Robot Example
1. Identify the orientations of the fixed and tool frames with the right-hand rule

y0 into the screen

x1 into the screen



3 DoF RRP Robot Example
2. Create the homogeneous transformation M of the tool frame in the fixed frame 

x1 is pointing in y0 direction
y1 is pointing in x0 direction
z1 is pointing in –z0 direction

Tool frame is translated by -6 in z0 direction

y0 into the screen

x1 into the screen



3 DoF RRP Robot Example

y0 into the screen

x1 into the screen

3. Build the screw axis for each joint

Joint 0

Joint 1

Joint 2

• Joint 0
• revolute
• S

• w = [0,0,-1]
• q = [-2,0,-2]
• v = -w x q = [0,-2,0]
• S = [w v] = [0,0,-1,0,-2,0]

• B
• w = [0,0,1]
• q = [0,-2,-4]
• v = -w x q = [-2,0,0]
• B = [w v] = [0,0,1,-2,0,0]



3 DoF RRP Robot Example

y0 into the screen

x1 into the screen

3. Build the screw axis for each joint

Joint 0

Joint 1

Joint 2

• Joint 1
• revolute
• S

• w = [0,0,-1]
• q = [-2,0,-4]
• v = -w x q = [0,-2,0]
• S = [w v] = [0,0,-1,0,-2,0]

• B
• w = [0,0,1]
• q = [0,-2,-2]
• v = -w x q = [-2,0,0]
• B = [w v] = [0,0,1,-2,0,0]



3 DoF RRP Robot Example

y0 into the screen

x1 into the screen

3. Build the screw axis for each joint

Joint 0

Joint 1

Joint 2

• Joint 2
• prismatic
• S

• w = [0,0,0] 
• v = [0,0,-1]
• S = [w v] = [0,0,0,0,0,-1]

• B
• w = [0,0,0] 
• v = [0,0,1]
• B = [w v] = [0,0,0,0,0,1]



3 DoF RRP Robot Example

y0 into the screen

x1 into the screen

Joint 0

Joint 1

Joint 2

• Joint 0
• S = [w v] = [0,0,-1,0,-2,0]

• B = [w v] = [0,0,1,-2,0,0]

4. Build the matrix form of the screw axis per joint



3 DoF RRP Robot Example

y0 into the screen

x1 into the screen

Joint 0

Joint 1

Joint 2

• Joint 1
• S = [w v] = [0,0,-1,0,-2,0]

• B = [w v] = [0,0,1,-2,0,0]

4. Build the matrix form of the screw axis per joint



3 DoF RRP Robot Example

y0 into the screen

x1 into the screen

Joint 0

Joint 1

Joint 2

• Joint 2
• S = [w v] = [0,0,0,0,0,-1]

• B = [w v] = [0,0,0,0,0,1]

4. Build the matrix form of the screw axis per joint



3 DoF RRP Robot Example

y0 into the screen

x1 into the screen

Joint 0

Joint 1

Joint 2

5. Apply product of exponentials formula • Fixed frame conventions

• Body frame conventions







On the formula sheet …



Algorithm for Building the Jacobian
1. Identify the orientations of the fixed frame with the right-hand rule

2. Build the screw axis for each joint
• Ask yourself if we want space Jacobian or the body Jacobian
• If we specifically ask for Js -> fixed frame screw
• If we specifically ask for Jb -> body frame screw

• I prefer to solve for Js and then use the Adj map to convert to Jb

3. For each column i of Js
• Solve for the PoE up to joint i – 1
• Compute its adjoint
• Multiply the adjoint by the screw axis of joint i

4. If we want Jb, 𝐽𝑏 = 𝐴𝑑𝑇𝑏𝑠
 𝐽𝑠



z1 into the screen

z0 out of the screen

4 DoF PRPR Robot Example
1. Identify the orientations of the fixed and tool frames with the right-hand rule



z1 into the screen

z0 out of the screen

4 DoF PRPR Robot Example
2. Build the screw axis (and matrix form) for each joint

• Joint 0
• prismatic
• S0

• w = [0,0,0] 
• v = [-1,0,0]
• S = [w v] = [0,0,0,-1,0,0]

• [S0]Joint 0

Joint 1

Joint 2

Joint 3



z1 into the screen

z0 out of the screen

4 DoF PRPR Robot Example
2. Build the screw axis (and matrix form) for each joint

Joint 0

Joint 1

Joint 2

Joint 3
• Joint 1

• revolute
• S1

• w = [-1,0,0]
• q = [-2,2,0]
• v = -w x q = [0,0,2]
• S = [w v] = [-1,0,0,0,0,2]

• [S1]



z1 into the screen

z0 out of the screen

4 DoF PRPR Robot Example
2. Build the screw axis (and matrix form) for each joint

• Joint 2
• prismatic
• S2

• w = [0,0,0] 
• v = [0,1,0]
• S = [w v] = [0,0,0,0,1,0]

• [S2]Joint 0

Joint 1

Joint 2

Joint 3



z1 into the screen

z0 out of the screen

4 DoF PRPR Robot Example
2. Build the screw axis (and matrix form) for each joint

Joint 0

Joint 1

Joint 2

Joint 3
• Joint 3

• revolute
• S3

• w = [-1,0,0]
• q = [-2,6,0]
• v = -w x q = [0,0,6]
• S = [w v] = [-1,0,0,0,0,6]

• [S3]



z1 into the screen

z0 out of the screen

4 DoF PRPR Robot Example
3. Fill in the columns of the Jacobian

• Column 0
• S0 = [0,0,0,-1,0,0]
• J0 = [0,0,0,-1,0,0]

Joint 0

Joint 1

Joint 2

Joint 3



z1 into the screen

z0 out of the screen

4 DoF PRPR Robot Example
3. Fill in the columns of the Jacobian

• Column 1
• S1 = [-1,0,0,0,0,2]

• J1 = [Ad_T1] S1

Joint 0

Joint 1

Joint 2

Joint 3



z1 into the screen

z0 out of the screen

4 DoF PRPR Robot Example
3. Fill in the columns of the Jacobian

• Column 2
• S2 = [0,0,0,0,1,0]

• J2 = [Ad_T2] S2

Joint 0

Joint 1

Joint 2

Joint 3



z1 into the screen

z0 out of the screen

4 DoF PRPR Robot Example
3. Fill in the columns of the Jacobian

• Column 3
• S3 = [-1,0,0,0,0,6]

• J3 = [Ad_T3] S3

Joint 0

Joint 1

Joint 2

Joint 3



z1 into the screen

z0 out of the screen

4 DoF PRPR Robot Example
3. Fill in the columns of the Jacobian

Joint 0

Joint 1

Joint 2

Joint 3



4 DoF PRPR Robot Example
Computing the spatial twist given joint angle velocities



4 DoF PRPR Robot Example
Computing the body Jacobian

You can either directly compute the body Jacobian columns as follows:

Or use the relationship between the fixed and body frames:



z1 into the screen

z0 out of the screen

4 DoF PRPR Robot Example
Finding 𝑇𝑏𝑠 and using it to solve for 𝐽𝑏

Joint 0

Joint 1

Joint 2

Joint 3

x1 is pointing in -y0 direction
y1 is pointing in -x0 direction
z1 is pointing in –z0 direction

Tool frame is translated by 6 in y0 and -4 in x0 directions



4 DoF PRPR Robot Example
Computing the body twist given joint angle velocities





Analytical vs. Numerical IK

Analytical approaches use geometric relationships to find solutions for joint 
angles that result in a desired end effector pose

Numerical methods iteratively update the guess of the joint angles that result in 
the desired end effector pose 

Numerical methods may be used when analytic approaches are too hard to solve 
(or may even be impossible)



If the number of joint angles is greater than DOFs of the end effector, there may be 
an infinite number of solutions because of free variables



Newton-Raphson Method
The Newton-Raphson algorithm is one numerical method we can use to solve IK

𝑓 𝜃 − 𝑋 = 𝑔(𝜃) = 0

We are trying to find the roots of the following equation:

We assume that 𝑔 𝜃  is differentiable and start with an initial guess 𝜃0

Then we write out the first order Taylor expansion of 𝑔 at 𝜃0 (linearization)

𝑔 𝜃 ≈ 𝑔 𝜃0 +
𝑑𝑔

𝑑𝜃
𝜃0 ∗ (𝜃 − 𝜃0)



Newton-Raphson Method
Then we write out the first order Taylor expansion of 𝑔 at 𝜃0 (linearization)

𝑔 𝜃 ≈ 𝑔 𝜃0 +
𝑑𝑔

𝑑𝜃
𝜃0 ∗ (𝜃 − 𝜃0)

And we update our guess for the solution

𝜃1 = 𝜃0 −
𝑑𝑔

𝑑𝜃
𝜃0

−1

𝑔(𝜃0)

And we keep iterating until we get close enough to the desired result, or the 
solution doesn’t change very much



Newton-Raphson Method for Numerical IK
The same approach but in terms of inverse kinematics:

𝑋𝑑 = 𝑓 𝜃 ≈ 𝑓 𝜃0 +
𝑑𝑓

𝑑𝜃
𝜃0 ∗ 𝜃 − 𝜃0 + ℎ. 𝑜. 𝑡

If the Jacobian 𝐽 is invertible:

𝐽(𝜃0) Δ𝜃 0

𝑋𝑑 − 𝑓 𝜃 = 𝐽(𝜃0)Δ𝜃

𝐽 𝜃0 −1 𝑋𝑑 − 𝑓 𝜃 = Δ𝜃





Newton-Raphson Method for Numerical IK
The Newton-Raphson does need to be modified slightly since the desired end 

effector pose 𝑋𝑑  is in SE(3), not just any random 4x4 matrix

We need to find the twist 𝑉𝑏, which if applied for 1 second, goes from our current 
guess 𝑇𝑠𝑏(𝜃𝑖) to the desired pose 𝑋 = 𝑇𝑠𝑑

𝑇𝑠𝑑 = 𝑇𝑠𝑏𝑒[𝑉𝑏] 

𝑇𝑠𝑏
−1(𝜃𝑖)𝑇𝑠𝑑 = 𝑒[𝑉𝑏] 

log 𝑇𝑠𝑏
−1 𝜃𝑖 𝑇𝑠𝑑 = [𝑉𝑏]

ሶ𝜽 is our update



𝑉𝑏 = 𝐽𝑏 𝜃 ሶ𝜃 𝐽𝑏 𝜃 −1𝑉𝑏 = ሶ𝜃



The Jupyter workspace now provides access to functions for inverse kinematics! 
This is what you’ll see when you startup the server:

In addition to numpy, expm, and logm, we now import IKinBody and IKinSpace by default:



ikin_api.py explains how to 
call both functions and has 

examples

You can ignore __init__.py
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