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Agenda

• Exam Logistics
• Topic Roadmap
• Review and Practice
• QA



Exam Logistics

• Available to take between Thursday 2/12 to Sunday 2/15
• Sign up on PrairieTest: https://us.prairietest.com/

• Let me know if you don’t have access to sign up!

• 50 minutes
• Combination of multiple choice and fill in the blank (like HWs)
• Formula sheet and Python docs will be provided in exam
• And you can ask for scratch paper and pencil in CBTF

https://us.prairietest.com/


Formula Sheet and Python Docs



Formula Sheet and Python Docs



Jupyter Notebook



Roadmap of what we’ve learned so far… 

Math Review
• Matrix Operations
• Jacobians
• Differential Equations

Mechanisms
• Degrees of Freedom
• Joint Types
• Different Spaces

Rigid Body Motion
• Reference Frames
• Rotation Matrix
• Angular Velocity

Exponential Coord.
• Solve for Rotation Matrix 

Given Exponential Coords.
• Solve for Exp. Coords. 

Given Rotation Matrix

Homogeneous 
Transformations
• Combining Rotation and 

Translation

Twist and Screw
• Twist: Spatial Velocity
• Adjoint Map of Twist
• Screw to Twist
• Twist to Screw



Mechanisms

• The degrees of freedom (DoF) is the smallest number of real-
valued coordinates needed to represent a robot’s configuration



5 + 1 (for ground) = 6

3 (since planar)

7

7 (1 per joint)

3(6 – 7 – 1) + 7 = 1



Revolute and Prismatic Joints

https://link.springer.com/chapter/10.1007/978-3-030-93220-6_1 

Rotates along 1 axis
1 DoF
3 – 1 = 2 constraints in 2D
6 – 1 = 5 constraints in 3D

Translates along 1 axis
1 DoF
3 – 1 = 2 constraints in 2D
6 – 1 = 5 constraints in 3D

https://link.springer.com/chapter/10.1007/978-3-030-93220-6_1
https://link.springer.com/chapter/10.1007/978-3-030-93220-6_1
https://link.springer.com/chapter/10.1007/978-3-030-93220-6_1
https://link.springer.com/chapter/10.1007/978-3-030-93220-6_1
https://link.springer.com/chapter/10.1007/978-3-030-93220-6_1
https://link.springer.com/chapter/10.1007/978-3-030-93220-6_1
https://link.springer.com/chapter/10.1007/978-3-030-93220-6_1
https://link.springer.com/chapter/10.1007/978-3-030-93220-6_1
https://link.springer.com/chapter/10.1007/978-3-030-93220-6_1


Different Spaces

Configuration space contains all 
possible configurations of the robot

Workspace is the space that the end 
effector can actually reach

Task space is the space in which the 
robot’s task can be naturally expressed 



Reference Frames

𝑇01

𝑇12

𝑝2

Frame 0
Frame 1

Point expressed in frame 2

Point expressed in frame 0 = 𝑇01𝑇12𝑝2

We usually refer to the fixed frame as s and the body frame as b



𝑝𝑔𝑙𝑜𝑏𝑎𝑙 = 𝐴𝐵𝑝𝑠𝑒𝑛𝑠𝑜𝑟



Rotation Matrices

𝑎 = 𝑅𝑏 will be 𝑏 after applying rotation matrix 𝑅 designed to 
rotate around an axis ω by angle θ 



Rotation Matrices

𝑎 = 𝑅𝑏 will be 𝑏 after applying rotation matrix 𝑅 designed to 
rotate around an axis ω by angle θ 

𝑅 is a part of SO(3), which gives it some special properties:

𝑅 is a 3x3 real-valued matrix

𝑅𝑇𝑅 = 𝐼, which means that 𝑅−1 = 𝑅𝑇  (orthonormal matrix)

det 𝑅 = 1 (right-handed)



Do rotation matrices commute?

If 𝐴 and 𝐵 are rotation matrices, generally 𝐴𝐵 ≠ 𝐵𝐴



Angular Velocity
Suppose ො𝑥, ො𝑦, Ƹ𝑧 denotes the basis of 

our frame, ෝ𝜔 is an axis of rotation, 
and ሶ𝜃 is our rotational velocity

ሶො𝑥 = 𝜔 × ො𝑥
ሶො𝑦 = 𝜔 × ො𝑦
ሶƸ𝑧 = 𝜔 × Ƹ𝑧

The cross product produces a 
vector orthogonal to the other two



Angular Velocity

Suppose ො𝑥, ො𝑦, Ƹ𝑧 denotes the basis of our frame, ෝ𝜔 is an axis of 
rotation, and ሶ𝜃 is our rotational velocity

ሶො𝑥 = 𝜔 × ො𝑥
ሶො𝑦 = 𝜔 × ො𝑦
ሶƸ𝑧 = 𝜔 × Ƹ𝑧

Let 𝑅 = 𝑅𝑠𝑏  be the orientation of our body frame with respect to 
the fixed frame

ሶ𝑅 = [𝜔 × ො𝑥 𝜔 × ො𝑦 ሶƸ𝑧 = 𝜔 × Ƹ𝑧]

Computing cross products is kinda hard!



Skew-Symmetric Matrix and [𝜔]

For a given rotation axis 𝜔, we define [𝜔] as a 3 × 3 skew-
symmetric matrix which lives in so(3):

Then, ሶ𝑅 = 𝜔 × 𝑅 = [𝜔]𝑅        (for 𝑅𝑠𝑏  and 𝜔𝑠)



Properties of Skew-Symmetric Matrices

If 𝜔 is a 3D real-valued vector and 𝑅 is in SO(3), then 𝑅[𝜔]𝑅𝑇 = [𝑅𝜔]

Suppose 𝑅 = 𝑅𝑠𝑏  and we want to solve for [𝜔𝑏] given [𝜔𝑠]

[𝜔𝑏] =  [𝑅𝑇𝜔𝑠] = 𝑅𝑇[𝜔𝑠]𝑅 = 𝑅𝑇 ሶ𝑅𝑅𝑇𝑅 = 𝑅𝑇 ሶ𝑅

ሶ𝑅 = [𝜔𝑠]𝑅 = 𝑅[𝜔𝑏]



Exponential Coordinates

ሶ𝑅 = [𝜔𝑠]𝑅 = 𝑅[𝜔𝑏]

Since we have a differential 
equation of the form ሶ𝑥 = 𝐴𝑥, 
we can solve for 𝑥 using the 

matrix exponential!

𝑅(𝜔, 𝜃) = 𝑒[𝜔𝑠]𝜃𝑅 0 = 𝑅 0 𝑒[𝜔𝑏]𝜃

scipy.linalg.expm()



Matrix Logarithm

The matrix exponential gives us the rotation matrix given 
exponential coordinates

The matrix logarithm gives us the exponential coordinates 
given the rotation matrix

scipy.linalg.logm()



Homogeneous Transformations and SE(3)

numpy.linalg.inv()



Spatial Twist

While rotation matrices capture rotation, homogeneous 
transformations capture both rotation and translation

We want to find an operator that governs the ODE for the 
pose of the robot body

ሶ𝑅 = [𝜔𝑠]𝑅 = 𝑅[𝜔𝑏]

ሶ𝑇 = [𝑉𝑠]𝑇 = 𝑇[𝑉𝑏]



Spatial Twist

Twist 𝑉 is a 6D real-valued vector containing the angular and 
linear velocity







Twist in Terms of Screw

A twist 𝑉 can be viewed in terms of a screw motion 𝑆

Ƹ𝑠: a unit vector in the direction of the axis
𝑞: any 3D point along the axis

ℎ: the screw pitch (linear/angular speed)



Twist in Terms of Screw

Ƹ𝑠: a unit vector in the direction of the axis
𝑞: any 3D point along the axis

ℎ: the screw pitch (linear/angular speed)

Screw to Twist:

Twist to Screw:



Twist in Terms of Screw

A twist 𝑉 for 1 second around the screw axis at angular velocity 𝜃 
results in frame 𝑇

A twist 𝑉 for 𝜃 seconds around the screw axis at angular velocity 1 
results in frame 𝑇



2 Special Cases of Screws

Ƹ𝑠: a unit vector in the direction of the axis
𝑞: any 3D point along the axis

ℎ: the screw pitch (linear/angular speed)

𝑣 = ℎ𝜔 − 𝜔 × 𝑞

If 𝜔 = 1 and ℎ = 0:
Pure rotation
Revolute joint

If 𝜔 = 0 and 𝑣 = 1:
Pure translation
Prismatic joint



Solving the ODE ሶ𝑇 = [𝑉𝑠]𝑇

ሶ𝑅 = [𝜔𝑠]𝑅 = 𝑅[𝜔𝑏]

𝑅(𝜔, 𝜃) = 𝑒[𝜔𝑠]𝜃𝑅 0 = 𝑅 0 𝑒[𝜔𝑏]𝜃

Recall how we solved for the orientation 𝑅𝑠𝑏  given the angular velocity 𝜔:

ሶ𝑇 = [𝑉𝑠]𝑇 = 𝑇[𝑉𝑏]

𝑇(𝑉, 𝜃) = 𝑒[𝑉𝑠]𝜃𝑇 0 = 𝑇 0 𝑒[𝑉𝑏]𝜃

Similarly, solving for the pose 𝑇𝑠𝑏 after applying twist 𝑉:

scipy.linalg.expm()



𝑀 = 𝑇01(0)

𝑆 =
𝜔𝑠

𝑣𝑠
= 𝑉𝑠 (remember, these variables are a bit overloaded)

[𝑉𝑠] = ሶ𝑇𝑇−1 → ሶ𝑇 = [𝑉𝑠]𝑇 𝑇01 𝜃 = exp [𝑉𝑠]𝜃 𝑇01(0)



𝑀 = 𝑇01(0)

𝐵 =
𝜔𝑏

𝑣𝑏
= 𝑉𝑏 (remember, these variables are a bit overloaded)

[𝑉𝑏] = 𝑇−1 ሶ𝑇 → ሶ𝑇 = 𝑇[𝑉𝑏] 𝑇01 𝜃 = 𝑇01(0) exp [𝑉𝑏]𝜃



Going from a Transformation to Twist

ሶ𝑇 = [𝑉𝑠]𝑇 = 𝑇[𝑉𝑏]

𝑇(𝑉, 𝜃) = 𝑒[𝑉𝑠]𝜃𝑇 0 = 𝑇 0 𝑒[𝑉𝑏]𝜃

Just like how we took the matrix logarithm of the rotation 
matrix to get the angular velocity, we can apply the same to a 

given transformation to get the twist:

scipy.linalg.logm()

log 𝑇 𝑉, 𝜃 = 𝑉𝑠 𝜃



Frame 0

Frame 1

Frame 2

𝑇01

𝑇02

[𝑉𝑠] = ሶ𝑇𝑇−1 → ሶ𝑇 = [𝑉𝑠]𝑇

𝑇02 = exp [𝑉𝑠]𝜃 𝑇01

exp [𝑉𝑠]𝜃 = 𝑇02𝑇01
−1 [𝑉𝑠]𝜃 = log(𝑇02𝑇01

−1)



Roadmap of what we’ve learned so far… 

Math Review
• Matrix Operations
• Jacobians
• Differential Equations

Mechanisms
• Degrees of Freedom
• Joint Types
• Different Spaces

Rigid Body Motion
• Reference Frames
• Rotation Matrix
• Angular Velocity

Exponential Coord.
• Solve for Rotation Matrix 

Given Exponential Coords.
• Solve for Exp. Coords. 

Given Rotation Matrix

Homogeneous 
Transformations
• Combining Rotation and 

Translation

Twist and Screw
• Twist: Spatial Velocity
• Adjoint Map of Twist
• Screw to Twist
• Twist to Screw
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