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Modern Robotics Chapters 3.3-3.4



Quick Recap of Past Lectures
We can define rotation matrices with a matrix exponential: ! = # !" #

Where # !" # is computed with Rogrigues’s Formula
$%& are referred to as exponential coordinates
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Quick Recap of Past Lectures
We can define rotation matrices with a matrix exponential: ! = # !" #

Where # !" # is computed with Rogrigues’s Formula
$%& are referred to as exponential coordinates

For rotations, the only velocities are angular.
For transformations (rotations + translations), we need angular and linear (spatial) velocities!
Twists are the concatenation of % and '

Screw motions give us a generalized concept for defining any motion with a 
direction and a “screw”.
From the information in a twist, we can compute all the components for a 
screw motion.
Can we connect screws with exponential coordinates to give us a general 
equation for (?
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Screw Motions



Screw motions in 3D

! ∈ ℝ! is any point along the axis
%̂ is a unit vector in the direction of the axis
ℎ is the screw pitch, which is the ratio between the linear and angular 
speed along axis
We write this as ' = !, %̂, ℎ

Chasles-Mozzi Theorem: 
Any displacement in 3D can be 
represented by a rotation and 
translation about the same axis, 
referred to as a screw motion



Screw motions and Twists
screw to twist
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Exponential Coordinates for Rigid Body Motions

• Recall for rotation matrices: * = + "# $

• What are exponential coordinates for ,?
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Exponential Coordinates for Rigid Body Motions

• Recall for rotation matrices: * = + "# $

• What are exponential coordinates for ,?
'- ∈ ℝ%, where ' is the screw axis and - is the distance about 
' to take frame from . to ,

, = + & $ = . + ' - + ' ' $!
'! +⋯

= + "# $ 1 - 2
0 1

1 - = .- + 5 -'
2! + ⋯ = .- + 1 − cos - 5 + - − sin - 5 '



What does the screw axis capture?

• A twist for 1 second around the screw axis at angular velocity -, then 
the resulting frame is T
• A twist for - seconds around the screw axis at angular velocity 1, then 

the resulting frame is T



Example of Screw Motion for Transformations



Example of Screw Motion for Transformations
Note that my code 
snippet is in Julia!

β
transformation

assoc w β

a



How to compute?

Compute + # $ just like any matrix exponential!

+ # $ = . + 5 - + 5 ' $!
'! + 5 ! $"

!! +⋯
+ # $ = . + sin - 5 + 1 − cos - 5 '



Logarithm of rigid body motions

Given ! ", $ ∈ &' 3 , find ) = + , ! and - such that:

. " # = " $
0 1 → ) - = + - ,-

0 0I



Logarithm of rigid body motions

Given ! ", $ ∈ &' 3 , find ) = + , ! and - such that:

. " # = " $
0 1 → ) - = + - ,-

0 0

Define the logarithm of T
1. If " = 2, then + = 0 and , = $

$ and - = $
2. Find +, - using matrix logarithm of " (see earlier slide!)

Then, , = 3%& -̇ $, where 3%& -̇ = &
# 2 −

&
' + + &

# −
&
' cot

#
' + '

Now we can go back and forth between exponential coordinates and 
transformations!



Summary
• Used transformations to define spatial velocities as body and spatial twists
• Introduced screw motions and the screw interpretation of a twist
• The screw axis > was defined and used to define the exponential 

coordinates of homogeneous transformations
• Connections between last few lectures:
• Transformation matrix ! is analogous to rotation matrix "
• A screw axis # is analogous to rotation axis $%
• A twist & can be expressed as #(̇ and is analogous to angular velocity % = −$%(̇
• Exponential coordinates #( ∈ ℝ) for rigid body motions are analogous to 

exponential coordinates $%( ∈ ℝ*


