Homogeneous Transformations: SE(3)

The special Euclidean group SE(3) is the set of 4X4 matrices
of the form:

T =T(R,p) = llg 4



Homogeneous Transformations: SE(3)

The special Euclidean group SE(3) is the set of 4X4 matrices
of the form:

T =T(R,p) = llg 4

T _pT
* Theinverseof TisT™1 = [RO R1 p] € SE(3)

*IfT;and T, € SE(3),then T, T, € SE(3)
o T satisfies: ||[Tx — Ty|| = ||x — y|| and
(Tx—=Tz2)'(Ty—Tz) = (x —2)" (y — 2)



Representing a configuration with SE(3)

Xb
\'.
| ’>r{l>} As before:
Za ¥
Phbe =
v {c} TV, =7V
Ta) Pac ab Vb a
Xa -";l Zc

Each frame can represent a body
frame in a multi-link mechanism




Example Displacement (1)




Example Displacement (2)




Mobile arm example

* Robot arm mounted on wheeled platform.
Camera fixed to ceiling.

e {b}is body frame, {c} end-effector frame,
{e} frame of object, and {a} is fixed frame.

* We assume the camera position and orientation
in {a} is given.

* From camera measurements, you can evaluate
the position and orientation of the body and the
object in the camera frame.

* Since we designed our robot and have joint-angle
estimates, we can obtain the end-effector position
and orientation in the body frame.

* To pick up the object, we need the object position
and orientation in the frame of our end-effector.



Summary

* Introduced exponential coordinates that allow us to parameterize
rotations by the rotation axis @ and the angle of rotation 6

* Walked through the matrix logarithm method, which tells us how to
recover the exponential coordinates from a rotation matrix

e Started discussing homogeneous transformations where we not only
look at rotations, but also translations in a single operation



Who is Michael Chasles?

* Rodrigues and Chasles took the entrance exam to
Polytechnique/Normale at the same time, finishing first and
second respectively

* Rodrigues did not use it and elected to go to La Sorbonne

* The proof that a spatial displacement can be decomposed into a
rotation and slide around and along a line is attributed to the
astronomer and mathematician Giulio Mozzi (1763),

* In Italy, the screw axis is traditionally called asse di Mozzi

* However, most textbooks refer to a subsequent similar work by
Michel Chasles dating 1830

» Several other scholars/contemporaries of M. Chasles obtained
the same or similar results around that time, including G.
Giorgini, Cauchy, Poinsot, Poisson, and Rodrigues




Mobile arm example

* Robot arm mounted on wheeled platform.
Camera fixed to ceiling.

e {b}is body frame, {c} end-effector frame,
{e} frame of object, and {a} is fixed frame.

* We assume the camera position and orientation
in {a} is given.

* From camera measurements, you can evaluate
the position and orientation of the body and the
object in the camera frame.

* Since we designed our robot and have joint-angle
estimates, we can obtain the end-effector position
and orientation in the body frame.

* To pick up the object, we need the object position
and orientation in the frame of our end-effector.



Physical interpretation of v,

* Assume that a very large rigid body is
attached to the frame {b}, and is large
enough to contain the origin of {s}

* What is the velocity of the point of
this body as the origin of {s}?

* There are two components:
* p: the motion of the body
* ws.X(—p): the rotation of the body
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Exponential Coordinates for Rigid Body

Motions Jg: [ S

. 19
e Recall for rotation matrices: R = el®1¢ d

 What are exponential coordinates for T?

SO € R®, where S is the screw axis and 0 is the distance about

Sto take framefromItoT [0 ] S
T_e[] —1+[5]9+[5]292+ &,39
\,SL‘)QEOB]‘%B 0 02 1 O OO |

GO) =18+ [w]— 2' + =10+ (1 —cosO)[w] + (0 —sinO)[w]?
—_— — — —







Logarithm of rigid body motions

\ J—
Given T(R,p) € SE(3), findS = [w v]' and 8 such that: y
s1o —_|[R D _[lw]6 v6
€ [0 1] - [5]0 [’() ‘o]

Define the logarithm of T

1. IfR =1, then w =0andv=”:%”and9 = ||p||

2. Find w, 6 using matrix logarithm of R (see earlier slide!)

_1/(7 1/ 1 1 1 1 0
Then, v = G~1(6)p, where G71(0) = -1 —- [w] + (5 — > cot (E)) [w]?
Now we can go back and forth between exponential coordinates and

transformations!



Screw Motions










f

2D Screw Motions

* Any rigid motion in the plane can be represented by a rotation around

a well-chosen center —
LT, e Y

_* We can encode it with (f5, 54, Sy,), Where (s, s),) is the position of the

center of the rotation, and f the angle

* Recall that the angular velocity w can be viewed as ©0, where & is
the unit rotation axis and @ is the rate of rotation

* Atwist V can be interpreted in terms of a screw axis o and a velocity
6 about that axis



/L W/u%/ ﬁ« @-
/ Cofldleaslil,
%D Chasles-Mozzi Theorem:

/7
f (on.
Any displacement in 3D can be 2 G

M ——a——
represented by a rotatlon and h = pitch =

translation abouf the same : axis hinear speed/angular speed

LFEfEI‘FEd to as a screw motion

Z

Screw motions in 3D
MA\_/\» _;éxx

=Y
g € R3 is any point along the axis aﬁ e S M,J&W.
$ is a unit vector in the direction of the axis
h is the screw pitch, WhICh IS the ratio between the linear and angular

%
Speed along axis ] / . [Mh: We  hg Y éamw p«?(/le

We write thisas S = {q, §, }
7 2}







Screw mations and Twists

A
4 “




Screw axis We = A



Summary

e Used transformations to define spatial velocities as body and spatial twists
* Introduced screw motions and the screw interpretation of a twist

* The screw axis & was defined and used to define the exponential
coordinates of homogeneous transformations

* Connections between last lecture and this lecture:
* Transformation matrix T is analogous to rotation matrix R
* A screw axis S is analogous to rotation axis @
e Atwist V can be expressed as SO and is analogous to angular velocity w = —&6

* Exponential coordinates SO € R® for rigid body motions are analogous to
exponential coordinates @8 € R3
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Quick Recap of Past Lectures

We can define rotation matrices with a matrix exponential: R = el®l®

Where el®19 js computed with Rogrigues’s Formula
@0 are referred to as exponential coordinates

For rotations, the only velocities are angular.
For transformations (rotations + translations), we need angular and linear (spatial) velocities!
Twists are the concatenation of w and v

Screw motions give us a generalized concept for defining any motion with a
direction and a “screw”.

From the information in a twist, we can compute all the components for a
screw motion.

Can we connect screws with exponential coordinates to give us a general
equation for T?




Screw axis
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Example of Screw Motion for Transformations

Find the pose that is produced by a given screw

Frame O is fixed in space and frame 1 is fixed in a body. The current pose of frame 1 in the
coordinates of frame 0 is M. The body undergoes a body screw motion with axis 3 and
magnitude 6. Find the new pose T}; of frame 1 in the coordinates of frame O.

matlab  python  |[1]: [M = [0.03262475 -0.39471442 0.91822445 -0.58853212; -0.21629944 -0.89972977 -0.37907900
B = [0.00000000; 0.00000000; 0.00000000; —0.67130813; —0.02965809; 0.74058477];
theta = 1.29638080;
M = [0.03262475 0.3
B = [0.00000000; 0.0 bb=f0 -B[3] BI2]}iB[4]
_ e B[3] 0 -B[1][|B[5]
theta = 1.29638080; 8121 811) d|ls 6]
00 ; |

tt=exp(bbxtheta);

[1]: 4x4 Array{Float64,2}:
0.0326248 -0.394714 0.918224 0.27982
-0.216299 -0.89973 -0.379079 0.61705
0.975782 -0.186244 -0.11473 -0.285795
0.0 0.0 0.0 1.0




On to Forward Kinematics!



What is Forward Kinematics?

e Kinematics: a branch of classical mechanics that describes motion of
bodies without considering forces. AKA “the geometry of motion”

* Forward kinematics: a specific problem in robotics. Given the
individual state of each joint of the robot (in a local frame), what is
the position of a given point on the robot in the global frame?




Where is forward kinematics used?




Forward Kinematics of a Simple Chain

Simple Geometry!

x =1L;cos8; + L,cos(0; +6,) + L;cos(8; +6, +65)
N y = L;sin6; + L, sin(8; + 6,) + L5 sin(8; + 6, + 03)
0} B
¢=6,+6,+06,

Can we use transformations instead?
Tog = To1T12T3T34
Tsp = Tg1Tq5 Tn—l,nM



Assumptions

* Our robot is a kinematic chain, made of rigid links and movable joints
* No branches or loops

* All joints have one degree of freedom and are revolute or prismatic

e

Revolute Prismatic
1 Degree of Freedom 1 Degree of Freedom



Review of Screw Motions

h = pitch =
linear speed/angular speed

We derived a representation for the
SCrew axis:

S = [w] € R
%
where either
* |w]l =1

* where v = —wXq + hw, where q is

the point on the axis of the screw
and h is the pitch of the screw

* lolf =0and[lv|| =1



Screw Motions as Matrix Exponential

The screw axis d; can be expressed in matrix form as:
1 — lw;] v
(5.1 =["" 7] ese)

To express a screw motion given a screw axis, we use the matrix exponential:
els1® € SE(3)

Proposition 3.25. Let § = (w,v) be a screw axis. If ||w| = 1 then, for any
distance 6 € R traveled along the axis,

el? (10 + (1 — cosf)[w] + (6 — sinf)[w]?) v

elSlf — 3 i } . (3.88)



Modeling Robot Joints as Screw Motions

Case 1: Revolute Joint
ol =1 :

*vV=—wXq+h
*V = —wX(

www.matim-dev.com




Modeling Robot Joints as Screw Motions

Case 2: Prismatic Joint

s llwl|=0 /

ellvll=1/

* Axis of movement defines v

S—




Product of Exponentials Approach

Figure 4.1: Forward kinematics of a 3R planar open chain. For ea
z-axes are parallel and out of the page.

and y-axis is

shown; the

ch

frame, the x-

Let each joint i have a configuration
defined by 6;

Initialization steps:
* Choose a fixed frame {s}

* Choose an end-effector (tool) frame
attached to the robot {b}

* Put all joints in zero position

* Let M € SE(3) be the configuration
of {b} in the {s} frame when the
robot is in the zero position



Product of Exponentials Approach

* Given zero position M
* For each joint i, define the screw axis
* For each motion of a joint, define the screw motion

* These operations compose nicely through multiplication, giving us the
Product of Exponentials (PoE) formula!

T(Q) — 3[51]913[52]92 6[5"‘1]9"‘16[5"]8"1\4



Visualizing the Product of Exponentials

p
P
7
Y 27
4
7
7
é//

()[Sn ——‘2]011 —QG[SN —1 ]()n —1 C[Sn]()n ﬂ[

Figure 4.2: Illustration of the PoE formula for an n-link spatial open chain.



Example 1

Figure 4.1: Forward kinematics of a 3R planar open chain. For each frame, the X-
and y-axis is shown; the z-axes are parallel and out of the page.



Example 1: PoE

Compute elSilfi for each joint:

sie; — [el®d% (16; + (1 — cos 6; )[w;] + (6; — sin 6;)[w;]?)v;
0 1

e

and compose with M:

T(9) = el51101 5152102 5153103 g



Example 2

04
71 A
5 y
Z0 1
AT
X1
X0

Figure 4.3: A 3R spatial open chain.



Example 3 — How to read this diagram
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Example 3
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PoE in the End-Effector Frame

* Recall some identities:
oMTIPM — N1=1,P N S oP M = MeM PM

* Applying this to PoE:

T(0) = els1161 ... plSnlOn g

T(Q) — 6[51]91 MeM_l[Sn]MGn

TO) = els1161 ... MeM_l[Sn—ﬂMen—leM_l[Sn]MHn

T(0) = MeM [511M61 ... oM~ [Sn1]MOn_s M~ [Sp]M6y,
* What is M~1[8;]M (or [Ad,,-1]S;)?

e Screw axis in the body frame: [B;]

* Body form of PoE:
T(Q) — Me[Bl]el e[Bn—l]en—1e[Bn]9n



Summary

* Used transformations to define spatial velocities as the body and
spatial twist

* Introduced screw motions and the screw interpretation of a twist

* The screw axis & was defined and used to define the exponential
coordinates of homogeneous transformations

* Learned the basics of forward kinematics, which gives us a model for
computing position and orientation of the end-effector

* Uses the product of exponentials formula to define this
transformation as composed matrix multiplications



Introduction to Robotics
Screws and wrenches

MA Belabbas



Screw motion A X"wﬂzﬂM h LD ot
g ollo.bons [ ofisut.
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» 2D Screw motion: any rigid motion in the plane can be represented
by a rotation around a well-chosen center.

» We can encode it with (3, sy, s,), where (s, s,) is the position of the
center of the rotation, and 3 the angle. Here, 8 = w/4 and s = (0,2)



Screw motion in 20 Whm@
Wl + by comanbiae omblioe oflout He

b 1) [l 0|
am‘tu

!
I

>

h = pitch =
linear speed/angular speed

o R ly kwémgm «wM‘g

Chasles-Mozzi Theorem: Any dlsplacement in 3D can be
represented by a rotation + translation about same axis. This is
called a screw motion.

. © -Io

Data for a screw: Axis of rotation: g € R3 + § € S?; pitch h : ratio
linear/angular speed; 6: angular velocity.

Rotation of 6 rad results in translation of hf along axis.

Very useful to represent motion of revolute and prismatic joints.

Write as S = {q,8,h}. & panaw‘[u&, .% MU '0 &lqu
d

ST



Ball and Chasles

» Rodrigues and Chasles took the entrance exam to
Polytechnique/Normale at the same time, finishing first and second
respectively. Rodrigues did not use it and elected to go to La
Sorbonne.



a
Screw motion — twist H/ A,hl)
'M

‘ \ g4
M; ' :W%&
w&\ ;" S; w] Q;a: X
7L s n .
L\waf» | -\ ”4 :("A x‘f) 6

(A\ ?C(.:(f J)é § ]];xi;xi')i‘:;;}t‘wi/;u|gulm speed f h 2 9‘

» How to represent a screw motion as a twist? Take S = {q, §, h}.

» Rotational velocity: w = 56.
» Linear velocity : velocity at origin of frame= translation along the
screw axis + linear motion at origin induced by rotation of screw axis:

v ="hs0 — 80 x q.



Twist — Screw motion V5 = —(2 *q Js «hdo

(%\ : L 7 wf/i/%/z;g

/n/l
—30xq iy
h = pitch =
linear speed/angular speed

» How to represent a twist as a screw motion? Take V = [w, v] "
» Rotation+pitch: § = w/||w|| =@, § = ||w|| and
h=aTv/0=wTv/|w|?
» Offset g: Assuming w # 0 (not pure translation, so that there is a
meaningful rotation axis), need to find g so that v = hsd — 56 x q.
Cross product on left by § yields
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Screw motion

7

) §
hsb / .
—50 % q / P
q /

v

%
I = pitch =
linear speed/angular speed

» For a given reference frame, we denote by S the screw axis of the

screw motion {q,§,9}
w 5 - © .

, .
with either 1: |lw||=1o0r 2: w=0and |v|| = 1.

Case 1: then v = —w X g + hw
Case 2: corresponds to a translation along v: (h is infinite) — w = 0.



Exponential coordinates for Rigid-Body motions

» Recall: for a rotation R € SO(3), its exponential coordinates (&, 6)
are so that R = el®)?. We want to do the same for rigid motions

(i.e., rotation + translation)
» The matrix [©] was skew-symmetric: [@] € s0(3).
» We defined
exp :50(3) = SO(3): A— | + A4+ A%/ ...
(R—RT)

log :SO(3) — s0(3): R — Tond



Exponential coordinates for Rigid-Body motions

» By analogy, we define the exponential coordinates for a homogeneous
transformation T as SO € R®, where S is the screw axis and 6 the
distance around the screw axis to take a frame from / to T.

» Recall that if S = (w, v) is with ||w|| = 1, then 6 is an angle of
rotation about the screw axis. If w =0 and ||v|| = 1, then 6 is the
distance travelled along the screw axis.

» Denote by SE(3) the space of homogeneous transformations T, and
by se(3) the space of their exponential coordinates. We want to
define

exp :5¢(3) = SE(3) : A— | + A+ A?/21 ...
log :SE(3) — s¢(3) : T — [S]0 € se(3)



Exponential coordinates for Rigid-Body motions
For S = [w, v]T, we introduce the 4 x 4 matrix:

SENM

» As before, we can find a simple expression for the exponential. We
have (recall: w = w#)
elS10 — | 1 [8]0 + [S]20%/2! + [S]?0%/3! + - - -
_ elel6 G(O)v| e, Wed ‘ﬁ{{' .
|0 1
where G(0) = 10 + [@]6%/2! + [@]?603/3! + - - -.
» Recall that [@]3 = —[@]. We obtain

G(0) =10+ (62/2! — 6* /41 + .. N[w] + (63/3! — 65 /5! + + - - )[@]?

=10+ (1 — cos 0)[w] + (0 — s',Ln@)[w]z



Logarithm of Rigid-Body motions
» Given T = (R, p) € SE(3), we need to find S = (@, v) and 6 so that

R
[S10 _ p
-1
which implies that

_|[w]g ve

is a logarithm of T.

» Case 1: If R =/ (pure translation), then set w =0, v = p/||p| and

0 =|lpll
» Case 2: 1. Obtain @, € using the matrix logarithm of R. 2. Set

v==G6"10)p

where
1 1 1 1

G9) = 5/ - 5[w] + <9 - 2cotg> [@]°.



Wrenches

> Let {a} be a ref. frame and r, a point in a rigid body. Let the vector
f, € R3 represent a force acting on the body. Assume it is a point
force acting at r,.

» The force creates a torque or moment m, € R3 given by h_
-

K, taaf
o

frove dix,

. [me R
=0

» A wrench can contain only a torque and no force: it is called a pure
moment.

» If there are several forces/moments acting on the body, we can add
their corresponding wrenches.









Wrenches

» Given 2 frames, a and b, and want to express the wrench in both
frames: F,, Fp.

» Denote by V,, V;, the motions induced by the wrench in frames a
and b: we know how to relate them: V), = Adt, V;

» Recall: dot product of velocity and force is a power!
» Power is independent from choice of frame!
Vo Fo =V, Fa
= (AdT,, Vb)) Fa
= V;—(AdTab)T‘Fa

» Since the previous equation holds for all Vp,, we have

Fp = (AdT1,) " F,






Introduction to Robotics
Forward Kinematics

MA Belabbas






Forward kinematics of open chains

X

ol %U.l
e The forward kinematics of a robot refers to the calculation of the

position and orientation of its effector frame from its joint
coordinates.

e Here, simple trigonometry yields
x = Ljcosf1+ Lo COS(91 + 92) + L3 COS(91 + 65 ’-l- 93) .
= y = Lisinf; + Lysin(f1 + 62) + Lzsin(61 + 62 + 63) « 2
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Forward kinematics

e For more complex 3D mechanisms, a direct analysis as done in
previous slide is too onerous.

e We describe two systematic, principle ways to perform forward
kinematics: Product of Exponentials (PoE) and Denavit-Hartenberg
(next lecture).

e What we can do using previous lectures: attaching frames 1,2,3,4 to
the three links and end-effector respectively, and denoting by 0 the
reference frame, we need To4, which we can obtain as

fukfe,¢vye0, 1
Toa = To1 T12T23 T34, . : P
Q0 o

and Ty, 1) are easy to derive,
ﬂ;(ﬁ'f)%“‘ e {4 e &Zf/ﬁ%ﬂmﬂd




Forward kinematics: using homogeneous transformations




Forward kinematics: using screw motions

190
L e
e Assume the arm is in ‘“resting position”: Qoe | )
Mi=[r( (Lt b+ 130, 0)D)] TIR p)= (R ¢
e From thisTe osition, what motions are possible?

Revolute joints allow screw motions with zero pitch.
Assume 61 = 0, = 0. Describe the screw motion of joint 3 by its

twist in frame 0: S3 = [w3, v3].
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Forward kinematics: using screw motions

e How to obtain w3, v3?

e Revolute joint: rotation around axis perpendicular to motion and w is
normalized vector in this direction — w3 = (0,0,1).

e To find v3, consider a rigid body attached to the joint and following
the joint’s motion: vz is the velocity of the point at the origin of
frame 0. This speed is w x (—L; — L5,0,0)".






Forward kinematics: using screw motions

e When only 63 is allowed to move, we have
Tosa = olS3103 M,

where, by definition,

0 —w3 wo
w3 0 —w1
[S3] =
—wy Wi 0
0 0 0
0 -1 0 0
1 0 0 —(Li+1L
e Thus here, [S3] = (b +L2)
0 0 O 0
0 0 O 0

Vi

V3



Forward kinematics: product of exponentials

e We now repeat the procedure: assume 6 fixed at zero, 3 fixed at
an arbitrary value, and move 0. The corresponding twist is

Sy = (w2 = (0,0,1)", (0, ~L1,0))".



Forward kinematics: product of exponentials

0 -1 0 0

1 —L
o Thus [S2] = | g 8 .

0 0 O 1

e Now rotation about joint 2 can be viewed as applying a screw
motion to the rigid body (link 1+ link 2), thus

Tos = elS2102 [ Ss03 g



Forward kinematics: product of exponentials

e Finally, S; = ((0,0,1)7,(0,0,0)T) and

T04 = 9[81]91 6[52]926[53]93 M.

10



Product of exponentials: example

3R wtz[?)ﬂ;:/ﬂ > qa;[m‘iff\n‘%ﬁkw,; - :Pot o

21 L L
o .
VLS,
/]
.
L A 73
by =~W, x9, =N
(=) 11, I
- —[) x e B !
,, U M 4s=[2) 4=/ <
e 3R open chain, with non-collinear rotation axes. e Ly
e Note: Z; aligned with rotation axis, X; points to next joint.
e Forward kinematics as the form 0, = 2
3~ ~L. 4
T(6) = 6[51]91e[32]92€[i]93/\/]' o ‘ZL)
We need to find M and the §;'s. = ‘(é}x[: _1f
vl



100! @/d:—wc xgq
/
=) VJT‘W;\(/va(—O(WC:)

—

-dw//w



Product of exponentials: example

e M is the configuration of the end-effector fixed frame (frame 3)
when all joint variables are zero.

e \We obtain
0 0 1 [y
M — 0O 1 0 O
-1 0 0 —L,
0O 00 1
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Product of exponentials: example
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e The screw axis for joint 1 in frame 0 is S; = (w1, v1) with
w1 = (0,0,1)" and v; = (0,0,0)".
e The screw axis for joint 2 in frame 0 is S» = (wo, v2) with
wa = (0,—1,0)" and vo = (0,0,—L1)".
e To obtain vy, set g to be the vector joining origin of reference frame
to center of joint, here g = (L1,0,0)" and then v» = wy x (—q).
e Finally, S3 = (w3, v3) with w3 = (1,0,0)" and
v3 = ws x (—(L1,0,—L2) ") = (0, —Lp,0) 13



Product of exponentials: example: RRPRRR open chain

Forward kinematics is described by
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1| (0,0,1) (0,0,0)

2 || (1,0,0) (0,0,0)

3 (0,0,0) (0,1,0)

41 (0,1,0) (0,0,0)

51 (1,0,0) | (0,0,—Ly)

6 || (0,1,0) (0,0,0)
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