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Agenda

* Common Mistakes on Exam
* Recap on Screws

* Forward Kinematics

* Velocity Kinematics

* Manipulability



Common Mistakes on Exam

* Formatting of row vs. column vector

* Adding an extra bracket around a 2D matrix

* Missinga1inthe[000 1] row of a homogeneous
transformation matrix

* Addinga 1inthe [0 0 0 O] row of the matrix form of the
screw; i.e. [V]

* Multiplying pR instead of [p]R in the adjoint matrix

* Rounding errors



Recap on Screws

While rotation matrices capture rotation, homogeneous
transformations capture both rotation and translation

We want to find an operator that governs the ODE for the
pose of the robot body

R = [ws|R = R[wp]

T = [V]T = T[Vs]



Recap on Screws

Twist V is a 6D real-valued vector containing the angular and
linear velocity

o-[i] m-[4;
Vo= A= | 1 DI




Recap on Screws

A twist V can be viewed in terms of a screw motion S

S: a unit vector in the direction of the axis
q: any 3D point along the axis
h: the screw pitch (linear/angular speed)

= paen =
linear speed/angular speed



Recap on Screws

Screw to Twist:

$: a unitvectorin the direction of the axis L W L 59
q: any 3D point along the axis V — — h.ﬂe Aé

h: the screw pitch (linear/angular speed) _U_ | st — sU X Q_
R W R . (.UT’U
P e = =l =

Twist to Screw:
S XU
ifw#0, q=



Recap on Screws

A twist VV for 1 second around the screw axis at angular velocity 6
resultsinframe T

A twist IV for 8 seconds around the screw axis at angular velocity 1
resultsin frame T



Recap on Screws

§: a unit vector in the direction of the axis 9, 59
q: any 3D point along the axis V — — - -
h: the screw pitch (linear/angular speed) v hsé? — SQ X g

V=hw—wX(

If||a)|‘=1andh=0: Ifa)=Oande||=1:
Pure rotation Pure translation
Revolute joint Prismatic joint



‘ ipy.linalg.
Solvingthe ODE T = [V, ]T scipy.linalg.expm()

Recall how we solved for the orientation R, given the angular velocity w:
R = [ws]R = R[wp]
R(w,8) = el®sl®R(0) = R(0)el®nl®
Similarly, solving for the pose T, after applying twist V:
T = [V]T = T[V}]

T(V,0) = elsIT(0) = T(0)el"»1?



Why do we care about screws???

We can calculate the end effector pose given robot joint
angles by treating each joint as a screw axis!

Forward Kinematics

Revolute Joint Prismatic Joint

L= =1 it

t Xl._' )] x] I'lI_I
: i
ﬁ %) Out of the Screen WEI Y1 zji
: T TR
X1 Y1 Z;[




Product of Exponentials

T(Q) — 8[51]918[52]92 e[gn—l]gn—le[gn]gnM

Figure 4.2: Illustration of the PoE formula for an n-link spatial open chain.



Product of Exponentials Algorithm

1. Identify the orientations of the fixed and tool frames with the right-hand rule
2. Create the homogeneous transformation M of the tool frame in the fixed frame

3. Build the screw axis for each joint
* Askyourself if we want the tool frame screw, the fixed frame screw, or either
* |f we specifically ask for S -> fixed frame screw
* |f we specifically ask for B -> body frame screw

Else -> your preference

4. Build the matrix form [V] of each screw axis

5. Use the PoE formula
e IfyouusedSinstep3-> T(Q) — 6[81]916[82]92 e e[S”}Q”M

* IfyouusedBinstep3->T(f) = MelB1]01o[B2]02 | .| o[Bn]0n



1 DoF Revolute Robot Example

1. Identify the orientations of the fixed and tool frames with the right-hand rule

&b z0 into the screen

N H
_2 -

‘!ZIy1 into the screen
_4 -
-5 - X1

-6 -5 -4 -3 -2 -1 0 1 2 3 -+ 5 6




1 DoF Revolute Robot Example

2. Create the homogeneous transformation M of the tool frame in the fixed frame

x1 is pointing in —x0 direction

7 y1is pointing in z0 direction

21 z1 is pointing in y0 direction

Y Xol _ z0 into the screen

.. _b_ Tool frame is translated by -4 in x0 direction

. H
_2 -
y1into the screen
Tﬁﬁ!zl e, 1, @
-4 - 3 3
-5 - X1

.block([[R, t],

R = np.array([[-1, @, € t = np.array([[-4],
®, 0,

e, 0, 9, 1]1])

-6 -5 -4 -3 -2 -1 0 1 2 3 -+ 5 6



1 DoF Revolute Robot Example

3. Build the screw axis for each joint

e JointO
31  revolute
2 ’ E;
| | . . =[-1,0,0]
1 X0 z0 into the screen w=11.9,
. - ; aztaool
0 * V=-WXQ~= [O,O,O]
-1 - L4 S - [W V] = ['1 ,0,0,0,0,0]
2 Joint O - B
] ,.y1into the screen © w=[1,0,0]
N | * gq=[-2,0,0]
-5 - X1 * V=-WXC]=[0,0,0]
° B = [W V] = [1 ,O,O,O’O’O]
e
_7_
-8

-6 -5 -4 -3 -2 -1 0 1 2 3 -+ 5 6



1 DoF Revolute Robot Example

4. Build the matrix form of the screw axis per joint [V]
) Joint 0
3 S =[wv]=[-1,0,0,0,0,0]

ﬁb z0 into the screen

ﬁ Joint O
i ‘!ZIy1 into the screen
X1

-6 -5 -4 -3 -2 -1 0 1 2 3 -+ 5 6




1 DoF Revolute Robot Example

5. Apply product of exponentials formula

4

n

ﬁb z0 into the scree

ﬁ Joint O
i ‘!ZIy1 into the screen
X1

-6 -5 -4 -3 -2 -1

0 1 2 3 -+ 5 6

e Fixed frame conventions

T(H) — 8[81]916[82}92 . e e[Sn]gnM

T 1 in @ theta s = expm(mat s © * theta ©) @ M

0.43496553 0.9084471
0.9004471 -0.43496553 0.

* Bodyframe conventions

T(Q) p— Me[Bl]Hl 6[32]92 c . e[Bn]Hn

0.43496553 0.9004471
0.9004471 -0.43496553 0.




1 DoF Prismatic Robot Example

1. Identify the orientations of the fixed and tool frames with the right-hand rule

z1 out of the screen

21 ﬁ 1] _
1- Y1 7

0

X0

y0 into the screen

-8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 -+



1 DoF Prismatic Robot Example

2. Create the homogeneous transformation M of the tool frame in the fixed frame

x1 is pointing in —x0 direction

6 y1is pointing in —z0 direction
5 - z1 is pointing in —y0 direction
4-
| z1 out of the screen Tool frame is translated by -4 in X0 direction
’ ¥ and 2 in zO direction
1- Y1 Zo
: = np.array([[-1, @ , @ t = np.array([[-4],
0 ;; e , 9, -1 :
-1 - e, -1, 0

y0 into the screen

-3 M = np.block([[R, t],

e, 0, 0, 1]])

-8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4



1 DoF Prismatic Robot Example

3. Build the screw axis for each joint

7

6_

z1 out of the screen

X1 nl 1
%‘ u
v, Joint0

y0 into the screen

-8 -7 -6 -5 -4 -3 -2 -1 0 1 2

3

JointO

prismatic

S

w =[0,0,0]
v =[-1,0,0]
S=[wv]=][0,0,0,-1,0,0]

w =[0,0,0]
v=1[1,0,0]
B =[wv]=[0,0,0,1,0,0]



1 DoF Prismatic Robot Example

4. Build the matrix form of the screw axis per joint [V]

7

6_

5 4

z1 out of the screen

nl |

X1
fLJ
v, Joint O .
X0

y0 into the screen

-8 -7 -6 -5 -4 -3 -2 -1 0 1 2

3

4

Joint 0
S=[wv]=][0,0,0,-1,0,0]




1 DoF Prismatic Robot Example

5. Apply product of exponentials formula

7

z1 out of the screen

X1 nl 1
%‘ u
v, Joint0

y0 into the screen

-8 -7 -6 -5 -4 -3 -2 -1 0 1 2

3

e Fixed frame conventions

T(0) = elS1]01 152102 . | o[Snlbn p g

T 1 in @ theta s = expm(mat s © * theta ©) @ M

* Bodyframe conventions

T(Q) p— Me[Bl]Hl 6[32]92 c . e[Bn]Hn




3 DoF RRP Robot Example

1. Identify the orientations of the fixed and tool frames with the right-hand rule

3

y0 into the screen

—61 x1 into the screen

9 -8 -7 -6 -5 -4 -3 -2 -1 0 1



3 DoF RRP Robot Example

2.

Create the homogeneous transformation M of the tool frame in the fixed frame

y0 into the screen

Xn

x1is pointing in y0 direction
y1is pointing in x0 direction
z1 is pointing in —z0 direction

Tool frame is translated by -6 in z0 direction

np.array([[©

M = np.block([[R, t],
e, 0, 0, 1]])




3 DoF RRP Robot Example

3. Build the screw axis for each joint

3

|  JointO
y0 into the screen e revolute
14 z.;.‘ e S
0- i « w=][0,0,-1]
-1 1 * g= ['2’0"2]
_ T  v=-wxq=[0,-2,0]
-2 Joint 0| - S=[wv]=[0,0,-1,0,-2,0]
_3] Joint 2 e B
=4 1 Joint 1 rl -—E::lj ¢ W=[O’O’1]
T * g= [O,-2,-4]
7 . " e v=-wxq=[-2,0,0]
6 x1into the screen  B=[wv]=]0,0,1,-2,0,0]
—7 21




3 DoF RRP Robot Example

3. Build the screw axis for each joint

3

| * Joint1
y0 into the screen e revolute
14 z.;.‘ e S
0- i « w=][0,0,-1]
-1 - * g= ['2’0"4]
_ T  v=-wxq-=[0,-2,0]
2] Joint 0| + S=[wv]=[0,0,-1,0,-2,0]
_3] Joint 2 e B
=4 1 Joint 1 rl -—E::lj ¢ W=[O’O’1]
L e q=[0,-2,-2]
7 . " e v=-wxq=[-2,0,0]
6 x1into the screen  B=[wv]=]0,0,1,-2,0,0]
—7 21




3 DoF RRP Robot Example

3. Build the screw axis for each joint

3

x1 into the screen

y0 into the screen

Joint O

|‘_| Joint 2
Joint 1 —{ 1]

-

Joint 2
* prismatic

« w=]0,0,0]
« v=[0,0,-1]
e S=[wv]=[0,0,0,0,0,-1]

« w=][0,0,0]
« v=[0,0,1]
e B=[wv]=][0,0,0,0,0,1]



3 DoF RRP Robot Example

4. Build the matrix form of the screw axis per joint [V] _
3

|  JointO

yO into the screen e S= [W V] — [O 0.-1.0.-2 O]

1 Faly]

ﬂ v

X0

]
—2 1 Joint O
_J r, Joint 2
-4 1 Joint 1 —LL )
. v
—6 1 x1 into the screen 4
=7 zi

9 -8 -7 -6 -5 -4 -3 -2 -1 0 1




3 DoF RRP Robot Example

4. Build the matrix form of the screw axis per joint [V] _
3

2 e Joint1

yO into the screen e S= [W V] — [O 0.-1.0.-2 O]

1 Faly]

ﬂ v

X0

]
—2 1 Joint O
_J r, Joint 2
-4 1 Joint 1 —LL )
. v
—6 1 x1 into the screen 4
=7 zi

9 -8 -7 -6 -5 -4 -3 -2 -1 0 1




3 DoF RRP Robot Example

4. Build the matrix form of the screw axis per joint [V] _
3
2 e Joint2
inntothe screen o S=[WV]=[O 0.0.0.0 _1]
1 Faly]
ﬂ 2
X0
.
—2 Joint O
. r, Joint 2
-4 Joint 1 —0  B=[wv]=[0,0,0,0,0,1]
. v
—6 - x1 into the screen 4
=7 zi

9 -8 -7 -6 -5 -4 -3 -2 -1 0 1




3 DoF RRP Robot Example

5. Apply product of exponentials formula « Fixed frame conventions

3

y0 into the screen

X0

_1_
—2 - Joint O
. r, Joint 2
-4 Joint 1 —L
. |

. Y1
—6 1 x71 into the screen
=7 z;

T(H) — 8[81]916[82}92 . e e[Sn]gnM

[[ ©.68163876 ©.73168887 0.
[ ©.73168887 -0.68163876 0.

-9.53662226]
-1.36327752]
0. 1 -6.75 ]

0. : : 1]

* Bodyframe conventions

T(Q) p— Me[Bl]Hl 6[32]92 c . e[Bn]Hn

[[ ©.68163876 ©.73168887 0.
[ ©.73168887 -0.68163876 0.

-0.53662226
-1.36327752]

0. 1. -6.75 ]
0. : 1. 1]




Velocity Kinematics

Forward Kinematics

Calculate the position of the end-eﬁector of an open chain given joint angles

X () = O

Velocity Kinematics

Calculate the velocity (twist!) of the end-effector frame

Y PPN
ag\z"“ﬂ- 9% (6)6



Definition 5.1. Let the forward kinematics of an n-link open chain be expressed
in the following product of exponentials form:

T = lS1l01 .. olSnl0n pr (5.9)

The space Jacobian J,(#) € R*" relates the joint rate vector § € R” to the
spatial twist V, via

V, = Jo(6)6. (5.10)
The ith column of J4(60) is

Jsi (9) — Ade[«Sl]Bl celSi—119i 1 (81)7 (5'11)

for 2 = 2,...,n, with the first column J5; = &;.



On the formula sheet...

Velocity Kinematics
Space Jacobian

Vs — JS(Q)Q — [Js,l JS,Z Tt Js,n]

Js1 =51 Js2=Ad 516, (52)




Algorithm for Building the Jacobian

1. Identify the orientations of the fixed frame with the right-hand rule

2. Build the screw axis for each joint
* Askyourself if we want space Jacobian or the body Jacobian
* |f we specifically ask for Js -> fixed frame screw
* |f we specifically ask for Jb -> body frame screw
* | preferto solve for Js and then use the Adj map to convert to Jb

3. Foreachcolumniofls
* Solve forthe PoE up tojointi-1
e Compute its adjoint
 Multiply the adjoint by the screw axis of joint |
R 0}

4. Ifwewantlb, J, = [AdTbs] Js [AdT] B LP}R R



4 DoF PRPR Robot Example

1. Identify the orientations of the fixed and tool frames with the right-hand rule

Y1
6 -
z1 into the screen ‘Xn
51 1

4 -

34

2 I- —
1 Yo

z0 out of the screen




4 DoF PRPR Robot Example

2. Build the screw axis (and matrix form) for each joint

Y1 — .
61 Joint 3
z1 into the screen | ‘
5 1 ]

4- ] Joint2

*1 r‘ Joint O
J I ] nl 1
‘—J "

Joint 1

z0 out of the screen

Joint 0

* prismatic

« SO
« w=]0,0,0]
e v=[-1,0,0]

e S=[wv]=][0,0,0,-1,0,0]
* [SO]




4 DoF PRPR Robot Example

2. Build the screw axis (and matrix form) for each joint

Y1 — .
61 Joint 3
z1 into the screen | ‘
5 1 ]

4- ] Joint2

*1 r‘ Joint O
J I ] nl 1
‘—J "

Joint 1

z0 out of the screen

Joint 1
revolute

ST

w =[-1,0,0]

q= ['2’2’0]
v=-wxq=][0,0,2]
S=[wv]=][-1,0,0,0,0,2]




4 DoF PRPR Robot Example

2. Build the screw axis (and matrix form) for each joint

6 - 1 Joint3
z1 into the screen ‘
5 -

] Joint 2

r‘ Joint O
| E— nl1
| N

Joint 1

z0 out of the screen

* Joint2
* prismatic
e S2
« w=]0,0,0]
« v=[0,1,0]
e S=[wv]=
* [S2]

[0,0,0,0,1,0]




4 DoF PRPR Robot Example

2. Build the screw axis (and matrix form) for each joint

¥ . * Joint3
6 . % Joint 3 e revolute
| z1 into the screen Xs ‘ e S3

=3 | ¢ W= [_130’0]
* [] Joint2 . q=[-2,6,0]
3. ,  v=-wxqg=[0,0,6]
rl Joint 0 _ .
2 4 | E—— :l_l ¢ S - [W V] - [:I ’030’0,0’6]

Joint 1

z0 out of the screen




4 DoF PRPR Robot Example

3. Fillin the columns of the Jacobian

Y1 1 ,
61 Joint 3
z1 into the screen | I
5 1 1

4 ] Joint 2

*1 r’ Joint O
4 I ] nl 1
ks

Joint 1

z0 out of the screen

ColumnO

S0 = [0,0,0,-1,0,0]
J0=[0,0,0,-1,0,0]



4 DoF PRPR Robot Example

3. Fillin the columns of the Jacobian .

Column 1
e S$1=[-1,0,0,0,0,2]

Y1 e :
Joint 3
z1 into the screen Ln ‘ * J1=[Ad_T1]S1

Ad exp s @ theta © = adjoint(expm(mat s @ * theta @))
J s 1=Adexps ©theta®o@s 1

] Joint2

rl Joint 0
B |
I_dj—— G

Joint 1

z0 out of the screen




4 DoF PRPR Robot Example

3. Fillin the columns of the Jacobian e Column 2

.« $2=10,0,0,0,1,0]

Y1 e :
Joint 3
z1 into the screen Ln ‘ * J2=[Ad_12]52

Ad exp s 1 theta 1 = adjoint(expm(mat s 1 * theta 1))
J s 2 =Ad exp s © theta @ @ Ad exp s 1 theta 1 @ s 2

] Joint2

rl Joint 0
B |
I_dj—— G

Joint 1

z0 out of the screen

[ ©.87758256]
[-8.47942554] ]




4 DoF PRPR Robot Example

3. Fillin the columns of the Jacobian e« Column3

.« S$3=[-1,0,0,0,0,6]

Y1 e :
ﬁF Joint 3
z1 into the screen | T tJ37IAdTSISS

T Ad exp s 2 theta 2 = adjoint(expm(mat s 2 * theta 2))
] ifeYlg 7 s 3 = Ad exp s @ theta @ @ Ad exp s 1 theta 1 @ Ad exp s 2 theta 2 @ s 3

rl Joint 0
B |
I_dj—— G

Joint 1

z0 out of the screen

0.
0.
0

2.27727131]
6.16851717]]




4 DoF PRPR Robot Example

3. Fillin the columns of the Jacobian

z1 into the screen

' L Joint 3

=

] Joint2

rl Joint 0
B |
I_dj—— G

Joint 1

z0 out of the screen

J s = np.block([[J s ®, 1 s1, Js 2, ]5s

print("Jacobian matrix

in the fixed frame 3

0.87758256
-0.47942554

311)

s:\n", J s)

2.27727131

]
]
]
]
|

6.16851717] ]



Why do we care about the Jacobian???

The Jacobian is a mapping from joint -
velocities to end-effector velocities i g
/
m >~ J(6)
The resulting ellipsoid from the N RN
mapping tells us how easy it is for the -

end-effector to move in certain
directions

Figure 5.3: Manipulability ellipsoids for two different postures of the 2R planar open
chain.



For a planar 2R robot:

r1 = Lqicosfy + Lycos(6; + 6-)
ro = Lyisin®; + Losin(6y + 02). &QT
r1 = —Llél sinf; — Lo (91 —+ 92) Sil’l(91 —+ 92)
To = Llél cos 01 + Lg(él —+ 92) COS(91 -+ 92),
- 51'3‘1 ] - i —L1 Siﬂ@l — L2 Siﬂ(@l —|—92) _L2 Siﬂ((gl -+ (92) I 91 -
@9 | || Licos@p 4+ Lacos(fy +62)  Locos(6r+602) ||| 6y

Jacobian )




Visualizing the manipulability ellipse

T2 A
For every robot ]

configuration, we have a
new Jacobian

This configuration is
' ?:'1 closer to a singularity

6, A

T2 ‘

0

/
—— J(0)
~a

This configuration is

Letting the joint velocity i1 further from a singularity
limits be a unit circle




Computing the manipulability ellipse for 2R

If ] isinvertible, let A = JJT € R?*?

Let A, be the larger eigenvalue of A and A, be the smaller one

Eigenvector v, Is the direction of the major principal axis of
the ellipse, and v, is the direction of the minor axis

The length of the major semi-axis is /A, and the length of the
minor semi-axis is /4,



Computing the manipulability ellipse for 2R

eigenvalues, eigenvectors = np.linalg.eigh(A) To

Note: eigenvalues will be in ascending order

If ] is invertible, let
A :]]T = RZXZ

/%

https://numpy.org/doc/stable/reference/generated/numpy.linalg.eigh.html



https://numpy.org/doc/stable/reference/generated/numpy.linalg.eigh.html
https://numpy.org/doc/stable/reference/generated/numpy.linalg.eigh.html

The force ellipsoid

] T is a mapping
from joint torques to
end-effector forces

Tg‘

(AN
L/

71

A7

J=1(6)

N

Figure 5.5: Force ellipsoids for two different postures of the 2R planar open chain.



f2 A

1/\/22

0 h
& 1/
Manipulability 2 f2 k Force
Ellipses | | Ellipses
”'" T
il

Figure 5.6: Left-hand column: Manipulability ellipsoids at two different arm configu-
rations. Right-hand column: The force ellipsoids for the same two arm configurations.
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