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Homogeneous Transformations: SE(3)
The special Euclidean group :;(<) is the set of 4×4 matrices 
of the form:

? = ? ', @ = ' @
0 1

• The inverse of ? is ?&$ = '% −'%@
0 1 ∈ AB(3)

• If ?$ and ?" ∈ AB(3), then ?$?" ∈ AB(3)
• ? satisfies: ?D − ?E = D − E and 

?D − ?F % ?E − ?F = D − F % E − F



Representing a configuration with SE(3)

Each frame can represent a body 
frame in a multi-link mechanism

As before: 
?'(?() = ?')
?'(G( = G'



Example Displacement (1)



Example Displacement (2)



Mobile arm example
• Robot arm mounted on wheeled platform. 

Camera fixed to ceiling. 
• {b} is body frame, {c} end-effector frame,             

{e} frame of object, and {a} is fixed frame. 
• We assume the camera position and orientation 

in {a} is given. 
• From camera measurements, you can evaluate 

the position and orientation of the body and the 
object in the camera frame.
• Since we designed our robot and have joint-angle 

estimates, we can obtain the end-effector position 
and orientation in the body frame.
• To pick up the object, we need the object position 

and orientation in the frame of our end-effector.



Summary

• Introduced exponential coordinates that allow us to parameterize 
rotations by the rotation axis !" and the angle of rotation #
• Walked through the matrix logarithm method, which tells us how to 

recover the exponential coordinates from a rotation matrix
• Started discussing homogeneous transformations where we not only 

look at rotations, but also translations in a single operation



Who is Michael Chasles?
• Rodrigues and Chasles took the entrance exam to 

Polytechnique/Normale at the same time, finishing first and 
second respectively
• Rodrigues did not use it and elected to go to La Sorbonne

• The proof that a spatial displacement can be decomposed into a 
rotation and slide around and along a line is attributed to the 
astronomer and mathematician Giulio Mozzi (1763), 
• In Italy, the screw axis is traditionally called asse di Mozzi

• However, most textbooks refer to a subsequent similar work by 
Michel Chasles dating 1830

• Several other scholars/contemporaries of M. Chasles obtained 
the same or similar results around that time, including G. 
Giorgini, Cauchy, Poinsot, Poisson, and Rodrigues



Mobile arm example
• Robot arm mounted on wheeled platform. 

Camera fixed to ceiling. 
• {b} is body frame, {c} end-effector frame,             

{e} frame of object, and {a} is fixed frame. 
• We assume the camera position and orientation 

in {a} is given. 
• From camera measurements, you can evaluate 

the position and orientation of the body and the 
object in the camera frame.
• Since we designed our robot and have joint-angle 

estimates, we can obtain the end-effector position 
and orientation in the body frame.
• To pick up the object, we need the object position 

and orientation in the frame of our end-effector.



Physical interpretation of vs

• Assume that a very large rigid body is 
attached to the frame {b}, and is large 
enough to contain the origin of {s}
• What is the velocity of the point of 

this body as the origin of {s}? 
• There are two components: 
• "̇: the motion of the body
• #!× −" : the rotation of the body

&
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Adjoint Map associated with !
iss = (Us]Tss Tss = Tss (Us]

= Tss" [Vs] Tss = [Ub]
Ad
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Exponential Coordinates for Rigid Body 
Motions
• Recall for rotation matrices: ! = # !" #

• What are exponential coordinates for $?
%& ∈ ℝ$, where % is the screw axis and & is the distance about 
% to take frame from ) to $

$ = # % # = ) + % & + % & #!
&! +⋯

= # !" # , & -
0 1

, & = )& + 0 &&
2! + ⋯ = )& + 1 − cos & 0 + & − sin & 0 &

Us = (i) .

[USJO a

C Cisjo=> ~solutioof
-

I [ Globes)
iss =[Us]iss. 000 D

-





Logarithm of rigid body motions

Given ! ", $ ∈ &' 3 , find ) = + , ! and - such that:

. " # = " $
0 1 → ) - = + - ,-

0 0

Define the logarithm of T
1. If " = 2, then + = 0 and , = $

$ and - = $
2. Find +, - using matrix logarithm of " (see earlier slide!)

Then, , = 3%& -̇ $, where 3%& -̇ = &
# 2 −

&
' + + &

# −
&
' cot

#
' + '

Now we can go back and forth between exponential coordinates and 
transformations!

...
I



Screw Motions
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2D Screw Motions

• Any rigid motion in the plane can be represented by a rotation around 
a well-chosen center
• We can encode it with (", $! , $"), where ($! , $") is the position of the 

center of the rotation, and " the angle

• Recall that the angular velocity & can be viewed as '&)̇, where '& is 
the unit rotation axis and )̇ is the rate of rotation
• A twist * can be interpreted in terms of a screw axis + and a velocity 
)̇ about that axis

-I - &

-

= =>



Screw motions in 3D

, ∈ ℝ# is any point along the axis
$̂ is a unit vector in the direction of the axis
ℎ is the screw pitch, which is the ratio between the linear and angular 
speed along axis
We write this as + = ,, $̂, ℎ

Chasles-Mozzi Theorem: 
Any displacement in 3D can be 
represented by a rotation and 
translation about the same axis, 
referred to as a screw motion

hmits for a
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Screw motions and Twists
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Summary
• Used transformations to define spatial velocities as body and spatial twists
• Introduced screw motions and the screw interpretation of a twist
• The screw axis 2 was defined and used to define the exponential 

coordinates of homogeneous transformations
• Connections between last lecture and this lecture:
• Transformation matrix ( is analogous to rotation matrix )
• A screw axis * is analogous to rotation axis +#
• A twist , can be expressed as *-̇ and is analogous to angular velocity # = −+#-̇
• Exponential coordinates *- ∈ ℝ" for rigid body motions are analogous to 

exponential coordinates +#- ∈ ℝ#
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Quick Recap of Past Lectures
We can define rotation matrices with a matrix exponential: ! = # !" #

Where # !" # is computed with Rogrigues’s Formula
$%& are referred to as exponential coordinates

For rotations, the only velocities are angular.
For transformations (rotations + translations), we need angular and linear (spatial) velocities!
Twists are the concatenation of % and '

Screw motions give us a generalized concept for defining any motion with a 
direction and a “screw”.
From the information in a twist, we can compute all the components for a 
screw motion.
Can we connect screws with exponential coordinates to give us a general 
equation for (?

1

2

3



Screw axis



Example of Screw Motion for Transformations



On to Forward Kinematics!



What is Forward Kinematics?

• Kinematics: a branch of classical mechanics that describes motion of 
bodies without considering forces. AKA “the geometry of motion”
• Forward kinematics: a specific problem in robotics. Given the 

individual state of each joint of the robot (in a local frame), what is 
the position of a given point on the robot in the global frame?



Where is forward kinematics used?



Forward Kinematics of a Simple Chain

Simple Geometry!
9 = :( cos &( + :& cos &( + && + :) cos &( + && + &)
; = :( sin &( + :& sin &( + && + :) sin &( + && + &)
< = &( + && + &)

Can we use transformations instead?
!!" = !!#!#$!$%!%"
!&' = !&#!#$⋯!()#,($



Assumptions

• Our robot is a kinematic chain, made of rigid links and movable joints
• No branches or loops 
• All joints have one degree of freedom and are revolute or prismatic



Review of Screw Motions

We derived a representation for the 
screw axis:

% = 0
- ∈ ℝ$

where either
• 0 = 1
• where ! = −$×& + ℎ$, where & is 

the point on the axis of the screw 
and ℎ is the pitch of the screw

• 0 = 0 and - = 1



Screw Motions as Matrix Exponential
The screw axis %* can be expressed in matrix form as:

%* = 0* -
0 0 ∈ =# 3

To express a screw motion given a screw axis, we use the matrix exponential:
! ) : ∈ #$ 3



Modeling Robot Joints as Screw Motions

Case 1: Revolute Joint
• % = 1
• ' = −%×* + ℎω
• ' = −%×*

~ D



Modeling Robot Joints as Screw Motions

Case 2: Prismatic Joint
• % = 0
• ' = 1
• Axis of movement defines '

d
d

-



Product of Exponentials Approach
Let each joint ? have a configuration 
defined by &*
Initialization steps:
• Choose a fixed frame =
• Choose an end-effector (tool) frame 

attached to the robot @
• Put all joints in zero position
• Let A ∈ BC 3 be the configuration 

of @ in the = frame when the 
robot is in the zero position 



Product of Exponentials Approach

• Given zero position A
• For each joint ?, define the screw axis
• For each motion of a joint, define the screw motion
• These operations compose nicely through multiplication, giving us the 

Product of Exponentials (PoE) formula!

! / = 0 +( ,(0 +) ,)⋯0 +*+( ,*+(0 +* ,*$



Visualizing the Product of Exponentials



Example 1



Example 1: PoE

Compute # %" #" for each joint:

# %" #" = # "" #" )&* + 1 − cos &* 0* + &* − sin &* 0* & -*
0 1

and compose with A:

$ & = # %# ### %! #!# %$ #$A



Example 2



Example 3 – How to read this diagram
RPR w =e Vi = -Wix9 : z
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Run
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-
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PoE in the End-Effector Frame

• Recall some identities:
.,!"-, = ;%&.-;à .-; = ;.,!"-,

• Applying this to PoE:
! - = . "" #"⋯. "# ##;
! - = . "" #"⋯;.,!" "# ,##

! - = . "" #"⋯;.,!" "#!" ,##!".,!" "# ,##

! - = ;.,!" "" ,#"⋯.,!" "#!" ,##!".,!" "# ,##
• What is ;%& ). ; (or =>,!" ).)?

• Screw axis in the body frame: ℬ$
• Body form of PoE:

! - = ;. ℬ" #"⋯. ℬ#!" ##!". ℬ# ##



Summary

• Used transformations to define spatial velocities as the body and 
spatial twist
• Introduced screw motions and the screw interpretation of a twist
• The screw axis D was defined and used to define the exponential 

coordinates of homogeneous transformations
• Learned the basics of forward kinematics, which gives us a model for 

computing position and orientation of the end-effector
• Uses the product of exponentials formula to define this 

transformation as composed matrix multiplications 



Introduction to Robotics
Screws and wrenches

MA Belabbas



Screw motion

I 2D Screw motion: any rigid motion in the plane can be represented
by a rotation around a well-chosen center.

I We can encode it with (�, sx , sy ), where (sx , sy ) is the position of the
center of the rotation, and � the angle. Here, � = ⇡/4 and s = (0, 2)

Allmotions in LD one

rotations/abouta
* rigid , orientation Well-chosen Center !
preserving.



Screw motion

I Chasles-Mozzi Theorem: Any displacement in 3D can be
represented by a rotation + translation about same axis. This is
called a screw motion.

I Data for a screw: Axis of rotation: q 2 R3 + ŝ 2 S
2; pitch h : ratio

linear/angular speed; ✓̇: angular velocity.

I Rotation of ✓ rad results in translation of h✓ along axis.

I Very useful to represent motion of revolute and prismatic joints.

I Write as S = {q, ŝ, h}.

in 3D : rotation &

note : by commentier, Translation about He

the Transition ! Lutei
amat is given
by 0 .

R ley , if weawshite by landukeloa
I

~

6 paranatus;well feited Ve dis an



Ball and Chasles

I Rodrigues and Chasles took the entrance exam to
Polytechnique/Normale at the same time, finishing first and second
respectively. Rodrigues did not use it and elected to go to La
Sorbonne.

~ Charles



Screw motion ! twist

I How to represent a screw motion as a twist? Take S = {q, ŝ, h}.
I Rotational velocity: ! = ŝ ✓̇.
I Linear velocity : velocity at origin of frame= translation along the

screw axis + linear motion at origin induced by rotation of screw axis:

v = hŝ ✓̇ � ŝ ✓̇ ⇥ q.

news
19
,
5
, 4) Y

* ↓.: SweegY- y

/xty1l8 + 450



Twist ! Screw motion

I How to represent a twist as a screw motion? Take V = [!, v ]>

I Rotation+pitch: ŝ = !/k!k = !̄, ✓̇ = k!k and
h = !̄>

v/✓̇ = !>
v/k!k2.

I O↵set q: Assuming ! 6= 0 (not pure translation, so that there is a
meaningful rotation axis), need to find q so that v = hŝ ✓̇ � ŝ ✓̇ ⇥ q.
Cross product on left by ŝ yields

q =
ŝ ⇥ v

✓̇
.

vs = -(1 xq) + h58

(w) (, Ws/lwsll = 5



vs = - (5xq) + hi
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Screw motion

I For a given reference frame, we denote by S the screw axis of the
screw motion {q, ŝ, ✓̇}

S =


!
v

�

with either 1: k!k = 1 or 2: ! = 0 and kvk = 1.
Case 1: then v = �! ⇥ q + h!
Case 2: corresponds to a translation along v : (h is infinite) ! ! = 0.

S : (i) :



Exponential coordinates for Rigid-Body motions

I Recall: for a rotation R 2 SO(3), its exponential coordinates (!̄, ✓)
are so that R = e

[!̄]✓. We want to do the same for rigid motions
(i.e., rotation + translation)

I The matrix [!̄] was skew-symmetric: [!̄] 2 so(3).

I We defined

exp :so(3) ! SO(3) : A ! I + A+ A
2/2! + · · ·

log :SO(3) ! so(3) : R ! 1

2 sin ✓
(R � R

>)



Exponential coordinates for Rigid-Body motions

I By analogy, we define the exponential coordinates for a homogeneous
transformation T as S✓ 2 R6, where S is the screw axis and ✓ the
distance around the screw axis to take a frame from I to T .

I Recall that if S = (!, v) is with k!k = 1, then ✓ is an angle of
rotation about the screw axis. If ! = 0 and kvk = 1, then ✓ is the
distance travelled along the screw axis.

I Denote by SE (3) the space of homogeneous transformations T , and
by se(3) the space of their exponential coordinates. We want to
define

exp :se(3) ! SE (3) : A ! I + A+ A
2/2! + · · ·

log :SE (3) ! se(3) : T ! [S]✓ 2 se(3)



Exponential coordinates for Rigid-Body motions
For S = [!, v ]>, we introduce the 4⇥ 4 matrix:

[S] :=

[!] v

0 0

�

I As before, we can find a simple expression for the exponential. We
have (recall: ! = !✓)

e
[S]✓ = I + [S]✓ + [S]2✓2/2! + [S]3✓3/3! + · · ·

=


e
[!]✓

G (✓)v
0 1

�

where G (✓) = I✓ + [!]✓2/2! + [!]2✓3/3! + · · · .
I Recall that [!]3 = �[!]. We obtain

G (✓) = I✓ + (✓2/2!� ✓4/4! + · · · )[!] + (✓3/3!� ✓5/5! + + · · · )[!]2

= I✓ + (1� cos ✓)[!] + (✓ � sin ✓)[!]2

-confuted fast.

---



Logarithm of Rigid-Body motions
I Given T = (R , p) 2 SE (3), we need to find S = (!, v) and ✓ so that

e
[S]✓ =


R p

0 1

�
,

which implies that

[S]✓ =


[!]✓ v✓
0 0

�

is a logarithm of T .
I Case 1: If R = I (pure translation), then set ! = 0, v = p/kpk and

✓ = kpk.
I Case 2: 1. Obtain !, ✓ using the matrix logarithm of R . 2. Set

v = G
�1(✓)p

where

G
�1(✓) =

1

✓
I � 1

2
[!] +

✓
1

✓
� 1

2
cot

✓

2

◆
[!]2.



Wrenches

I Let {a} be a ref. frame and ra a point in a rigid body. Let the vector
fa 2 R3 represent a force acting on the body. Assume it is a point
force acting at ra.

I The force creates a torque or moment ma 2 R3 given by

ma := ra ⇥ fa.

I We merge the force and the moment in a single 6-dimensional
vector, called spatial force or wrench, expressed in {a} as

Fa :=


ma

fa

�
.

I A wrench can contain only a torque and no force: it is called a pure

moment.

I If there are several forces/moments acting on the body, we can add
their corresponding wrenches.

1. -↓
- EIR

.

3
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Wrenches

I Given 2 frames, a and b, and want to express the wrench in both
frames: Fa, Fb.

I Denote by Va, Vb the motions induced by the wrench in frames a
and b: we know how to relate them: Vb = AdTbaVa

I Recall: dot product of velocity and force is a power!

I Power is independent from choice of frame!

V>
b Fb = V>

a Fa

= (AdTabVb)
>Fa

= V>
b (AdTab)

>Fa

I Since the previous equation holds for all Vb, we have

Fb = (AdTab)
>Fa



where Tsc .

Ad7.
Ris
/

(Ad
.
)" = [Ras

- Ras(on] I
-[Ps]

o Res

because RgT = Rcs =Rsd
GPs]" = -[Ps]

because of Ps : (o) then <Ps] =
)

note : roll to is Is in() from-

Hus Ga = Roofs .



Introduction to Robotics

Forward Kinematics

MA Belabbas

1
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Forward kinematics of open chains

• The forward kinematics of a robot refers to the calculation of the

position and orientation of its e↵ector frame from its joint

coordinates.

• Here, simple trigonometry yields

x = L1 cos ✓1 + L2 cos(✓1 + ✓2) + L3 cos(✓1 + ✓2 + ✓3)

y = L1 sin ✓1 + L2 sin(✓1 + ✓2) + L3 sin(✓1 + ✓2 + ✓3)

� = ✓1 + ✓2 + ✓3

2

20 : (x,g , % .

d) = 0, + 02 +0
&

·

A

Oz =
X:

3 n
Y ↑

&

- #10
.

4-
-4

X ↳ Lake,
+a

- ·, 02 03 s pos. end effecte

d
.

v
- -



9/30 :

- Don't forget to sign up fer
El m/CBIF.

.. No becture on Thursday , but
--Aduring class time.



Forward kinematics

• For more complex 3D mechanisms, a direct analysis as done in

previous slide is too onerous.

• We describe two systematic, principle ways to perform forward

kinematics: Product of Exponentials (PoE) and Denavit-Hartenberg

(next lecture).

• What we can do using previous lectures: attaching frames 1,2,3,4 to

the three links and end-e↵ector respectively, and denoting by 0 the

reference frame, we need T04, which we can obtain as

T04 = T01T12T23T34,

and Ti(i+1) are easy to derive.

3

-. =Protects
101 space Krame (1) : frame etlink



Forward kinematics: using homogeneous transformations

T01 =

2

6664

cos ✓1 � sin ✓1 0 0

sin ✓1 cos ✓1 0 0

0 0 1 0

0 0 0 1

3

7775
,T12 =

2

6664

cos ✓2 � sin ✓2 0 L1

sin ✓2 cos ✓2 0 0

0 0 1 0

0 0 0 1

3

7775

T23 =

2

6664

cos ✓3 � sin ✓3 0 L2

sin ✓3 cos ✓3 0 0

0 0 1 0

0 0 0 1

3

7775
,T34 =

2

6664

1 0 0 L3

0 1 0 0

0 0 1 0

0 0 0 1

3

7775

4

*
>



Forward kinematics: using screw motions

• Assume the arm is in “resting position”:

M := T (I , (L1 + L2 + L3, 0, 0)>).

• From this resting position, what motions are possible?

• Revolute joints allow screw motions with zero pitch.

• Assume ✓1 = ✓2 = 0. Describe the screw motion of joint 3 by its

twist in frame 0: S3 = [!3, v3]. 5

zaxi ↑
3

To
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Forward kinematics: using screw motions

• How to obtain !3, v3?

• Revolute joint: rotation around axis perpendicular to motion and ! is

normalized vector in this direction �! !3 = (0, 0, 1)>.

• To find v3, consider a rigid body attached to the joint and following

the joint’s motion: v3 is the velocity of the point at the origin of

frame 0. This speed is ! ⇥ (�L1 � L2, 0, 0)>. 6





Forward kinematics: using screw motions

• When only ✓3 is allowed to move, we have

T04 = e
[S3]✓3M,

where, by definition,

[S3] =

2

6664

0 �!3 !2 v1

!3 0 �!1 v2

�!2 !1 0 v3

0 0 0 0

3

7775
.

• Thus here, [S3] =

2

6664

0 �1 0 0

1 0 0 �(L1 + L2)

0 0 0 0

0 0 0 0

3

7775

7



Forward kinematics: product of exponentials

• We now repeat the procedure: assume ✓1 fixed at zero, ✓3 fixed at

an arbitrary value, and move ✓2. The corresponding twist is

S2 = (!2 = (0, 0, 1)>, (0,�L1, 0))
>.

8



Forward kinematics: product of exponentials

• Thus [S2] =

2

6664

0 �1 0 0

1 0 0 �L1

0 0 0 0

0 0 0 1

3

7775

• Now rotation about joint 2 can be viewed as applying a screw

motion to the rigid body (link 1+ link 2), thus

T04 = e
[S2]✓2e

[S3]✓3M. 9



Forward kinematics: product of exponentials

• Finally, S1 = ((0, 0, 1)>, (0, 0, 0)>) and

T04 = e
[S1]✓1e

[S2]✓2e
[S3]✓3M.

10



Product of exponentials: example

• 3R open chain, with non-collinear rotation axes.

• Note: ẑi aligned with rotation axis, x̂i points to next joint.

• Forward kinematics as the form

T (✓) = e
[S1]✓1e

[S2]✓2e
[S3]✓3M.

We need to find M and the Si ’s. 11

3 R w
.
= () 191 = 18 = longing) tub M= ,& -Caxi of rot)

.92

Sz :·iwa

-
wa =1) es = (c)

=

13 = (2)
-

E



well v
,
= -weX9
=> Vi = - Wix(9; + Wil

=

-Wix9 ;
- awi



Product of exponentials: example

• M is the configuration of the end-e↵ector fixed frame (frame 3)

when all joint variables are zero.

• We obtain

M =

2

6664

0 0 1 L1

0 1 0 0

�1 0 0 �L2

0 0 0 1

3

7775
.

12



Product of exponentials: example

• The screw axis for joint 1 in frame 0 is S1 = (!1, v1) with

!1 = (0, 0, 1)> and v1 = (0, 0, 0)>.

• The screw axis for joint 2 in frame 0 is S2 = (!2, v2) with

!2 = (0,�1, 0)> and v2 = (0, 0,�L1)
>
.

• To obtain v2, set q to be the vector joining origin of reference frame

to center of joint, here q = (L1, 0, 0)> and then v2 = !2 ⇥ (�q).

• Finally, S3 = (!3, v3) with !3 = (1, 0, 0)> and

v3 = !3 ⇥ (�(L1, 0,�L2)
>
) = (0,�L2, 0) 13



Product of exponentials: example: RRPRRR open chain

Forward kinematics is described by

M =

2

6664

1 0 0 0

0 1 0 L1 + L2

0 0 1 0

0 0 0 1

3

7775

14
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We have confuted * F

Tsb = elsido,
(S0]

M

I wentTid d .

~ Tis = Tis Teb

-
G

- ↳S#
Y
r

e
LSijo
= [S : ] elite


