Intro to Robotics:
Review for Exam 2

Neeloy Chakraborty
neeloyc2@illinois.edu



Agenda

* Recap on Screws

* Forward Kinematics
* Velocity Kinematics
* Inverse Kinematics



Recap on Screws

While rotation matrices capture rotation, homogeneous
transformations capture both rotation and translation

We want to find an operator that governs the ODE for the
pose of the robot body

R = [ws|R = R[wp]

T = [V]T = T[Vs]



Recap on Screws

Twist V is a 6D real-valued vector containing the angular and
linear velocity

o-[i] m-[4;
Vo= A= | 1 DI




Recap on Screws

A twist VV can be viewed in terms of a screw motion S

S: a unit vector in the direction of the axis
q: any 3D point along the axis
h: the screw pitch (linear/angular speed)

= paen =
linear speed/angular speed



Recap on Screws

A twist VV for 1 second around the screw axis at angular velocity 6
resultsinframe T

A twist IV for 8 seconds around the screw axis at angular velocity 1
resultsin frame T



Recap on Screws

§: a unit vector in the direction of the axis 9, 59
q: any 3D point along the axis V — — - -
h: the screw pitch (linear/angular speed) v hsé? — SQ X g

V=hw—wX(

If||a)|‘=1andh=0: Ifa)=Oande||=1:
Pure rotation Pure translation
Revolute joint Prismatic joint



‘ ipy.linalg.
Solvingthe ODE T = [V, ]T scipy.linalg.expm()

Recall how we solved for the orientation R, given the angular velocity w:
R = [ws]R = R[wp]
R(w,8) = el®sl®R(0) = R(0)el®nl®
Similarly, solving for the pose T, after applying twist V:
T = [V]T = T[V}]

T(V,0) = elsIT(0) = T(0)el"»1?



Why do we care about screws???

We can calculate the end effector pose given robot joint
angles by treating each joint as a screw axis!

Forward Kinematics

Revolute Joint Prismatic Joint

L= =1 it

t Xl._' )] x] I'lI_I
: i
ﬁ %) Out of the Screen WEI Y1 zji
: T TR
X1 Y1 Z;[




Product of Exponentials

T(Q) — 8[51]918[52]92 e[gn—l]gn—le[gn]gnM

Figure 4.2: Illustration of the PoE formula for an n-link spatial open chain.



Product of Exponentials Algorithm

1. Identify the orientations of the fixed and tool frames with the right-hand rule
2. Create the homogeneous transformation M of the tool frame in the fixed frame

3. Build the screw axis for each joint
* Askyourself if we want the tool frame screw, the fixed frame screw, or either
* |f we specifically ask for S -> fixed frame screw
* |f we specifically ask for B -> body frame screw

Else -> your preference

4. Build the matrix form [V] of each screw axis

5. Use the PoE formula
e IfyouusedSinstep3-> T(Q) — 6[81]916[82]92 e e[S”}Q”M

* IfyouusedBinstep3->T(f) = MelB1]01o[B2]02 | .| o[Bn]0n



3 DoF RRP Robot Example

1. Identify the orientations of the fixed and tool frames with the right-hand rule

3

y0 into the screen

—61 x1 into the screen

9 -8 -7 -6 -5 -4 -3 -2 -1 0 1



3 DoF RRP Robot Example

2.

Create the homogeneous transformation M of the tool frame in the fixed frame

y0 into the screen

Xn

x1 is pointing in y0 direction
y1is pointing in x0 direction
z1 is pointing in —z0 direction

Tool frame is translated by -6 in z0 direction

np.array([[©

M = np.block([[R, t],
e, 0, 0, 1]])




3 DoF RRP Robot Example

3. Build the screw axis for each joint

3

|  JointO
y0 into the screen e revolute
14 z.;.‘ e S
0- i « w=][0,0,-1]
-1 1 * g= ['2’0"2]
_ T  v=-wxq=[0,-2,0]
-2 Joint 0| - S=[wv]=[0,0,-1,0,-2,0]
_3] Joint 2 e B
=4 1 Joint 1 rl -—E::lj ¢ W=[O’O’1]
T * g= [O,-2,-4]
7 . " e v=-wxq=[-2,0,0]
6 x1into the screen  B=[wv]=]0,0,1,-2,0,0]
—7 21




3 DoF RRP Robot Example

3. Build the screw axis for each joint

3

| * Joint1
y0 into the screen e revolute
14 z.;.‘ e S
0- i « w=][0,0,-1]
-1 - * g= ['2’0"4]
_ T  v=-wxq-=[0,-2,0]
2] Joint 0| + S=[wv]=[0,0,-1,0,-2,0]
_3] Joint 2 e B
=4 1 Joint 1 rl -—E::lj ¢ W=[O’O’1]
L e q=[0,-2,-2]
7 . " e v=-wxq=[-2,0,0]
6 x1into the screen  B=[wv]=]0,0,1,-2,0,0]
—7 21




3 DoF RRP Robot Example

3. Build the screw axis for each joint

3

x1 into the screen

y0 into the screen

Joint O

|‘_| Joint 2
Joint 1 —{ 1]

-

Joint 2
* prismatic

« w=]0,0,0]
« v=[0,0,-1]
e S=[wv]=[0,0,0,0,0,-1]

« w=][0,0,0]
« v=[0,0,1]
e B=[wv]=][0,0,0,0,0,1]



3 DoF RRP Robot Example

4. Build the matrix form of the screw axis per joint [V] _
3

|  JointO

yO into the screen e S= [W V] — [O 0.-1.0.-2 O]

1 Faly]

ﬂ v

X0

]
—2 1 Joint O
_J r, Joint 2
-4 1 Joint 1 —LL )
. v
—6 1 x1 into the screen 4
=7 zi

9 -8 -7 -6 -5 -4 -3 -2 -1 0 1




3 DoF RRP Robot Example

4. Build the matrix form of the screw axis per joint [V] _
3

2 e Joint1

yO into the screen e S= [W V] — [O 0.-1.0.-2 O]

1 Faly]

ﬂ v

X0

]
—2 1 Joint O
_J r, Joint 2
-4 1 Joint 1 —LL )
. v
—6 1 x1 into the screen 4
=7 zi

9 -8 -7 -6 -5 -4 -3 -2 -1 0 1




3 DoF RRP Robot Example

4. Build the matrix form of the screw axis per joint [V] _
3
2 e Joint2
inntothe screen o S=[WV]=[O 0.0.0.0 _1]
1 Faly]
ﬂ 2
X0
.
—2 Joint O
. r, Joint 2
-4 Joint 1 —0  B=[wv]=[0,0,0,0,0,1]
. v
—6 - x1 into the screen 4
=7 zi

9 -8 -7 -6 -5 -4 -3 -2 -1 0 1




3 DoF RRP Robot Example

5. Apply product of exponentials formula « Fixed frame conventions

3

y0 into the screen

X0

_1_
—2 - Joint O
. r, Joint 2
-4 Joint 1 —L
. |

. Y1
—6 1 x71 into the screen
=7 z;

T(H) — 8[81]916[82}92 . e e[Sn]gnM

[[ ©.68163876 ©.73168887 0.
[ ©.73168887 -0.68163876 0.

-9.53662226]
-1.36327752]
0. 1 -6.75 ]

0. : : 1]

* Bodyframe conventions

T(Q) p— Me[Bl]Hl 6[32]92 c . e[Bn]Hn

[[ ©.68163876 ©.73168887 0.
[ ©.73168887 -0.68163876 0.

-0.53662226
-1.36327752]

0. 1. -6.75 ]
0. : 1. 1]




Velocity Kinematics

Forward Kinematics

Calculate the position of the end-eﬁector of an open chain given joint angles

X () = O

Velocity Kinematics

Calculate the velocity (twist!) of the end-effector frame

Y PPN
ag\z"“ﬂ- 9% (6)6



Definition 5.1. Let the forward kinematics of an n-link open chain be expressed
in the following product of exponentials form:

T = lS1l01 .. olSnl0n pr (5.9)

The space Jacobian J,(#) € R*" relates the joint rate vector § € R” to the
spatial twist V, via

V, = Jo(6)6. (5.10)
The ith column of J4(60) is

Jsi (9) — Ade[«Sl]Bl celSi—119i 1 (81)7 (5'11)

for 2 = 2,...,n, with the first column J5; = &;.



On the formula sheet...

Velocity Kinematics
Space Jacobian

Vs — JS(Q)Q — [Js,l JS,Z Tt Js,n]

Js1 =51 Js2=Ad 516, (52)




Algorithm for Building the Jacobian

1. Identify the orientations of the fixed frame with the right-hand rule

2. Build the screw axis for each joint
* Askyourself if we want space Jacobian or the body Jacobian
* |f we specifically ask for Js -> fixed frame screw
* |f we specifically ask for Jb -> body frame screw
* | preferto solve for Js and then use the Adj map to convert to Jb

3. Foreachcolumniofls
* Solve forthe PoE up tojointi-1
e Compute its adjoint
 Multiply the adjoint by the screw axis of joint |
R 0}

4. Ifwewantlb, J, = [AdTbs] Js [AdT] B LP}R R



4 DoF PRPR Robot Example

1. Identify the orientations of the fixed and tool frames with the right-hand rule

Y1
6 -
z1 into the screen ‘Xn
51 1

4 -

34

2 I- —
1 Yo

z0 out of the screen




4 DoF PRPR Robot Example

2. Build the screw axis (and matrix form) for each joint

Y1 — .
61 Joint 3
z1 into the screen | ‘
5 1 ]

4- ] Joint2

*1 r‘ Joint O
J I ] nl 1
‘—J "

Joint 1

z0 out of the screen

Joint 0

* prismatic

« SO
« w=]0,0,0]
e v=[-1,0,0]

e S=[wv]=][0,0,0,-1,0,0]
* [SO]




4 DoF PRPR Robot Example

2. Build the screw axis (and matrix form) for each joint

Y1 — .
61 Joint 3
z1 into the screen | ‘
5 1 ]

4- ] Joint2

*1 r‘ Joint O
J I ] nl 1
‘—J "

Joint 1

z0 out of the screen

Joint 1
revolute

ST

w =[-1,0,0]

q= ['2’2’0]
v=-wxq=][0,0,2]
S=[wv]=][-1,0,0,0,0,2]




4 DoF PRPR Robot Example

2. Build the screw axis (and matrix form) for each joint

6 - 1 Joint3
z1 into the screen ‘
5 -

] Joint 2

r‘ Joint O
| E— nl1
| N

Joint 1

z0 out of the screen

* Joint2
* prismatic
e S2
« w=]0,0,0]
« v=[0,1,0]
e S=[wv]=
* [S2]

[0,0,0,0,1,0]




4 DoF PRPR Robot Example

2. Build the screw axis (and matrix form) for each joint

¥ . * Joint3
6 . % Joint 3 e revolute
| z1 into the screen Xs ‘ e S3

=3 | ¢ W= [_130’0]
* [] Joint2 . q=[-2,6,0]
3. ,  v=-wxqg=[0,0,6]
rl Joint 0 _ .
2 4 | E—— :l_l ¢ S - [W V] - [:I ’030’0,0’6]

Joint 1

z0 out of the screen




4 DoF PRPR Robot Example

3. Fillin the columns of the Jacobian

Y1 1 ,
61 Joint 3
z1 into the screen | I
5 1 1

4 ] Joint 2

*1 r’ Joint O
4 I ] nl 1
ks

Joint 1

z0 out of the screen

ColumnO

S0 = [0,0,0,-1,0,0]
J0=[0,0,0,-1,0,0]



4 DoF PRPR Robot Example

3. Fillin the columns of the Jacobian .

Column 1
e S$1=[-1,0,0,0,0,2]

Y1 e :
Joint 3
z1 into the screen Ln ‘ * J1=[Ad_T1]S1

Ad exp s @ theta © = adjoint(expm(mat s @ * theta @))
J s 1=Adexps ©theta®o@s 1

] Joint2

rl Joint 0
B |
I_dj—— G

Joint 1

z0 out of the screen




4 DoF PRPR Robot Example

3. Fillin the columns of the Jacobian e Column 2

.« $2=10,0,0,0,1,0]

Y1 e :
Joint 3
z1 into the screen Ln ‘ * J2=[Ad_12]52

Ad exp s 1 theta 1 = adjoint(expm(mat s 1 * theta 1))
J s 2 =Ad exp s © theta @ @ Ad exp s 1 theta 1 @ s 2

] Joint2

rl Joint 0
B |
I_dj—— G

Joint 1

z0 out of the screen

[ ©.87758256]
[-8.47942554] ]




4 DoF PRPR Robot Example

3. Fillin the columns of the Jacobian e« Column3

.« S$3=[-1,0,0,0,0,6]

Y1 e :
ﬁF Joint 3
z1 into the screen | T tJ37IAdTSISS

T Ad exp s 2 theta 2 = adjoint(expm(mat s 2 * theta 2))
] ifeYlg 7 s 3 = Ad exp s @ theta @ @ Ad exp s 1 theta 1 @ Ad exp s 2 theta 2 @ s 3

rl Joint 0
B |
I_dj—— G

Joint 1

z0 out of the screen

0.
0.
0

2.27727131]
6.16851717]]




4 DoF PRPR Robot Example

3. Fillin the columns of the Jacobian

z1 into the screen

' L Joint 3

=

[ ] Joint 2

rl Joint 0
B |
I_dj—— G

Joint 1

z0 out of the screen

J s = np.block([[J s ®, 1 s1, Js 2, ]5s

print("Jacobian matrix

in the fixed frame 3

0.87758256
-0.47942554

311)

s:\n", J s)

2.27727131

]
]
]
]
|

6.16851717] ]



4 DoF PRPR Robot Example

Computing the spatial twist given joint angle velocities

theta dot ©
theta dot 1
theta dot 2
theta dot 3

8.1
8.2
@.3
8.4

theta dot = np.array([[theta dot @8],

V. s = J s @ theta dot

print("Twist V_

theta dot 1],

theta_dot:E s
theta dot 31])

[ 1.17418329]
[ 2.72357921]]

s given the Jacobian and joint velocities:\n", V_s)

JS(H)H — [Js,l JS,2 Js,n]




4 DoF PRPR Robot Example

Computing the body Jacobian

You can either directly compute the body Jacobian columns as follows:

Body Jacobian

1
. 0o
Vo= Jo(0)0 = [Jp1 Jo2 - Joul | .
6,
Jom =Bn  Jpn-1=Ad 516, Bn-1) - Jp1 = Ad _B10n... .~ 18216, (B1)

Or use the relationship between the fixed and body frames:

Jp(0) = Adr, (Js(0)) = [Adr,, | Js(0)




4 DoF PRPR Robot Example

x1 is pointing in -y0 direction
y1is pointing in -x0 direction
z1 is pointing in —z0 direction

Finding T} and using it to solve for J,

) 4 — .
& Joint 3 . . . o
71 into the screen I Tool frame is translated by 6 in yO and -4 in x0 directions
5 -
= | Solving for the body twist
i L Joint 2 np.array([[e, -1, @ |,
1 r‘ Joint 0 0,
5] | :I_I
Joint 1 |
1‘ ) W
0..
z0 out of the screen
1 b = adjoint(T bs) @ J s

print(“"Body Jacobian J b:\n", J b)




4 DoF PRPR Robot Example

Computing the body twist given joint angle velocities

J b = adjoint(T bs) @ J s B _
print("Body Jacobian J b:\n", J b) Vb = ]_h @ thE"tEl_th

Body twist V b

[[ e. |

0.6 |

Body Jacobian J b:
[[ ©.00000000+00 0.000000002+00 ©.000000002+00 ©0.00000000c+00 |

0.00000000e4+00 1.0000000001+00 0.060000000e+00 '.B@ﬁﬁ@@@ﬁe+ﬁﬁ]
iy 7.00000000e+00 0.000000000+080 0.00000000e+D0

0.
©.96148813]
9.1 |
0.2608459 ]]

0.00000000e1+00 -3.996987/18e+00 .40302306e-01 1.58228342e-16
1.00000000e4+00 ©0.00000000e1+00 0.00000000e+00 0.000000002+00
0 .00000000e+00 .56643595e+00 .41470985e-01 8.98254244e-16]]

[
[
[_
[
[




Inverse Kinematics

* Forward Kinematics: computes the end-effector position from joint angles:

Pt angls— SECS
B +—> TL6)

* Inverse Kinematics: computes the possible joint angles from the pose of
the end-effector

SEG) — pPivk space
X +> 6O

* Given T'(0), find solutions @ that satisfy T(8) = X
——

h—ll-J

so\n mb'\"tods—g analqtic
nuwerical



Analytical vs. Numerical IK

Analytical approaches use geometric relationships to find solutions for joint
angles that result in a desired end effector pose

Numerical methods iteratively update the guess of the joint angles that result in
the desired end effector pose

Numerical methods may be used when analytic approaches are too hard to solve
(or may even be impossible)



Inverse Kinematics (1K) Solutions

O ont so\wn
- @ wo so\n,
*(xq,Y2)
R 10
Litlz @
Yoy D T O 0'(:‘\{/\

ol volued

If the number of joint angles is greater than DOFs of the end effector, there may be
an infinite number of solutions because of free variables



Newton-Raphson Method

The Newton-Raphson algorithm is one numerical method we can use to solve IK

We are trying to find the roots of the following equation:
f(0)—X=g(0)=0

We assume that g(8) is differentiable and start with an initial guess 6°

Then we write out the first order Taylor expansion of g at 8° (linearization)

9(8) ~ g(6°) +—2(6°) < (6 - 6°)



Newton-Raphson Method

Then we write out the first order Taylor expansion of g at 0° (linearization)
0 dg 0 0
g@) = g(6 )+E(9 ) * (6 —6°)
And we update our guess for the solution
P -1
g
01 — 00 | < HO 90
( 5 ( )) 9(6%

And we keep iterating until we get close enough to the desired result, or the
solution doesn’t change very much



Newton-Raphson Method for Numerical IK

The same approach but in terms of inverse kinematics:

X;=f(0) = (6% +%(90) *x(0—0° + h.o.t
/" AN AN
(6% Y 0

Xa—f(0) =](6°)A06

If the Jacobian ] is invertible:

J(6) (X4 — f(6)) = A6



Numerical Inverse Kinematics

* If the forward kinematics is linear in
0 (i.e., h.o.t. are zero), then 61
exactly satisfies x; = f(61)

* |f the forward kinematics is not linear
in @ (as is usually the case), then 61
should be closer to the root than 69,
but will require more iterations

Ld — flfﬂ‘

2L (6,)

slope = —%2

H” H] H{j H

-

-1
Af = (:—:éfﬁu}) (Za — f':Hn”



Newton-Raphson Method for Numerical IK

The Newton-Raphson does need to be modified slightly since the desired end
effector pose X, is in SE(3), not just any random 4x4 matrix

We need to find the twist V,,, which if applied for 1 second, goes from our current
guess T, (6') to the desired pose X = Ty,

TSd — ste[Vb]

Vb = J b (9 ) 0 Tep (6)Tsq = et]

0 is our update log(Tep (0Y)Tsq) = [Vi]



Numerical Inverse Kinematics: Algorithm

0. Given X = T,4 and the forward kinematics map T, (6)
Given tolerances €,, and €,
1. Initialize 8% and seti = 0

2. While ||wy || > €, or ||w,|| > €,
1. Set [V,] =log Te'(61)Tsq
2. Set@i*l =gl 4l (6)1,

3. Increment i \

Vy =Jp(0)8 +— J,(8)" 1V, =0



The Jupyter workspace now provides access to functions for inverse kinematics!
This is what you’ll see when you startup the server:

: File Edit View Run Kernel Tabs Settings Help

+ * C [4 Launcher

./

Last Modified

(] _init__py 2 minutes ago
@ ikin_api.py 2 minutes ago

(Al workbook.ipynb 2 minutes ago

In addition to numpy, expm, and logm, we now import IKinBody and IKinSpace by default:

: File Edit View Run Kernel Tabs Settings Help

O + * C (@ Launcher X | A Workbook.ipynb
W B + X O3 » m C » Code v
o Name - Last Modified
. . : [1]: dimpeort numpy as np
o —Init_py 3 minutes ago from scipy.linalg import expm, logm
2 ikin_api.py 3 minutes ago from ikin_api import IKinBody, IKinSpace

[M] workbook.ipynb 3 minutes ago

[ 1




s

:, File Edit View Run Kernel Tabs Settings Help

o + * c 2 Launcher X | A workbook.ipynb X | £ ikin_api.py X
-/ 1 |from _internal import IKinBody, IKinSpace
o Name -~ Last Modified -
3 muw
@ _init_.py 3 minutes ago 4 def IKinBody(Blist, M, T, thetalist@®, eomg, ev):
a (] ikin_api.py 3 minutes ago 5 Computes inverse kinematics in the body frame for an open chain robot
Eﬂ 6 :param Blist: The joint screw axes in the end-effector frame when the
" Workbook.ipynb 3 mi P ’
orkbookIpyn minutes ago 7 manipulator is at the home position, in the format of a .I<. . l . |1
b° 8 matrix with axes as the columns | In_apl'py exp alns ow to
9 :param M: The home configuration of the end-effector .
10 :param T: The desired end-effector configuration Tsd Cau bOth funCtlonS and haS
11 :param thetalist®: An %nit%al guess of joint angles that are close to €3)(EirT]F)lEBES
D 12 satisfying Tsd
13 :param eomg: A small positive tolerance on the end-effector orientation
14 error. The returned joint angles must give an end-effector

¥

orientation error less than eomg

16 :param ev: A small positive tolerance on the end-effector linear position

17 error. The returned joint angles must give an end-effector

18 position error less than ev

19 :return thetalist: Joint angles that achieve T within the specified

20 tolerances, . ..
21 :return success: A logical value where TRUE means that the function found YOLI can |gn0re _lnlt_. py
22 a solution and FALSE means that it ran through the set

23 number of maximum iterations without finding a solution

24 within the tolerances eomg and ev.

25 Uses an iteratiwe Newton-Raphson root-finding methed.

26 The maximum number of iterations before the algorithm is terminated has

27 been hardcoded in as a variable called maxiterations. It is set to 20 at

28 the start of the function, but can be changed if needed.

25 Example Input:

30 Blist = np.array([[®e, @, -1, 2, B, @],

31 [e, 6, o, 0,1, @8],

32 [, 8, 1, 0, @, ©.1]1).T

33 M = np.array([[-1, 8, @, @],

34 [6,1, 8, 6],

0o B 1 & Python



import numpy as np
from scipy.linalg import expm, logm
from ikin_api import IKinBody, IKinSpace

# Desired end effector pose - 4x4 homogeneous transformation matrix
T_1in® = np.array([[©.64469519, ©.000845421, -8.76443961, -1.72006131], [-©.68757886, ©.43735862, -8.57961430, -3.20838971], [0.33407099, ©

# Initial pose of end effector - 4x4 homogeneous transformation matrix
M = np.array([[1.00000000, ©.00000000, ©.00000000, 2.00000000], [0.00000000, 1.00000000, O.00000000, -4.00000000], [0.00000000, O.00000000

# Screw axes - 6xNUM_JOINTS where each column is the screw of each joint (in this example, they are in the fixed frame)
S = np.array([[0.00000000, ©.00000000, 1.00000000, ©.90000000, 1.00000000, ©.00000000], [1.00000000, ©.00000000, ©.00Q000EE, ©.00000000, O

# Initial guess for what each theta should be - List of Length NUM_JOINTS
thetalist® = np.array([@., ©., @., 8., 6., 0.])

# Tolerance on error of end effector orientation
eomg = ©.01

# Tolerance on error of end effector position
ev = 8.01

-+
thetalist, success = IKinSpace(S, M, T _1in@, thetalist®, eomg, ev)

# success is True if the error of the solution is less than eomg and ev
# thetalist is of shape (NUM JOINTS, )

# Prairielearn expects thetalist is a column vector

thetalist = thetalist.reshape((1,-1)).T

print(thetalist.tolist())

print(thetalist.shape)

[[-8.35111565922256915], [-©.6162067021942831], [0.34969128094474744], [0.9495509369400207], [@.6555028624350827], [-0.17241756757718962]]
(6, 1)



	Slide 1: Intro to Robotics: Review for Exam 2
	Slide 2: Agenda
	Slide 3: Recap on Screws
	Slide 4: Recap on Screws
	Slide 5: Recap on Screws
	Slide 6: Recap on Screws
	Slide 7: Recap on Screws
	Slide 8: Solving the ODE cap T dot equals ퟀ� cap V sub s , ퟀ� cap T 
	Slide 9: Why do we care about screws???
	Slide 10: Product of Exponentials
	Slide 11: Product of Exponentials Algorithm
	Slide 12: 3 DoF RRP Robot Example
	Slide 13: 3 DoF RRP Robot Example
	Slide 14: 3 DoF RRP Robot Example
	Slide 15: 3 DoF RRP Robot Example
	Slide 16: 3 DoF RRP Robot Example
	Slide 17: 3 DoF RRP Robot Example
	Slide 18: 3 DoF RRP Robot Example
	Slide 19: 3 DoF RRP Robot Example
	Slide 20: 3 DoF RRP Robot Example
	Slide 21
	Slide 22
	Slide 23: On the formula sheet …
	Slide 24: Algorithm for Building the Jacobian
	Slide 25: 4 DoF PRPR Robot Example
	Slide 26: 4 DoF PRPR Robot Example
	Slide 27: 4 DoF PRPR Robot Example
	Slide 28: 4 DoF PRPR Robot Example
	Slide 29: 4 DoF PRPR Robot Example
	Slide 30: 4 DoF PRPR Robot Example
	Slide 31: 4 DoF PRPR Robot Example
	Slide 32: 4 DoF PRPR Robot Example
	Slide 33: 4 DoF PRPR Robot Example
	Slide 34: 4 DoF PRPR Robot Example
	Slide 35: 4 DoF PRPR Robot Example
	Slide 36: 4 DoF PRPR Robot Example
	Slide 37: 4 DoF PRPR Robot Example
	Slide 38: 4 DoF PRPR Robot Example
	Slide 39
	Slide 40: Analytical vs. Numerical IK
	Slide 41
	Slide 42: Newton-Raphson Method
	Slide 43: Newton-Raphson Method
	Slide 44: Newton-Raphson Method for Numerical IK
	Slide 45
	Slide 46: Newton-Raphson Method for Numerical IK
	Slide 47
	Slide 48
	Slide 49
	Slide 50

