ECE 470, Spring 2023 Exam 1 Equation Sheet

Grubler’s Formula

Dof =m(N —J 1)+ f;

N: number of links
J: number of joints
m: Dof of rigid body, if planner m=3, if spatial m=6

fi: number of freedom from joint i

2D Rotation matrix '
R(O) = [COSG —sm&]

sinf  cosf
3D Rotation matrix -~

1 0 0
R,(0) = |0 cosf —sinf
|0 sinf cosf |

[ cosf® 0 sinf]
Ry)=| 0 1 0

|—sinf 0 cosf |
[cos® —sind O]
R.(#) = |sinf cosf O

L O 0 1]
3 x 3 skew-symmetric matrix representation
0 —XI3 €T
[z] = | =3 0 —x
—XT2 T 0

Angular velocity in the fixed frame and body frame
[ws] = RRT
lwy] = RTR
Rotation matrix in exponential coordinate representation
R(@,0) = el®? = I + sinfl0] + (1 — cosh) @)

Matrix Logarithm Method
tr(R) =ri1 + roo + 133 = 1 + 2cosf

@] = 2331@0 (RT - B




The inverse of the transformation matrix

_|R p 1 RT —RTp
=[5 1 -]

Twist

Twist in fixed and body frame
W =TT [V =TT"!

Vs = [Adr|V, [Adr] = [[p]RR ]g]

Screw
screw axis: S = {q,§,h}, velocity: 6

Screw to twist

Twist to screw

T
b= =0, b=, h=-—
]l [l
if w#0, q:s%v
0
Screw axis
lwl|=1: v=-wxq+ hw
[lv]] =1, w=0": translate along v

Exponential Coordinates for Rigid Body Motions(S — T)

W G
_ s1e _ |€ (0)v
T=e [O 1 ]

G(0) = I8 + (1 — cosh)[w] + (6 — sinb)[w]?
Logarithm of rigid body motions(T — S)
tr(R) =r11 + 122 + r33 = 1 + 2cosf

@l = 233710 (- RT)




Forward Kinematics

Screw in fixed frame: T'(6) = elS1101¢l%210% ... ¢[Sulon pp

Screw in body frame: T'(#) = MelBil01elB2102 ... o[BnlOn

Velocity Kinematics
Space Jacobian

61
. 02
Vs - J5<9)0 - [Js,l Js,2 T Js,n]
O
Js1 =81 Jso2=Ads6,(S2) 0 Jsn = Ad s, 15, 11601 (Sn)
Body Jacobian
6,
) B2
Vo =Ju(0)0 = [Jo1 Jop -+ Jonl | .
O

Jb,n = Bn Jb,nfl = Ade—[Bn]@n (Bn—l)

Relationship between Space and Body Jacobian

Jb,l = Ade*[sn]gn“.e_[82w2 (Bl)

Vil =TTy Vel =T5'Tw
V, = Adr, (V) V= Adg, (Vs)
Js(0) = Adr,, (Jp(0)) = [Adr,, | Jp(0)
Jo(0) = Adr,, (Js5(0)) = [Adr,,]Js(0)

Cross Product




