
Quick Recap of Past Lectures
We can define rotation matrices with a matrix exponential: ! = # !" #

Where # !" # is computed with Rogrigues’s Formula
$%& are referred to as exponential coordinates

For rotations, the only velocities are angular.
For transformations (rotations + translations), we need angular and linear (spatial) velocities!
Twists are the concatenation of % and '

Screw motions give us a generalized concept for defining any motion with a 
direction and a “screw”.
From the information in a twist, we can compute all the components for a 
screw motion.
Can we connect screws with exponential coordinates to give us a general 
equation for (?
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Screw axis



Exponential Coordinates for Rigid Body 
Motions
• Recall for rotation matrices: ! = # !" #

• What are exponential coordinates for $?
%& ∈ ℝ$, where % is the screw axis and & is the distance about 
% to take frame from ) to $

$ = # % # = ) + % & + % & #!
&! +⋯

= # !" # , & -
0 1

, & = )& + 0 &&
2! + ⋯ = )& + 1 − cos & 0 + & − sin & 0 &



Logarithm of rigid body motions

Given ! ", $ ∈ &' 3 , find ) = + , ! and - such that:

. " # = " $
0 1 → ) - = + - ,-

0 0

Define the logarithm of T
1. If " = 2, then + = 0 and , = $

$ and - = $
2. Find +, - using matrix logarithm of " (see earlier slide!)

Then, , = 3%& -̇ $, where 3%& -̇ = &
# 2 −

&
' + + &

# −
&
' cot

#
' + '

Now we can go back and forth between exponential coordinates and 
transformations!



Example of Screw Motion for Transformations



On to Forward Kinematics!



What is Forward Kinematics?

• Kinematics: a branch of classical mechanics that describes motion of 
bodies without considering forces. AKA “the geometry of motion”
• Forward kinematics: a specific problem in robotics. Given the 

individual state of each joint of the robot (in a local frame), what is 
the position of a given point on the robot in the global frame?



Where is forward kinematics used?



Forward Kinematics of a Simple Chain

Simple Geometry!
9 = :( cos &( + :& cos &( + && + :) cos &( + && + &)
; = :( sin &( + :& sin &( + && + :) sin &( + && + &)
< = &( + && + &)

Can we use transformations instead?
!!" = !!#!#$!$%!%"
!&' = !&#!#$⋯!()#,($



Assumptions

• Our robot is a kinematic chain, made of rigid links and movable joints
• No branches or loops 
• All joints have one degree of freedom and are revolute or prismatic



Review of Screw Motions

We derived a representation for the 
screw axis:

% = 0
- ∈ ℝ$

where either
• 0 = 1
• where ! = −$×& + ℎ$, where & is 

the point on the axis of the screw 
and ℎ is the pitch of the screw

• 0 = 0 and - = 1



Screw Motions as Matrix Exponential
The screw axis %* can be expressed in matrix form as:

%* = 0* -
0 0 ∈ =# 3

To express a screw motion given a screw axis, we use the matrix exponential:
! ) : ∈ #$ 3



Modeling Robot Joints as Screw Motions

Case 1: Revolute Joint
• % = 1
• ' = −%×* + ℎω
• ' = −%×*



Modeling Robot Joints as Screw Motions

Case 2: Prismatic Joint
• % = 0
• ' = 1
• Axis of movement defines '



Product of Exponentials Approach
Let each joint ? have a configuration 
defined by &*
Initialization steps:
• Choose a fixed frame =
• Choose an end-effector (tool) frame 

attached to the robot @
• Put all joints in zero position
• Let A ∈ BC 3 be the configuration 

of @ in the = frame when the 
robot is in the zero position 



Product of Exponentials Approach

• Given zero position A
• For each joint ?, define the screw axis
• For each motion of a joint, define the screw motion
• These operations compose nicely through multiplication, giving us the 

Product of Exponentials (PoE) formula!

! / = 0 +( ,(0 +) ,)⋯0 +*+( ,*+(0 +* ,*$



Visualizing the Product of Exponentials



Example 1



Example 1: PoE

Compute # %" #" for each joint:

# %" #" = # "" #" )&* + 1 − cos &* 0* + &* − sin &* 0* & -*
0 1

and compose with A:

$ & = # %# ### %! #!# %$ #$A



Example 2



Example 3 – How to read this diagram



Example 3



PoE in the End-Effector Frame

• Recall some identities:
.,!"-, = ;%&.-;à .-; = ;.,!"-,

• Applying this to PoE:
! - = . "" #"⋯. "# ##;
! - = . "" #"⋯;.,!" "# ,##

! - = . "" #"⋯;.,!" "#!" ,##!".,!" "# ,##

! - = ;.,!" "" ,#"⋯.,!" "#!" ,##!".,!" "# ,##
• What is ;%& ). ; (or =>,!" ).)?

• Screw axis in the body frame: ℬ$
• Body form of PoE:

! - = ;. ℬ" #"⋯. ℬ#!" ##!". ℬ# ##



Summary

• Used transformations to define spatial velocities as the body and 
spatial twist
• Introduced screw motions and the screw interpretation of a twist
• The screw axis D was defined and used to define the exponential 

coordinates of homogeneous transformations
• Learned the basics of forward kinematics, which gives us a model for 

computing position and orientation of the end-effector
• Uses the product of exponentials formula to define this 

transformation as composed matrix multiplications 


