
ECE 470 MIDTERM #2 Info Fall 2021

Please read the following information carefully and start preparing for the exam.

Time and place. The first exam will be held on Tuesday, December 07, during class time (12:30–13:50).
The exam will be on Gradescope. You will have to be logged in on the class Zoom channel with your camera
set-up to show your workspace. There is no conflict exam offered at any other time.

Topics covered. The exam will cover everything seen during the course, but there will be an emphasis on
what has not been covered in midterm #1. The main reference is the textbook. Material from the textbook
not mentioned in the slides can be skipped. Here is a list of topics:

• Configuration space and degrees of freedom: When are constraints independent, when are they
holonomic, when are they non-holonomic. Grübler formula.

• Rigid body motion: rotation matrices and homogeneous transformation matrices. How to change
coordinates. How to rotate and translate a frame.

• Exponential coordinates for rotations and for homogeneous transformations: Be able to compute a
twist and the exponential of a twist. Rodrigues formula.

• Forward kinematics: the product of exponential formalism and the Denavit-Hartenberg formalism.

• Changing frames to represent end-effector position, wrenches and twists. The Ad operator.

• Velocity kinematics: mapping joint angle velocities to end-effector velocities. The Jacobian in space
and reference frame. Be able to compute a Jacobian. Singular configurations: when the Jacobian is
not full rank.

• Analytic Inverse kinematics: analytic approach works when we can separate position and orientation
for a mechanism. Be able to identify when it is the case.

• Numerical inverse kinematics: the Newton algorithm adapted to functions valued in 𝑆𝐸 (3). Be able
to write one iteration of the algorithm. Understand the general idea of Newton-Raphson (linear
approximation of a function)

• Kinematics of closed chains: write algebraic equations along a loop in the mechanism (from ground
to ground).

• Dynamics: Kinetic and potential energy. Generalized coordinates and generalized forces. Lagrangians.
Deriving the equations of motion using the Lagrange principle.

• Trajectory generation. Difference between a path and a trajectory. Parametrizations of paths to obtain
trajectories.

• Robot control: velocity and torque control. Linearization, PID controller. Settling time.

• Motion planning: Collision detection. Understand the properties of different planners. Sampling and
graph-based planning.



What to bring. The exam is open-book. You should use a self-prepared sheet of notes. A calculator will
not be necessary or helpful, but you can use a simple, non-graphic calculator. Use of phone, Internet or any
communication device is not allowed.

Tips for preparing. The primary goal of the exam is to test your understanding of the main concepts,
not memorization or computational skills. Make sure to follow up on all lecture material, readings, and
homework problems and solutions.
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Sample questions

1. Let 𝑠 be a given inertial coordinate system. Consider a rigid object in 3𝐷, of mass 𝑚. We denote by 𝑏

the frame attached to the object (body frame), with origin at the center of mass of the object. Its rotational
inertia is I𝑏 in 𝑏 frame and I𝑠 in 𝑠 frame. Answer the following question precisely.

1. Two external forces, 𝑓1 ∈ R3 and 𝑓2 in R3 are applied to the object at positions 𝑟1 and 𝑟2 respectively
(𝑟𝑖, 𝑓𝑖, 𝑖 = 1, 2, expressed in body frame are constant). What is the total wrench in body-frame applied
on the object. What is the total wrench in space-frame given that you know 𝑇𝑠𝑏?

2. You are given the solution V𝑠 (𝑡) of the differential equation. Using it, write down a differential
equation describing the position 𝑇𝑠𝑏 of the object in 𝑠.

3. Given that a computer solves the previous equation and provides you with 𝑇𝑠𝑏 (𝑡) and that you know
the relative position of frame 𝑠′ in 𝑠 (i.e. 𝑇𝑠𝑠′), how would you derive 𝑇𝑠′𝑏 (𝑡)?

4. You are given a Lagrangian
𝐿 (\1, \2, ¤\1, ¤\2) = \2 ¤\2

1 + \1 ¤\2
2

with variables \1 and \2; there are no external forces. Write down the corresponding equations of
motion. Are there any Coriolis and centripetal forces? (answer yes or no for both, and justify you
answer).
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2. After some modeling, you obtain that the dynamic equation of a link with joint angle \ is given by

¥\ + 𝑘 sin \ = 𝜏,

for a known constant 𝑘 and an external torque 𝜏 that we can design. You are tasked to design a torque
controller for this system.

1. What is the linearized system around \ = 0? (write down the linearized differential equation)

2. Can the previous system (the linearized one) be stablized around \𝑑 = 0 using a P controller? If you
answer yes, provide such a controller, if you answer no, say why no such controller exist.
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3. Consider the following RPR mechanism, with an inertial frame 𝑠 and body frame 𝑏. The first joint is
revolute, the second joint is prismatic, and the length of the arm is 𝐿2 when \2 = 0, and the third joint is
revolute as well. Note that the axes of the body frame 𝑏 are not the same as the ones of 𝑠, and note that the
base of the mechanism is not at the zero of 𝑠, but at the position (0, 𝐿0, 0).

1. What is the forward kinematics map of the mechanism in space-frame: 𝑇𝑠𝑏 (\)? You do not need
to calculate matrix exponentials that may appear, but describe clearly the exponents in the matrix
exponentials [as required in the previous exams]. Please fill in the table below as part of your answer:
Frame 𝑖 𝜔𝑖 𝑞𝑖 𝑣𝑖

1

2

3

2. What is the space Jacobian of this mechanism. Circle your final answer for each column of the
Jacobian you obtain [Hint: for 𝐽3, make sure to find the correct 𝑞!].

3. Assume that the joints are at \1 = \2 = \3 = 0 at time 0, and that only the second joint starts moving
at a rate ¤\2 = 1. What is the corresponding velocity of the end-effector frame?

4. Let 𝜏1, 𝜏2 and 𝜏3 be the torques applied at joints 1, 2 and 3 respectively. Assume that a wrench
F𝑠 =

[
1, 0, 0, 1, 1, 0

]⊤ is applied at the end-effector. What torques should be applied at the joints to
counteract this wrench when \1 = \3 = 0, \2 = 1?
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4. Consider the 6xRPR spatial mechanism depicted above. The prismatic joints are actuated, and the revolute
joints are passive. Define 𝑎𝑖 ∈ R3 to be the vector from the fixed-frame origin to joint 𝐴𝑖, 𝑖 = 1, 2, . . . , 6
expressed in space frame coordinates. Define 𝑏𝑖 ∈ R3 to be the vector from the moving platform frame
origin 𝑃 to joint 𝐵𝑖, 𝑖 = 1, 2, . . . , 6, expressed in moving platform frame.
What is the inverse kinematics map of this mechanism? (i.e. relate the position and orientation of the
platform to the link lengths.) Circle your final answer.
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5. Answer the following questions precisely.

1. Let 𝑧 ∈ R𝑚 be given let 𝐽 ∈ R𝑚×𝑛 with 𝑛 > 𝑚 be of full row rank. How many solutions 𝑦 ∈ R𝑛 to
the equation 𝐽𝑦 = 𝑧 are there? Using the pseudo-inverse, can you exhibit a solution and describe its
property.

2. Let 𝑋0 and 𝑋1 be two configurations in 𝑆𝐸 (3). Give a continuous path 𝑋 (𝑠) joining 𝑋0 to 𝑋1, i.e.
𝑋 (𝑠) ∈ 𝑆𝐸 (3) for 𝑠 ∈ [0, 1], 𝑋 (0) = 𝑋0 and 𝑋 (1) = 𝑋1.
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