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Angular Velocities in Reference Frame



[%} Ry = ( %3 SRR QG"MQS/QL T (?)ZCH b ){B>

Some useful oroperties and relations / L O

/
Given any W € R3 and R € SO(3), the following holds: ‘R[ IRT = [Ra)]

psal - Al p&é o Wiy,
Now recall' ‘}Js ,,[W%JQ 5l _3[00 J %55 P

If R is Ry, we have hata)s— R, © W, = R w; :7} ,/55

RRT)R =R"TR=R'R °
) etk et J

This gives us: [w ] RRT" and [w,] = R'R [UQ}— ’ 72,;3% p

' UU@:(: (255 QAS &4’53 = Qés /jsﬁ




Introducing
Exponential Coordinates



Recall the Matrix Exponential

Ifécét) = Ax(t),x(0) = x,, where x € R™, A € R™*", the solution to the
is:

x(t) = ettx,

The matrix exponential / the exponential function can be expanded:

1 1
e4t —I+At+2A2t2+3 A3t3 +



Recall the Matrix Exponential

Ifécét) = Ax(t),x(0) = x,, where x € R™, A € R™*", the solution to the
is:

x(t) = ettx,

The matrix exponential / the expon?lntial func{ion can be expanded:
edt =]+ At + EAZt2 + §A3t3 +

Properties:

1. 2 (eAt) = Aedt = eAtA

2. IfA ppp-1 then e = pePtp~1

3. IfAB = BA, then edeB = eBed = gAtE
4. Invertible: (e“‘t)_1 = e~ 4t



Exponential Coordinate Representation

* Instead representing orientation as a rotation matrix, we introduce a three-
parameter representation: exponential coordinates

 Recall: @ rotation axis, 8 angle of rotation

* Then @8 € R3gives the exponential coordinate representation

* A new interpretation for a frame coincident with {s}:
A rotation for 1 second around @ at angular velocity 8, then the resulting frame is R
A rotation for 8 seconds around & at angular velocity 1, then the resulting frame is R



Exponential Coordinates of Rotations
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Matrix Logarithm

‘e Given rotation matrix R, we need to take the logarithm to find the
exponential coordinates:

exp: |©0]0 € so(3) — R € S0(3)
log: R € S0(3) — |@]8 € so(3)



Matrix Logarithm W= L Co + /.

= /Z// tsq F I

3
* Given rotation matrix R, we need to take the logarithmﬂto find the )
exponential coordinates: 600] -
exp: |©0]0 € so(3) — R € S0(3) ny
log: R € SO(3) — |@]0 € 7_(1 N Cf T [4NC(9 \
‘ R a
* If we expand Rodrigues formuta: g = w0y M—Q/JSE Co
Rot(®,0)Y =1+ sin 8 [@®] + (1 — cos 0)[&5]2
Rot(@, ) — R R R L
Co + CU1 T(1- Ce) W107(1 —cg) — W3S9 W1W3(1 —cg) + W75Sg
= |@,8,(1 — ) + D350 co + @5 (1 — cg) WoW3(1 —cg) — WS¢
W1W3(1 —cg) —WzSg Wrw3(1 —cp) + WySp co + @5(1 — cg)

3 it
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Matrix Logarithm Method

* |f we take the trace of the matrix, we can solve for 6:
ctr(R)==1y{ + 1y, + 133 =1+ 2cosb

=) @’.’:&4—”{;\/@“/ }

)
Rot(@, 8) - A R A L
cg +W7(1—cg)  W102(1—cg) — W3S9 W103(1 —cq) + WySp
W1W2(1 —cg) + W3Sg co + @5(1 — cg) WoW3(1 —cg) — WySg
/-@1&)\3(1 —Cp) — WySg WW3(1 —cg) + WS¢ co + @35(1 — cp)

a
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Matrix Logarithm Method

* |f we take the trace of the matrix, we can solve for 6:
tr(R) =111+ 1y, + 133 =1+ 2cosb

* If we compute R — R, we get:
®*T3p —Tp3 = 2@1 sin 8
1

__pT
ZsinG(R R)

* T3 — 7131 = 2@2 sin @ [&)\] =

*Th1 — T = 2@3 sin @



Matrix Logarithm Method
.

* |f we take the trace of the matrix, we can solve for 6:

* tr(R) =111 + 1y + 733 =1+2cos6
* If we compute RT — R, we get:
®*T3p —Tp3 = 2@1 sin 6

(R—R")

P " P 1
® 1o — Ta21 = 20> SIiN O w| =—
13 31 2 0] 2 Sin 0

*Th1 — T = 2@3 sin 6
/> 0 g ° KT

e But what if sin 8 = 0? (called singularities)

\25 e If 0 = ZQkﬂ, we have rotated by 360 degrees
* If @ = (2k + 1)m, then Rodrigues formula is R = I + 2[®]?%,/which gives:

4‘0\.0 —2

nd Zé)\l@] = rij fori -'/:j ]7







On to Homogeneous Transtformations!
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