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Inverse Kinematics in Animation

Forward Kinematics Inverse Kinematics
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What is going on in this class?

* Rigid Body Motion

* Forward Kinematics

* Calculate the position of the end-effector of
an open chain given joint angles

x(t) = f(6(1))

* Velocity Kinematics

* Calculate the velocity (twist!) of the end-
effector

%x(t) =Z—£(9) "

* Inverse Kinematics
e Computes the possible joint angles from the
pose of the end-effector

* Given TS?), find solutions 6 that satisfy
T(6) =



A few geometric tricks
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Two argument arctan function atan2

atan2(y, x) = 4

( atan (x) if x>0

atan( )+7r ifx<O0andy =0

atan(ic—/)—n ifx<0andy <0
g ifx=0andy >0
?ifszandy<0

| undefinedifx =0andy =0
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Law of Cosines

= a4+ b? —2abcosC
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Euler Angles

Given some arbitrary rotation, how to find the associated angles?
ZYX Euler angles represent a rotation as follows:

R(a,B,v) = Rot(Z, a)Rot(y, B)Rot(X,y)

- 1T
a,y € (—m,m]and f € 7,5)

where _
cosa —sSsina 0]

Rot(Z, a) = [sina cosa O
0 0 1



Euler Angles (see Appendix B)

(CaCp CaSBSy — SaCy  CaSSy + S¢Sy |
R(a,B,y) = |SaCp SaSpSy + CaCy SaSpCy — CqSy
CgSy gy

If ;; denotes the ijt" element in R, then

1. Ifry; # +1, set f = atan2 (—rgl,\/rlzl + rzzl) ,a = atan2(ryq,171), Y =
atan2(r3,, 133)

2. Ifrg; =—1,thenf = g and there are infinite solutions for &« and y. One
solutionis: @ = 0, y = atan2(ry,,155)
3. Ifrg; =1,thenf = — Z and there are infinite solutions for a and Y. One

.. 2
solutionis: @ = 0, y = —atan2(ry,,75,)



Inverse Kinematics

* Forward Kinematics: computes the end-effector position from joint angles:
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* Inverse Kinematics: computes the possible joint angles from the pose of

the end-effector ,
sEG) — 50“,,3: space
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* Given T(8), find solutions 6 that satisfy T(6) = X
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Inverse Kinematics (1K) Solutions
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Analytic Inverse Kinematics
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Analytic inverse kinematics

* In the 2R example, there were 2 DOFs for the end-effector and 2 joint
angles. This implied that there was a finite number of solutions.

* If there are more joint angles than DOFs of the end-effector, there
may be an infinite number of solutions.

* In practice, we will assume that #DOFs of end-effector = #joint angles.

* For now, assume in general:
T(Q) — 8[51]913[52]92 3[56]96]\4

and that we are given an end-effector pose X € SE(3).
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6R PUMA arm

@ O.=atan2( Py) Px)



6R PUMA arm — orientation <6
ceca\V: X = ’QCs,’se. [S2)0. [5330s  [s.6 O
v £ 2 ,Q

) \/\I\_’/ e
% NSRS

« (7] (X [ O {5 36 .Lﬁzjez .5‘.]6‘
V"w—d: 1'[5 3911:55 Q}LB] o_ ) 3 3)& y xM—&
,\_/\"\/ ~— AW
\S‘\ \ dﬂS mgd} T * pull
“u- |

pSe 231X Euler Ay\gﬂgs:(% . R/‘P
RO‘\L%¢6~DKO+L<%®9\RG\' yVe




Numerical Inverse Kinematics

* Forward Kinematics: 6 — T(0)
* Inverse Kinematic@

 When the analytic solution is hard or impossible to come by, we

numerically_s‘ciltvg) -X s T(B-) - K= 0

\: £ (0H—x =0
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summary

* Wrapped up velocity ki ies by s in g the
Jacobiay bydefinition using adjoint maps

* Introduced analytic inverse kinematics, which helps us find the joint
angles that will produce a desired end-effector pose

* We can do this with the help of atan2 and ZYX Euler Angles
* However, this is only works for relatively simple robot chains



