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Time-scaling of straight-line paths
Time scaling ensures that the motion is smooth and constraints are met



Polynomial Time-Scaling (1)



Polynomial Time-Scaling (2)



Summary
• Defined paths, time-scaling, and trajectories
• Looked at how to find straight-line paths in various spaces
• We choose a parametrization 𝒔(𝒕), and computed the resulting 

velocity and acceleration profiles of the trajectory
• Using a third-order polynomial, we tuned their maximal values to meet 

requirements with one parameter 𝑇
• We can follow the same procedure with different parametrizations for 
𝑠(𝑡) (e.g., polynomials of order 5, trapezoidal functions, splines, etc.)
• Having more parameters allows us to meet more constraints. For example, 

using a fifth order polynomial, we can ensure that �̈� 0 = �̈� 𝑇 = 0, meaning 
no jerk at beginning and end of the motion



Overview of Motion Planning

• Motion planning is the problem of finding a robot motion from start 
state to a goal state that avoids obstacles in the environment
• Recall the configuration space or C-space: every point in the C-space 
𝒞 ⊂ ℝ! corresponds to a unique configuration 𝑞 of the robot
• E.g., configuration of a robot arm is 𝑞 = (𝜃!, 𝜃", … , 𝜃#)

• The free C-space 𝒞"#$$ consists of the configurations where the robot 
neither collides with obstacles nor violates constraints



Equations of Motion for Motion Planning



Motion Planning

Given an initial state 𝑥 0 = 𝑥!"#$" and a desired final state 
𝑥%&#', find a time 𝑇 and a set of controls 𝑢: 0, 𝑇 → 𝒰 such 
that the motion satisfies 𝑥 𝑇 = 𝑥%&#' and 𝑞 𝑥 𝑡 ∈ 𝒞()**
for all 𝑡 ∈ 0, 𝑇
Assumptions:
1. A feedback controller can ensure that the planned motion is 

followed closely 
2. An accurate model of the robot and environment will evaluate 

𝒞"#$$ during motion planning



Types of Motion Planning Problems

• Path planning versus motion planning
• Trajectory generation versus these lectures

• Control inputs: 𝒎 = 𝒏 versus 𝒎 < 𝒏
• Holonomic versus nonholonomic

• Online versus offline
• How reactive does your planner need to be?

• Optimal versus satisficing
• Minimum cost or just reach goal?

• Exact versus approximate
• What is sufficiently close to goal?

• With or without obstacles
• How challenging is the problem?



Properties of Motion Planners

• Multiple-query versus single-query planning
• “Anytime” planning

• Continues to look for better solutions after first solution is found
• Computational complexity

• Characterization of the amount of time a planner takes to run or the amount of 
memory it requires

• Completeness
• A planner is complete if it is guaranteed to find a solution in finite time if one exists, 

and report failure if no feasible plan exists
• A planner is resolution complete if it is guaranteed to find a solution, if one exists, at 

the resolution of a discretized representation
• A planner is probabilistically complete if the probability of finding a solution, if one 

exists, tends to 1 as planning time goes to infinity



Motion Planning Methods
• Complete methods: exact representations of the geometry of the 

problem and space
• Grid methods: discretize 𝒞"#$$ and search the grid from 𝑞%&'(& to goal
• Sampling Methods: randomly sample from the C-space, evaluate if 

the sample is in 𝒳"#$$, and add new sample to previous samples
• Virtual potential fields: create forces on the robot that pull it toward 

goal and away from obstacles
• Nonlinear optimization: minimize some cost subject to constraints on 

the controls, obstacles, and goal
• Smoothing: given some guess or motion planning output, improve 

the smoothness while avoiding collisions



Configuration Space Obstacles

• We want to partition our C-space into parts:

• If obstacles break 𝐶"#$$ into separate components and 𝑞) and 𝑞* are not 
in the same connected components, then there is no collision free path



Configuration Space: Circular Mobile Bot



Configuration Space: bot that translates + rotates



Configuration Space: bot that translates + rotates



Configuration Space: 2R Planar Arm



Collision Detection



Spherical Approximations

• One simple method is to 
approximate the robot 
and obstacles as unions 
of overlapping spheres
• Approximations must be 

conservative



Distance Measures

Given a robot at 𝑞 represented by 𝑘 spheres of radius 𝑅+ centered at 
𝑟+ 𝑞 , and an obstacle ℬ represented by 𝑙 spheres of radius 𝐵, centered 
at 𝑏, , the distance can be calculated as:



Summary

• Defined and discussed concepts relating to motion planning
• Discussed configuration space components 𝓒𝐟𝐫𝐞𝐞 and 𝓒𝒐𝒃𝒔
• Gave example distance measurement approaches to check 

collision detection
• Next time: Learn about graphs, searching, and RRT


