
ECE 470, Spring 2023 Exam 1 Equation Sheet

Grubler’s Formula

Dof = m(N − J − 1) +
∑
i

fi

N: number of links

J: number of joints

m: Dof of rigid body, if planner m=3, if spatial m=6

fi: number of freedom from joint i

2D Rotation matrix

R(θ) =

[
cos θ − sin θ
sin θ cos θ

]
3D Rotation matrix

Rx(θ) =

1 0 0
0 cos θ − sin θ
0 sin θ cos θ


Ry(θ) =

 cos θ 0 sin θ
0 1 0

− sin θ 0 cos θ


Rz(θ) =

cos θ − sin θ 0
sin θ cos θ 0
0 0 1


3× 3 skew-symmetric matrix representation

[x] =

 0 −x3 x2
x3 0 −x1
−x2 x1 0


Angular velocity in the fixed frame and body frame

[ωs] = ṘRT

[ωb] = RT Ṙ

Rotation matrix in exponential coordinate representation

R(ω̂, θ) = e[ω̂]θ = I + sinθ[ω̂] + (1− cosθ)[ω̂]2

Matrix Logarithm Method
tr(R) = r11 + r22 + r33 = 1 + 2cosθ

[ω̂] =
1

2sinθ
(RT −R)



The inverse of the transformation matrix

T =

[
R p
0 1

]
T−1 =

[
RT −RT p
0 1

]
Twist

V =

[
ω
v

]
[V] =

[
[ω] v
0 0

]
Twist in fixed and body frame

[Vb] = T−1Ṫ [Vs] = Ṫ T−1

Vs = [AdT ]Vb [AdT ] =

[
R 0

[p]R R

]
Screw

screw axis: S = {q, ŝ, h}, velocity: θ̇

Screw to twist

V =

[
ω
v

]
=

[
ŝθ̇

hŝθ̇ − ŝθ̇ × q

]
Twist to screw

ŝ =
ω

||ω||
= ω̂, θ̇ = ||ω||, h =

ωT v

||ω||2

if ω ̸= 0, q =
ŝ× v

θ̇

Screw axis

||ω|| = 1 : v = −ω × q + hω

||v|| = 1 , ω = 0 : translate along v

Exponential Coordinates for Rigid Body Motions(S → T)

T = e[S]θ =

[
e[ω]θ G(θ)v
0 1

]
G(θ) = Iθ + (1− cosθ)[w] + (θ − sinθ)[w]2

Logarithm of rigid body motions(T → S)

tr(R) = r11 + r22 + r33 = 1 + 2cosθ

[ω̂] =
1

2sinθ
(R−RT )

v = G−1(θ)p G−1(θ) =
1

θ
I − 1

2
[w] + (

1

θ
− 1

2
cot(

θ

2
))[w]2
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Forward Kinematics

Screw in fixed frame: T (θ) = e[S1]θ1e[S2]θ2 · · · e[Sn]θnM

Screw in body frame: T (θ) = Me[B1]θ1e[B2]θ2 · · · e[Bn]θn

Velocity Kinematics
Space Jacobian

Vs = Js(θ)θ̇ = [Js,1 Js,2 · · · Js,n]


θ̇1
θ̇2
...

θ̇n


Js,1 = S1 Js,2 = Ade[S1]θ1 (S2) · · · Js,n = Ad

e[S1]θ1 ···e[Sn−1]θn−1 (Sn)

Body Jacobian

Vb = Jb(θ)θ̇ = [Jb,1 Jb,2 · · · Jb,n]


θ̇1
θ̇2
...

θ̇n


Jb,n = Bn Jb,n−1 = Ade−[Bn]θn (Bn−1) · · · Jb,1 = Ade−[Bn]θn ···e−[B2]θ2 (B1)

Relationship between Space and Body Jacobian

[Vs] = ˙TsbT
−1
sb [Vb] = T−1

sb
˙Tsb

Vs = AdTsb
(Vb) Vb = AdTbs

(Vs)

Js(θ) = AdTsb
(Jb(θ)) = [AdTsb

]Jb(θ)

Jb(θ) = AdTbs
(Js(θ)) = [AdTbs

]Js(θ)

Cross Product

−→a ×
−→
b =

∣∣∣∣∣∣
i j k
ax ay az
bx by bz

∣∣∣∣∣∣ = i

∣∣∣∣ay az
by bz

∣∣∣∣− j

∣∣∣∣ax az
bx bz

∣∣∣∣+ k

∣∣∣∣ax ay
bx by

∣∣∣∣
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