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Angular Velocities in Reference Frame



Some useful properties and relations
Given any 5 ∈ ℝ+ and ' ∈ GH 3 , the following holds: ' 5 ', = '5

Now recall: 5- = '̇',

If ' is '-&, we have that 5- = '5& ⇔ 5& = ',5-
5& = ',5- = ', '̇', ' = ','̇ = '()'̇
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Introducing 
Exponential Coordinates



Recall the Matrix Exponential

If "̇ # = %" # , " 0 = "!, where " ∈ ℝ", % ∈ ℝ"×", the solution to the 
ODE is: 

" # = *$%"!
The matrix exponential / the exponential function can be expanded:

*$% = + + %# + 12%
&#& + 1

3! %
'#' +⋯

Properties:
1. (

(% *
$% = %*$% = *$%%

2. If % = 232)*, then *$% = 2*+%2)*
3. If %4 = 4%, then *$*, = *,*$ = *$-,
4. Invertible: *$% )* = *)$%



Recall the Matrix Exponential

If "̇ # = %" # , " 0 = "!, where " ∈ ℝ", % ∈ ℝ"×", the solution to the 
ODE is: 
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Exponential Coordinate Representation
• Instead representing orientation as a rotation matrix, we introduce a three-

parameter representation: exponential coordinates
• Recall: !" rotation axis, # angle of rotation
• Then !"# ∈ ℝ!gives the exponential coordinate representation

• A new interpretation for a frame coincident with & :
• A rotation for 1 second around !" at angular velocity #, then the resulting frame is $
• A rotation for # seconds around !" at angular velocity 1, then the resulting frame is $



Exponential Coordinates of Rotations 
·RODRIGUES FORMULA.

Cust
2 =
I +10]t + CLOJEh ........&

!
O

for 10] with litwit = I +sint (w) o
↑

(w) (W)
+ (-cost) (w]

l - w,2 w
,
a...

· if Molln , then [W]I = I ] =Cros

(w>
S
= LW16] = - [lo] ; (10] " = - (w]



eljo = I + [W] a +11228
2 !

↑Cry +Loyo. . .
[ro]3 = -[W] Cloj"= -12]

=> eCw]a= I +(wjo + (w]
-orE
& ↳ & od

I

= I +(c) Sino +16324-G0)
(W3Q
e

=I + Sino (w]
+ - 10) (wj2



CWJa
WO - 2
I

& = I + sing (W]

MATRix + (1-250) (ws
EXPONENTIAL

.

· MATRN LOGARiTHM .

Fis
D

(W /0.) not eCW1.

I matt eaf expm

↳ logm



Matrix Logarithm
• Given rotation matrix ', we need to take the logarithm to find the 

exponential coordinates:

• If we expand Rodrigues formula:
Rot !", # = - + sin # !" + 1 − cos # !" "

Rot !", #

=
5# + !"$"(1 − 5#) !"$ !""(1 − 5#) − !"!&# !"$ !"! 1 − 5# + !""&#

!"$ !""(1 − 5#) + !"!&# 5# + !""" 1 − 5# !"" !"!(1 − 5#) − !"$&#
!"$ !"!(1 − 5#) − !""&# !"" !"!(1 − 5#) + !"$&# 5# + !"!" 1 − 5#

exp: !" # ∈ &'(3) → $ ∈ ,-(3)
log: $ ∈ ,-(3) → !" # ∈ &'(3)↳



Matrix Logarithm
• Given rotation matrix ', we need to take the logarithm to find the 

exponential coordinates:

• If we expand Rodrigues formula:
Rot !", # = - + sin # !" + 1 − cos # !" "

Rot !", #

=
5# + !"$"(1 − 5#) !"$ !""(1 − 5#) − !"!&# !"$ !"! 1 − 5# + !""&#
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Matrix Logarithm Method
• If we take the trace of the matrix, we can solve for #:
• ./ $ ≔ /!! + /"" + /## = 1 + 2 cos #

Rot !", #

=
;$ + !"!"(1 − ;$) !"!!""(1 − ;$) − !"#&$ !"!!"# 1 − ;$ + !""&$

!"!!""(1 − ;$) + !"#&$ ;$ + !""" 1 − ;$ !""!"#(1 − ;$) − !"!&$
!"!!"#(1 − ;$) − !""&$ !""!"#(1 − ;$) + !"!&$ ;$ + !"#" 1 − ;$
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I
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Matrix Logarithm Method
• If we take the trace of the matrix, we can solve for #:
• ./ $ ≔ /!! + /"" + /## = 1 + 2 cos #

• If we compute ' − '%, we get:
• /#" − /"# = 2!"! sin #
• /!# − /#! = 2!"" sin # !" = !

" %&' $ $ − $(
• /"! − /!" = 2!"# sin #



Matrix Logarithm Method
• If we take the trace of the matrix, we can solve for #:
• ./ $ ≔ /!! + /"" + /## = 1 + 2 cos #

• If we compute '% − ', we get:
• /#" − /"# = 2!"! sin #
• /!# − /#! = 2!"" sin # !" = !

" %&' $ $ − $(
• /"! − /!" = 2!"# sin #

• But what if sin # = 0? (called singularities)
• If # = 2?@, we have rotated by 360 degrees
• If # = (2? + 1)@, then Rodrigues formula is $ = A + 2 !" ", which gives: 

!") = ± *!!+!
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On to Homogeneous Transformations!
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