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ABSTRACT 

In this thesis, we present current-phase relation (CPR) study of S-TI-S lateral Josephson 

junction (TIJJ). In a magnetic field, localized Majorana bound states (MBS) are predicted to exist 

at the core of Josephson vortices. One of the key characteristics of such MBS in TIJJ system is 

that they possess a  periodic CPR, instead of conventional  sinusoidal CPR. Our 

measurements of the critical current vs magnetic field modulation patterns have shown even-odd 

node- -periodic 

component in the Josephson CPR. This has motivated a model for the nucleation and 

manipulation of these MBS.   

We present a comprehensive study of a series of experiments designed to test in detail 

specific features of this model: (1) testing whether there is an even-odd pattern of node-lifting, 

(2) identifying irregular changes in the diffraction pattern that could indicate the abrupt entry of 

Majorana pairs, (3) searching for non-sinusoidal components in direct measurements of the CPR 

using an asymmetric SQUID technique.  
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Chapter 1 Motivation 

1.1 Introduction to Majorana Fermions 

In 1928, Paul Dirac introduced the relativistic correction to the Schrodinger's equation for 

spin ½ massive particles. The solution to Dirac’s equation was in complex form containing both 

real and imaginary parts, and it implied the existence of antimatter [1]. Soon after that, the positron 

was experimentally discovered in a cloud chamber experiment with cosmic rays, and it was later 

confirmed to be the antiparticle of the electrons [2]. Ettore Majorana later discovered that with a 

simple modification to Dirac’s equations, there can be solutions to Dirac’s equation composed of 

only a real part, which indicate that there exist spin ½ particles could be their own antiparticles [3]. 

This hypothetical particle was later referred to as the Majorana Fermion (MF) in the field of high 

energy physics, and the neutrino was often mentioned to be the most promising candidate for a 

Majorana Fermion. Looking for MF is not only important for fundamental science purposes, but 

MF is also a very promising candidate for building a fault-tolerant topological quantum computer 

due to its non-Abelian statistics properties in the field of condensed matter physics [4,5].   

In condensed matter physics, MFs are emergent quasiparticle excitations, and they are not 

elementary particles as they were referred to in high energy physics. Strictly speaking a MF, 

different from a Dirac fermion, is a type of non-Abelian anyons, occurring only in 2D systems. 

Any Dirac fermion can be mathematically written as a combination of two MFs, splitting the 

fermion state into a real and an imaginary part. Particle-hole symmetry comes naturally with 

superconductivity, and we can express 𝛾  as the quasi-particle excitation creation operator from 

the Bogouliubov-de Gennes (BdG) equation [6],  
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𝛾𝑘 = 𝑢𝑘𝑐+ + 𝑣𝑘𝑐                                                      (1) 

where 𝑢𝑘 , 𝑣𝑘 are the probability amplitudes for creating and annihilating a fermionic quasi-

particle. 𝑢𝑘 , 𝑣𝑘 satisfies 𝑢𝑘
2 + 𝑣𝑘

2 = 1. From particle-hole symmetry, we have  

𝛾𝑘(−𝐸) = 𝛾𝑘
+(𝐸)                                                       (2) 

 

Figure 1.1: A schematic picture of quasi-particle excitation state above and below the           

zero-energy level [7]  

As it is shown in Figure 1.1, when E=0, right at the zero-energy level, we would have the non-

degenerate zero energy mode, which is called the Majorana zero-energy mode. Majorana makes 

the postulation of the following equation:  

                                                                𝛾𝑘(0) = 𝛾𝑘
+(0)                                                          (3) 

This is true only if 𝑢𝑘 = 𝑣𝑘, which indicates that the total expectation value for the charge of 

𝛾𝑘 will be zero. If we have two Majorana fermions and they collide into each other, which is often 

referred to as the fusion operation, the final parity state will be forced to pick a value of either 0 or 

1. This is the reason why Majorana fermions are considered charge neutral quasi-particle 

excitations, but two Majorana fermions can turn into one electron through a fusion operation. With 

a unitary transformation, we can set 𝑢𝑘 = 𝑣𝑘 =
1

√2
, and rewrite equation 1 into:                      
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                         𝑐 =
𝛾1+𝑖𝛾2

√2
 𝑎𝑛𝑑 𝑐+ =

𝛾1−𝑖𝛾2

√2
    .                                                    (4) 

Then a MF is its own anti-particle at zero energy as defined by the following: 

 𝛾1 =
𝑐+𝑐+

√2
= 𝛾1

∗                    (5)                                                     

Thus, we can define the Fermionic number operator as follows [8]: 

𝑛𝑖𝑗 = 𝑐+𝑐 = (1 − 𝑖𝛾1𝛾2)  𝑤𝑖𝑡ℎ 𝑛𝑖𝑗 = 0, 𝑜𝑟 1             (6) 

The value of 𝑛𝑖𝑗 characterisze the two parity states of the Majorana fermion. When two 

Majorana fermions fuse together, we can yield a fermionic quasi-particle electron with parity 𝑛𝑖𝑗. 

It is such parity states can be used to encode information and used for building a topological 

quantum computer. 

1.2 Majorana Fermions and Topological Quantum Computing 

Short coherence time and error correction have been the two major roadblocks stopping 

conventional superconducting qubits from scaling up. The bit-flip or dephasing error created by 

the Pauli matrices can only happen if there is interaction with external environment, such as 

through tunnel coupling and Coulomb coupling [9]. If two MFs are two spatially localized ground 

states having a non-negligible hopping probability amplitude, it would be difficult to address them 

individually. However, for quantum computation, a MF is usually referred as an unpaired MF, 

which arises from two MFs which are spatially separated to prevent overlap in their wavefunctions. 

Such highly delocalized fermionic states are protected from most kinds of decoherence, since local 

perturbations can only affect one MF. Therefore, low-decoherence quantum computation can be 
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realized by physically manipulating MFs, due to their non-Abelian statistics. This makes 

topological quantum computation more appealing than conventional quantum computation. For 

this reason, potential application in topological quantum computation, that looking for MF has 

attracted much attention in the field of condensed matter physics.  

Read and Green pointed out that half quantum vortices (HQVs) in quasi-2D p-wave 

superfluid will have unpaired Majorana zero-energy states bounded at vortex cores [10]. HQVs 

were first proposed to exist in A-phase of superfluid 3He [11]. However, it is not very practical to 

make solid 2D thin films out of 3He experimentally. On the other hand, the existence of HQVs in 

Sr2RuO4 has been only recently confirmed by Budakian [12]  through observing the half-height 

magnetization steps between fluxoid states. The non-Abelian statistics of HQVs in Sr2RuO4 had 

not been evaluated in the experiment. To test the non-Abelian statistics, one needs to perform a 

braiding operation on the vortices, and read out the parity before and after the braiding operation. 

However, Sr2RuO4 is a very fragile material and its superconducting transition temperature is 

highly susceptible to impurities and crystallographic disorder in the material, making it a very 

difficult material to work with [13]. 

However, this didn’t become the primary obstacle in searching for MFs, as theorists have 

come up with other systems that can be used to simulate a spinless p-wave superconductor. These 

alternative systems are much more feasible to be implemented experimentally, yet the underlying 

Majorana physics are equivalent. For instance, Sau et al. have proposed a hybrid system of a 

conventional s-wave superconductor and a 1D semiconducting nanowire with strong Rashba spin-

orbit coupling, such as InAs or InSb [14].  
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Several groups have reported that they have observed the elusive Majorana fermions in a 

nanowire system. The Kouwenhoven group observed a zero-bias-conductance peak (ZBCP) via 

planar tunneling spectroscopy in nanowire InSb [15].  This result was later confirmed and repeated 

by the Marcus group with a much stronger ZBCP and larger proximitzed superconducting gap 

[16]. The Van Harlingen group reported similar results in InAs nanowires [17], where they 

measured the change of ZBCP as a result due to hybridization of the two MFs sitting at the two 

ends of the wire. The ZBCP splits and reforms because of the fusing two MFs to pick one of the 

two parity states. However, it is well known that such ZBCP behavior can arise from many 

different origins, such as the Kondo effect. Whether the observation of such a ZBCP leads to the 

discovery of MFs remains debatable in the field of condensed matter physics. The non-abelian 

statistics of Majorana fermions were not tested in all these experiments. 

1.3 Motivation 

Another pioneering proposal was proposed by Kane and Fu [18], which involves a hybrid 

Josephson junction system composed of conventional s-wave superconductor contacting onto the 

surface of a 3D topological insulator. The topological surface states will be proximitized by the 

two s-wave superconducting leads on the two sides, which would behave effectively as a p-wave 

superconductor. In this thesis, we will mainly focus on the Kane and Fu model, and we will 

report our findings on a 3D topological insulator and s-wave superconductor hybrid Josephson 

junction system. According to theorist A. Kitaev [19], a signature characteristic of MF in a 

topological insulator Josephson junction (TIJJ) is that its CPR would be 4𝜋 periodic containing a 

sin (
𝜙

2
) fractional term, rather than the conventional 2𝜋 periodic CPR, which is composed of 

sin (𝜙) and other possible higher harmonics.  The exact physics of how MF is related to the 4π 
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periodic Josephson effect will be discussed in the introduction to topological insulator section in 

Chapter 2. Furthermore, a topological insulator is an exotic material that is classified by its 

topological order instead of the conventional Landau symmetry breaking classification standard. 

Thus, it is also very important to study the CPR of a Josephson junction made on such an exotic 

material.  

 The main effort of this thesis is trying to look for a sin (
𝜙

2
) term, or the 4π periodic 

Josephson effect, in Nb-Bi2Se3-Nb Josephson junction systems.  Toward this goal, we have 

conducted the following two experiments to investigate the existence of a sin (
𝜙

2
) component:  

• Single junction diffraction measurements in perpendicular applied field to study the shape of 

the diffraction patterns at the even and odd nodes. We expect the odd nodes to be lifted due to 

the sin (
𝜙

2
) term, and the even nodes would pin to zero due to interference effects. We observed 

the even-odd effect of the lifted nodes due to a combination of 2π and 4π periodic Josephson 

current. 

• Direct CPR measurements using an asymmetric SQUID technique. Here, we have observed 

skewness in the CPR data for our junctions, which could be attributed to high transparency 

surface states. We also observed the skewness vanish as we increase the sample temperature, 

which could be explained by scattering effect between thermal electrons and spin-momentum 

locked surface state electrons.   
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1.4 Thesis Outline 

In the first Chapter, we will talk about the motivation of this thesis project, which is to look 

for the existence of MFs in the field of condensed matter physics. In the next Chapter, we will 

introduce background knowledge about superconductivity, Josephson effect, and the concept of 

topological insulators. This foundation of knowledge is necessary to understand the importance of 

Josephson interferometry in studying CPR of TIJJ. In chapter 3, we will talk about experimental 

instrumentation and device fabrication techniques needed to make these topological insulator 

Josephson junction devices with Bi2Se3 MBE grown thin films, as well as measurement methods. 

The following 2 chapters will be the results section of each individual project. Each project has 

the same goal, which is to look for the sin (
𝜙

2
)  component in the TIJJ. In Chapter 4, we will talk 

about our search for sin (
𝜙

2
) via measurement of even-odd node-lifting effects in the single JJ 

Fraunhofer diffraction pattern. In chapter 5, we will talk about how to use the asymmetric SQUID 

technique to directly measure the CPR of TIJJ using an electrical transport measurement. In 

chapter 6, the conclusion section, we will summarize our findings looking for the 4π periodic 

Josephson effect in a TIJJ system.  
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Chapter 2. Theory of Josephson junctions and topological insulators 

In this chapter, we will give the theoretical background knowledge needed to understand 

TIJJ. The concept of superconductivity, Josephson junctions, and topological insulators are 

discussed first.  Then, the physics of topological insulators and Josephson junction are combined. 

Lastly, I will describe how MF is related to the 4π periodic Josephson effect in TIJJ. 

2.1   Introduction to Superconductivity 

 Superconductivity has been one of the most studied subjects in the field of condensed 

matter physics since it was first discovered in mercury by Dutch physicist Heike Kamerlingh 

Onnes in 1911, when he found that the electrical resistance of mercury (Hg) vanished to zero 

abruptly around 4K [20].  Superconductivity is a quantum mechanical phenomenon where the 

electrical resistance of a system becomes exactly zero below a critical temperature Tc and it 

becomes a perfect diamagnetic excluding all external magnetic fields. 

 

Figure 2.1: Resistance vs Temperature electrical transport data of mercury  
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Superconductivity appears when Cooper pairs condense into a single many-body ground 

state, and an energy gap Eg = 2∆(T) opens up between the superconducting ground state and the 

lowest quasi-particle excitation below Tc. Here ∆(T) is the order parameter that describes the 

superconducting phase transition. It has units of energy, and it is approximately equal to 

∆(T)~2kBTc, where kB is Boltzmann constant and Tc is the superconducting transition temperature. 

A Cooper pair is a composite boson composed of two spin one-half electrons with equal but 

opposite momentum and spin. Even though electrons repel each other, in a superconductor there 

is a net attractive potential that arises due to a combination of electron screening and lattice 

vibration. As a conduction electron near the fermi level travels through the rigid lattice of a 

conductor, it draws the nearby positive ions toward it, which increases the positive charge density 

in the vicinity and attracts another electron passing in the opposite direction. Here is a schematic 

picture showing higher local positive charge density give rise to an effective attractive potential 

between two electrons. 

 

Figure 2.2: A schematic picture for conventional BCS pairing mechanism Cooper pair in a 

crystal lattice  

This effective attractive interaction between two electrons dominates over the screened 

Coulomb repulsive interaction and yields a small binding energy (~1meV) for the electrons in the 

Cooper pair. This type of electron-phonon coupling interaction is the origin of Cooper pairing in 

conventional s-wave superconductor. The rigorous microscopic theory was developed by John 
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Bardeen, Leon Cooper, and John Schrieffer, and for which they shared the Nobel Prize in 1972. 

So far, the Bardeen-Cooper-Schrieffer (BCS) theory [ 21 ,22 ] is the most successful theory 

explaining the mechanism of conventional s-wave superconductivity. The notion of BCS-like 

pairing in more complicated materials, such as cuprates and other high Tc superconductors, is also 

widely believed to be true, although the nature of ∆(T) is more complicated. Superconductors can 

be categorized by the symmetry of Cooper pairs. Since a Cooper pair is formed by two fermions 

(electrons), the total wave function of paired electrons must be antisymmetric. For example, even–

parity orbital states must have spin singlet states, and odd-parity orbital states must have even spin 

and be bound in a spin-triplet. Classification of states based on spin and orbital angular momentum 

is shown in Table 2.1. 

 

Table 2.1: Classification of superconducting state [23] 

  The symmetry of a conventional BCS superconductor is s-wave with the total orbital 

angular momentum of the Cooper pair being l = 0, and correspondingly the spin state is spin-

singlet. Unconventional superconductors have Cooper pair symmetry that is not s-wave, such as 

d-wave and p-wave, and the origin of pairing force is thought to differ from the electron-phonon 

assisted pairing mechanism invoked by the BCS theory. For example, J.G. Bednorz and K.A. 

Muller won the Nobel prize in 1986 for the discovery of high Tc cuprates La2−xBaxCuO4 (LBCO) 
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with Tc=35 K [24]. As of 2007, a Tc of 33 K was achieved in the organic compound superconductor 

RbCsC60 at ambient pressure [25]. In 2008, high Tc superconductivity was found in Fe-based 

superconductor LaFeAsO1−x with Tc = 56 K [26]. In all these systems, Tc is well beyond the 

theoretical limit of the electron-phonon coupling interaction, which was calculated to be 28 K by 

McMillan [27].  Above this limit, electron-phonon coupling is not strong enough to assist the 

formation of Cooper pairs compared to pairing breaking thermal fluctuations. The definitive 

pairing mechanism for unconventional superconductivity remains an open question in the field of 

superconductivity.  

Although the physics behind high temperature superconductivity is still not well 

understood, applications of superconductivity have already widely evolved into many fields, such 

as the magnetic-levitation train, superconducting electric generators, lossless power transmission, 

and the ultrasensitive SQUID magnetometer. Particularly, intensive efforts are being put into the 

field of building a quantum computer using superconducting quantum circuits. In the next section 

of this chapter, we will discuss the basic physics of the Josephson effect due to the superconducting 

proximity effect.   
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2.2 Introduction to Josephson Effect 

2.2.1 The first Josephson Equation-Current Phase Relationship (CPR) 

Josephson effect is a macroscopic quantum mechanical phenomenon which was first predicted by 

Brian D. Josephson in 1962 [28]. A Josephson junction enables a supercurrent to flow between 

two pieces of superconductor with a weak link connecting them due to the tunneling of Cooper 

pairs. The weak link can be a thin layer (~10A) of insulator forming a SIS junction, where 

supercurrent is carried by Cooper pair tunneling. The weak link barrier could also be a layer 

(~300nm) of normal metal forming a SNS junction, where supercurrent is carried by Andreev 

bound states (ABS). A schematic cartoon of this effect is shown in the following figure 2.3. 

 

Figure 2.3: A schematic picture how supercurrent flowing across a Josephson junction due to a 

non-zero amplitude overlapping in the superconducting wave function on the two side of the non-

superconducting junction barrier.   

The superconducting wave function of the Cooper pair can be written down as  

𝛹 = √𝑛𝑠 . 𝑒𝑖𝜃(𝑟)                                                                (7) 

with 𝑛𝑠 being the Cooper pair density, which is often referred to be the superconducting order 

parameter in superconductivity, and 𝜃  being the arbitrary phase of the wave function in the 

superconducting region. At the boundary of the superconductor and the weak link, where the weak 
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link serves effectively as a potential barrier, the sinusoidal wave function would start to decay 

exponentially. When the two superconducting regions on either side of the weak link have a non-

zero overlap in the wave function in the barrier region, a supercurrent can flow freely without 

resistance across the junction. According to the definition of current density     

 𝐽𝑠 = 𝑞∗𝑛𝑠
∗𝑣𝑠                                                                          (8) 

 where  𝑞∗ = 2𝑒, 𝑛𝑠
∗ is the superfluid density of Cooper pair and 𝑣𝑠 is the velocity of the Cooper 

pair, the critical current density across the junction can be written as  

𝐽𝑠 = 𝑞∗𝑛𝑠
∗ ℏ

𝑚∗ [𝛻𝜃(𝑟) −
2𝜋

𝛷0
𝐴(𝑟)]                                               (9) 

𝐽𝑠 = 𝐽𝐶𝑠𝑖𝑛 (𝜙)   with  𝜙 = 𝜃2 − 𝜃1 −
2𝜋

𝛷0
𝐴(𝑟)                                           (10) 

In zero external magnetic field, if we integrate the supercurrent density across the junction to get 

the total supercurrent, we will have the first Josephson relationship, the current phase 

relationship (CPR):  

𝐼𝑠 =  ∫   𝐽𝑠𝑑𝑆
𝑊

2  
 

−
𝑤

2
  

                                                                    (11)                                                                

𝐼𝑠 = 𝐼𝐶𝑠𝑖𝑛 (𝜙)                                                         (12) 

Here, 𝐼𝑠  is the actual supercurrent flowing across the junction and 𝐼𝑐  is the maximum possible 

supercurrent of the junction, which is also called the critical current. 𝐼𝑐  is independent of the 

current phase relationship, and it is only related to the geometry of the junction and the 

superconducting energy gap of the superconductor. 𝜙 is the phase difference of the two wave 

functions across the junction,  
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𝜙 = ∫ [𝛻𝜃(𝑟) −
2𝜋

𝛷0
𝐴(𝑟)]

2

1

= 𝜃2 − 𝜃1 +
2𝜋

𝛷0
∫ 𝐴𝑑𝑙

2

1

                                (13) 

At zero external magnetic field, we can simply write  𝜙 = 𝜙2 − 𝜙1. This is the Gauge invariance 

form of phase term. In a more general form, the CPR can be written as a sum of infinite series 

𝐼𝑠(𝜙) = ∑ 𝐼𝑛𝑠𝑖𝑛 (𝑛𝜙𝑛)

∞

𝑛=1

                                                             (14) 

For Josephson junctions that are formed by conventional s-wave superconductors, the CPR is 

usually sinusoidal containing only the 1st order term, and all the higher order harmonics vanish to 

zero. The coefficient 𝐼𝑛 is not directly related to the critical current of the junction, and it represents 

the amplitude of each harmonic.  For Josephson junctions that are formed by unconventional 

superconductors, such as the d-wave superconductor LBCO, it is predicted that it should host 4e 

periodicity leading to a pair-density wave state corresponding with a 𝑠𝑖𝑛(2𝜙) component in the 

CPR [29].  For topological insulator Josephson junctions, it is predicted that it should host single 

electron channels leading to 4𝜋 periodicity [17, 18], corresponding with a sin (
𝜙

2
) component in 

the CPR. We will talk more about the sin (
𝜙

2
) component in CPR of TIJJ in section 2.3.   
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2.2.2 The Second Josephson Equation- Voltage Phase Relationship 

The 2nd Josephson Equation is that  

𝜕𝜙

𝜕𝑡
=

2𝑒

ℏ
𝑉                                                                      (15) 

This shows that the rate of phase change is proportional to the potential difference of the two 

superconductors across the barrier. The 2nd Josephson Equation is also called the voltage phase 

relation. If we integrate the phase with time, we will get the following equation: 

𝜙(𝑡) =  𝜙0 +  
2𝜋

𝛷0
𝑉 ∗ 𝑡.                                                           (16) 

We plug 𝜙(𝑡)  in to the 1st Josephson Equation, we will get: 

𝐼𝑠 = 𝐼𝐶𝑠𝑖𝑛 𝜙(𝑡) = 𝐼𝐶𝑠𝑖𝑛 (𝜙0 + 
2𝜋

𝛷0
𝑉 ∗ 𝑡).                                           (17)                                              

Thus, in this case the supercurrent oscillates with frequency 
𝑑𝜙

𝑑𝑡
=  

2𝜋

𝛷0
𝑉. This is also known as the 

AC Josephson equation. Knowing the current phase relation and voltage phase relation, we can 

now calculate the amount of energy stored in the junction, which is known as the Josephson 

coupling energy. This characteristic energy can be understood as the binding energy of the non-

zero overlap of the wave functions at either side of the junction.  It can be calculated as follows: 

𝐸𝐽 = ∫ 𝐼(𝑡)𝑉(𝑡)𝑑𝑡
𝑇

0

                                                                   (18) 

Plugging in the current phase relation and voltage phase relation, we will get  

𝐸𝐽 = ∫ (𝐼𝑐𝑠𝑖𝑛 𝜙 ) (
𝛷0

2𝜋

𝑑𝜙

𝑑𝑡
) 𝑑𝑡

𝑇

0

                                             (19) 
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With 𝜙(0) = 0 and 𝜙(𝑇) = 𝜙, we obtain  

𝐸𝐽 =
𝐼𝑐𝛷0

2𝜋
∫ (𝑠𝑖𝑛 𝜙 )𝑑𝜙

𝑇

0

                                                   (20) 

Which evaluates to 𝐸𝐽 =
𝐼𝑐𝛷0

2𝜋
(1 − 𝑐𝑜𝑠 𝜙 ). As one can see, when we ramp up the current through 

the junction and 𝐼𝑠 reaches the maximum possible current 𝐼𝑐 at 𝜙 =
𝜋

2
, the junction will switch out 

of the superconducting state and become normal.  The energy storage and conservation in the 

Josephson junction indicate that the junction can be modeled as a non-linear quantized LC 

oscillator. Recall the current phase relation:  

𝐼𝐽 = 𝐼𝐶𝑠𝑖𝑛 𝜙                                                               (21) 

To understand how the Josephson junction can be modeled as a quantized LC oscillator with 

capacitance and inductance, now we introduce a small variation on both sides of the equation, 

and obtain  

𝐼𝐽 + 𝑑𝐼 = 𝐼𝐶𝑠𝑖𝑛 (𝜙 + 𝑑𝜙)  with 𝑑𝐼 ≪ 𝐼𝐽  and  𝑑𝜙 ≪ 𝜙                       (22) 

Using Taylor expansion,   

  𝑑𝐼 =  𝐼𝐶𝑐𝑜𝑠 𝜙 𝑑𝜙                                                                   (23)   

thus 

  
𝑑𝐼

𝑑𝑡
=  𝐼𝐶𝑐𝑜𝑠 𝜙 

𝑑𝜙

𝑑𝑡
                                                                    (24)   

Combine the above equation with the second Josephson equation, we obtain: 

𝑉 =
𝛷0

2𝜋

𝑑𝜙

𝑑𝑡
=

𝛷0

2𝜋

1

𝐼𝐶𝑐𝑜𝑠 𝜙 

𝑑𝜙

𝑑𝑡
= 𝐿𝐽

𝑑𝐼

𝑑𝑡
                                             (25) 
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Where LJ is the Josephson inductance defined as:  

𝐿𝐽 =
ℏ

2𝑒𝐼𝐶𝑐𝑜𝑠 𝜙 
                                                                     (26) 

We can easily see that the inductance can be modified by the bias current and initial phase 

difference between the two superconductors. The concept of inductance is important for studying 

the CPR of TIJJ in the asymmetric SQUID technique, which we will discuss in section 2.2.4.   

2.2.3 Single Josephson junction in a magnetic Field  

From the second Josephson relation, we can see that voltage changes alter the phase of a Josephson 

junction. We will now see that external magnetic field can also change the phase of a Josephson 

junction. Suppose we place the Josephson in an external magnetic field perpendicular to the 

direction of current.  From equation (10) we know how the critical current density is related to the 

phase difference across the junction, 𝐽𝑠 = 𝐽𝐶𝑠𝑖𝑛 (𝜙) . In this section, we will investigate how the 

phase difference relates to the critical current density when the junction is placed in an external 

magnetic field. The Josephson junction in a magnetic field is described in Fig. 2.4, with the field 

direction coming out of the page.  

 

Figure 2.4: A schematic cross-sectional view of a Josephson junction in an external magnetic 

field  
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The phase along the path in figure 2.4 can be calculated as the following,  

𝜙 = 𝜃2 − 𝜃1 +
2𝜋

𝛷0
∫ 𝐴𝑑𝑙

2

1

                                                        (27) 

And now we can express 𝜙𝑥 and 𝜙𝑥+𝑑𝑥 using the above equation, and then we will have  

𝜙𝑥+𝑑𝑥 − 𝜙𝑥 =
2𝜋

𝛷0
𝛷𝑥→𝑥+𝑑𝑥 and 𝛷𝑥→𝑥+𝑑𝑥 = 𝐵𝑒𝑥𝑡𝑡𝑒𝑓𝑓𝑑𝑥                         (28) 

𝜙𝑥+𝑑𝑥 − 𝜙𝑥 =
2𝜋

𝛷0
𝐵𝑒𝑥𝑡𝑡𝑒𝑓𝑓𝑑𝑥                                                    (29) 

The above equation indicates now the phase difference across the junction is not a constant phase 

anymore. Instead, the phase difference between the two points along the junction x and x+dx is 

proportional to the magnetic flux passing through the area that is enclosed by the two points.  

𝑡𝑒𝑓𝑓 = 𝑑 + 𝜆1 + 𝜆2  is the effective thickness the Josephson junction barrier, where d is the 

thickness of the barrier itself, and 𝜆 is the penetration depth of the superconductor on each side. 

We can rewrite equation into its differential form 

𝑑𝜙

𝑑𝑥
=

2𝜋

𝛷0
𝐵𝑒𝑥𝑡𝑡𝑒𝑓𝑓                                                          (30) 

We integrate it over x, and will obtain a new general relationship of phase across the junction as 

a function of location x, where 𝜙0 is an arbitrary phase difference of the junction that was picked 

up in the integral 

𝛷(𝑥) =
2𝜋

𝛷0
𝐵𝑒𝑥𝑡𝑡𝑒𝑓𝑓𝑥 + 𝜙0                                                   (31) 

We plug this into the first Josephson current phase relationship equation, to get 
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𝐽𝑠(𝑥, 𝐵𝑒𝑥𝑡) = 𝐽𝑐(𝑥)𝑠𝑖𝑛 (𝛷(𝑥)) = 𝐽𝑐(𝑥)𝑠𝑖 𝑛 (
2𝜋

𝛷0
𝐵𝑒𝑥𝑡𝑡𝑒𝑓𝑓𝑥 + 𝜙0)                      (32) 

As we can easily see from the above equation, the critical current density oscillates as a sinusoidal 

function with respect to both location x, and external B field. This tells us that at a different location 

on the junction, the critical current density varies. To get the total current flowing across the 

junction, we perform an integral along the whole junction in the x direction: 

𝐼𝑠(𝐵𝑒𝑥𝑡) = ∫ 𝐽𝑐(𝑥) sin (
2𝜋

𝛷0
𝐵𝑒𝑥𝑡𝑡𝑒𝑓𝑓𝑥 + 𝜙0) 𝑑𝑥

𝐿
2

−
𝐿
2

                               (33) 

Due to the physical constraint that Jc=0 outside the range of ±
𝐿

2
 , we can change the integral 

range from 𝑥 = ±
𝐿

2
 to 𝑥 = ±∞, set  

2𝜋

𝛷0
𝐵𝑒𝑥𝑡𝑡𝑒𝑓𝑓 = 𝑘 and sin(kx)=Im{ 𝑘𝑖𝑘𝑥} in order to get   

𝐼𝑠(𝐵𝑒𝑥𝑡) = 𝐼𝑚{𝑒𝑖𝜙0 ∫ 𝐽𝑐(𝑥)𝑒𝑖𝑘𝑥𝑑𝑥}   
∞

−∞

                                   (34) 

and 

𝐼𝑠(𝐵𝑒𝑥𝑡) = 𝐼𝑐(0)𝑠𝑖𝑛𝜙0 |
sin (

𝜋𝛷
𝛷0

)

𝜋𝛷
𝛷0

|                                             (35) 

where 𝛷 = 𝐵𝑒𝑥𝑡𝑡𝑒𝑓𝑓𝐿 is the enclosed flux of the entire junction due to external magnetic field, and  

𝐼𝑐(0) = 𝐿𝐽𝑐  is the total current at zero field. At 𝜙0 = ±
𝜋

2
, the total critical current 𝐼𝑠 is maximized 

and positive. The result of the integral is now a Fourier transform of the current density as a 

function of B field. Due to the mathematical similarity of this equation to the diffraction equation 

in optics, the result of this equation is also called the Fraunhofer diffraction pattern of critical 

current vs B field.  
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Figure 2.5: Fourier transforming a square function of uniform current density in an external 

magnetic field yields a Ic vs B pattern analogous to optics Fraunhofer diffraction pattern.  

In figure 2.6, we show 4 subplots of the local critical current density of function of the total flux 

in the junction due to an external magnetic field. The length of the arrow indicates the magnitude 

of the local current density, and direction of the arrow can be understood as the current flowing 

direction, which is related to the phase difference at that specific location between the two 

superconductors. At zero field, the total flux in the junction is zero, and the critical current density  

𝐽𝑠(𝑥, 𝐵𝑒𝑥𝑡 = 0) = 𝐽𝑐𝑠𝑖𝑛 (𝜙0))   is a constant across the junction along x direction, which is the 

situation in Figure 2.6 (i). When we start increasing the external magnetic field, 𝐽𝑠(𝑥, 𝐵𝑒𝑥𝑡) =

𝐽𝑐𝑠𝑖𝑛 (𝜙(𝑥)), and 𝜙(𝑥) =
2𝜋

𝛷0
𝛷 + 𝜙0 . When the total flux is  𝛷 =

𝛷0

2
 ,  𝜙(𝑥) = 𝜋

𝑥

𝐿
+ 𝜙0  and 

thus 𝐽𝑠(𝑥) = 𝐽𝑐𝑠𝑖𝑛 (𝜋
𝑥

𝐿
+ 𝜙0). Then, the local critical current density of each spot would behave 

as shown in situation in (ii) of figure 2.6. When 𝜙𝑡𝑜𝑡𝑎𝑙 = 𝛷0 , Js would oscillate over a full period 

of 𝑠𝑖𝑛 (𝜋
𝑥

𝐿
+ 𝜙0) , and we would have equal parts positive and negative current along the junction. 

The total current in the junction would then add up to zero. 
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Figure 2.6: Cross-sectional view of local critical current magnitude as function of local phases 

at different external field strength [30].  

In all the above situations, we are only considering the short Josephson junction regime, where the 

magnetic field generated by the supercurrent in the junction itself is negligible. In other words, the 

Meissner screening effect is ignored, which is also referred as the flux focusing effect. When we 

make the junction too long or the barrier too thin, where d is small compared to the penetration 

depth of the superconductor, the critical current of the junction is so large that it would generate a 

magnetic field to screen out the external B field through the junction. In this case the critical current 

density distribution becomes complicated, and it is usually referred to as the long junction limit, 

and we will not study this type of junction. For this thesis, all the junctions that we made are within 

the short junction limit, where the flux focusing effect can be ignored.  
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2.2.4 Superconducting Quantum Interference Device  

Another type of Josephson junction device we will be studying in this thesis is called a 

superconducting quantum interference device (SQUID), A SQUID is one of the most sensitive 

magnetometers in existence, and it can be used to measure magnetic fields as small as 5×10−18 T. 

The SQUID is a powerful tool to study the CPR physics of Josephson junctions. A SQUID has 

two Josephson junctions in parallel sitting in superconducting loop, as shown in figure 2.7. 

 

Figure 2.7: A schematic picture of a SQUID 

In the ideal case, the two arms of the SQUID loop have identical critical current 𝐼𝑐 , and the 

inductance of each single junction is negligible. By using the current phase relation equation, we 

have  𝐼𝑠1 = 𝐼𝑐sin (𝜙1)  and 𝐼𝑠2 = 𝐼𝑐sin (𝜙2),  then the total current flowing through the SQUID is  

𝐼𝑠 = 𝐼𝑠1 + 𝐼𝑠2 = 𝐼𝑐 [sin(𝜙1) + sin(𝜙2)]                                             (36) 

The critical current of a SQUID is sensitive to the flux, which enables it to be used as a flux 

detector. This critical current can be calculated as following. Using trigonometric identities, we 

can rewrite the above equation into 
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𝐼𝑠 = 2𝐼𝑐𝑐𝑜𝑠 
𝜙1 − 𝜙2

2
 𝑠𝑖𝑛 

𝜙1 + 𝜙2

2
                                                     (37) 

Due to the flux quantization condition, the relationship between the phase difference across the 

two arms of the SQUID loop is 𝜙1 − 𝜙2 =
2𝜋𝛷

𝛷0
 . Plugging this into the above equation, we will 

get  

𝐼𝑠 = 2𝐼𝑐𝑐𝑜𝑠 
𝜋𝛷

𝛷0
 𝑠𝑖𝑛 (𝜙1 + 𝜋

𝛷

𝛷0
)                                                      (37) 

Where Ic is the max value of Is. In order to maximize the total critical current flowing across the 

junction, the junction will adjust the value of the arbitrary phase difference 𝜙1  such 

that|𝑠𝑖𝑛 (𝜙1 + 𝜋
𝛷

𝛷0
) |𝑚𝑎𝑥 = 1, which is similar to the case in the single junction. For simplicity, 

if we consider the SQUID loop in the short junction limit where the inductance of the loop is small, 

the current circulating inside the SQUID loop would not contribute significantly to the phase 𝜙. 

In this limit 𝛷 = 𝛷𝑒𝑥𝑡, and the phase 𝜙 is affected solely by the external magnetic field, thus the 

interference equation for the SQUID loop becomes  

𝑀𝑎𝑥(𝐼𝑠) = 2𝐼𝑐 |𝑐𝑜𝑠 𝜋
𝛷𝑒𝑥𝑡

𝛷0
 |                                                               (38)  

Thus, the diffraction pattern behaves as pictured in the following graph:  
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Figure 2.8: Simulated SQUID diffraction pattern with no single junction modulation envelope 

In case that the single junction modulation response cannot be ignored, we would get the 

following form for the SQUID diffraction pattern.  

 

Figure 2.9: Simulated SQUID diffraction pattern with non-negligible single junction modulation 
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We can see here that the final diffraction pattern is composed of many fast SQUID modulations 

bounded by a single junction modulation envelop. This would be the case when the phase winding 

across the single junctions of the SQUID arm is non-negligible compared with the phase winding 

across the SQUID loop. In fact, this is what we have observed in our asymmetric SQUID for 

measuring the CPR of the TIJJ, which will be explained in detail in the asymmetric SQUID section.  

In the case that the inductance of the superconducting loop is not negligible, the critical 

current of the SQUID loop would introduce a non-negligible flux in the loop, and we now need to 

take the phase due the inductance into account, such that 𝛷 = 𝛷𝑒𝑥𝑡 + 𝛷𝐿 , and  𝛷𝐿 = 𝐿𝐼𝑐𝑖𝑟 =

𝐿
𝐼𝑠1−𝐼𝑠2

2
. Plugging the current phase relation of each SQUID loop arm back into the phase equation, 

we get  

𝛷 = 𝛷𝑒𝑥𝑡 + 𝐿𝐼𝑐𝑖𝑟 = 𝛷𝑒𝑥𝑡 +
𝐿𝐼𝑐

2
(𝑠𝑖𝑛 (𝜙1) − sin(𝜙2))                                    (39) 

𝛷 = 𝛷𝑒𝑥𝑡 + 𝐿𝐼𝑐𝑠𝑖𝑛 
𝜋𝛷

𝛷0
 𝑠𝑖𝑛 (𝜙1 + 𝜋

𝛷

𝛷0
)                                          (40) 

Both equations must be satisfied at the same time. With the constraint set by the extra phase 

contribution from the inductance of the loop, the critical current through the SQUID loop still must 

be maximized for a given 𝛷𝑒𝑥𝑡. A new parameter 𝛽𝐿 =
2𝐿𝐼𝑐

𝛷0
 was introduced to describe how the 

SQUID diffraction pattern evolves as a function of inductance, as shown in the following figure 

by John Clarke. 
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Figure 2.10: a) SQUID node-lifting effect due to large inductance in the SQUID loop. [28] b) 

total flux vs flux generated by external B field due to different  𝛽𝐿 value [31]  

In the low 𝛽𝐿 =
2𝐿𝐼𝑐

𝛷0
≪ 1  limit, the flux generated by circulating current, also known as the 

Meissner current, in the SQUID loop is negligible compared with 𝛷𝑒𝑥𝑡 , the flux contribution by 

the SQUID loop area and the external magnetic field. We get a simple SQUID diffraction 

equation 𝐼𝑠 = 2𝐼𝑐|𝑐𝑜𝑠 𝜋
𝛷𝑒𝑥𝑡

𝛷0
 |. At every 𝛷𝑒𝑥𝑡 =

𝛷0

2
 half flux quantum, the total critical current of 

the SQUID loop is zero. This can also be understood as 𝜙1 − 𝜙2 =
2𝜋𝛷𝑒𝑥𝑡

𝛷0
= 𝜋, and  

 𝐼𝑠 = 𝐼𝑐[𝑠𝑖𝑛 (𝜙1)  + 𝑠𝑖𝑛 (𝜙2)] = 𝐼𝑐[𝑠𝑖𝑛 (𝜙2 + 𝜋) + 𝑠𝑖𝑛 (𝜙2)]  = 0 at the half flux quantum point 

𝛷𝑒𝑥𝑡 =
𝛷0

2
. However, as we change the geometry of the SQUID loop such that the inductance 

increases and 𝛽𝐿 =
2𝐿𝐼𝑐

𝛷0
≫ 1,  𝛷 = 𝛷𝑒𝑥𝑡 + 𝐿𝐼𝑐𝑠𝑖𝑛 

𝜋𝛷

𝛷0
 𝑠𝑖𝑛 (𝜙1 + 𝜋

𝛷

𝛷0
)   and 𝛷 = 𝛷𝑒𝑥𝑡 +  𝐿𝐼𝑐 ≃

𝑛𝛷0. Now at 𝛷𝑒𝑥𝑡 =
𝛷0

2
, the total supercurrent of the SQUID loop won’t reach zero anymore. 

Instead, the SQUID nodes are lifted due to the large 𝛽𝐿  value.  For the junctions that were 

fabricated in this thesis, we are only concerned with the 𝛽𝐿 =
2𝐿𝐼𝑐

𝛷0
≪ 1 , so the inductance effect 

is negligible. 
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A more general situation is that when the two arms of the SQUID loop are not contributing 

equal critical current, which is often referred to as the asymmetric SQUID. Adapting the idea of 

Goswami group from Delft University, who used the asymmetric SQUID technique to measure 

the CPR of an encapsulated graphene Josephson junction [32], we will use the asymmetric SQUID 

technique here to measure the CPR of TIJJ.  The asymmetry is caused by the asymmetric 

contribution of critical current magnitude from the two SQUID arms 𝐼𝑐1 ≫ 𝐼𝑐2 , thus   

𝐼𝑠 = 𝐼𝑐1𝑠𝑖𝑛 (𝜙1)  + 𝐼𝑐2𝑠𝑖𝑛 (𝜙2)                                                     (41) 

To accurately measure the CPR of the junction, there are two important area ratios to 

consider. First is the critical current ratio of the two SQUID arms, which we have discussed earlier. 

Second is the area ratio of SQUID vs the large single junction. This is to ensure that when we are 

reading out the CPR of the small junction from the diffraction pattern, the total critical current 

remains constant at the top of the 0th peak, and does not decay too fast.  

 

Fig. 2.11: SEM picture of an asymmetric SQUID with two arms of different length 

It still must satisfy the flux quantization condition under the assumption that the total critical 

current is small, and the inductance effect is negligible,  
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𝜙1 − 𝜙2 =
2𝜋𝛷𝑒𝑥𝑡

𝛷0
                                                                (42) 

Now we will explain how to directly measure the CPR of the junction by employing the 

asymmetric SQUID technique. Supposing when the phase drop across the large junction 𝐼𝑐1 close 

to be around 
𝜋

2
 , thus we can rewrite equation 41 to be: 

𝐼𝑠(Φ𝑒𝑥𝑡) ≈ 𝐼𝑐1 ∗ sin (
𝜋

2
) + 𝐼𝑐2𝑠𝑖𝑛 (

2𝜋𝛷𝑒𝑥𝑡

𝛷0
+ 𝜙2)                                       (43)  

This would be corresponding to the peak of the diffraction pattern, where the critical current is at 

its maximum. Now the phase dependence of critical current is only a functional form of ϕ2, and 

we can rewrite the above function to be:  

𝐼𝑠(Φ𝑒𝑥𝑡) ≈ 𝐼𝑐1 + 𝐼𝑐2(𝛷𝑒𝑥𝑡, 𝜙2)                                               (44) 

From equation 44, we can easily see that when the phase of the large junction is fixed at  

𝜋

2
, where the critical current of the large junction is at its maximum. The Ic vs external magnetic 

field modulation is a function of the phase created by the external magnetic field and the phase of 

the small junction. Since the phase contribution by the external magnetic field can be easily 

calculated, equation 44 is then only a function of the phase of the small junction. We can get the 

CPR of the small junction by reading the SQUID diffraction pattern at its 1st peak, where the phase 

of the larger junction is fixed around  
𝜋

2
 .This is an elegant, yet powerful technique to probe the 

CPR of the Josephson junction via direct electric transport, compared with the conventional 

SQUID pick-up loop technique [33,34] 

 We have done numerical simulations to testify the validity of the above approximation. 

Supposing that the CPR of a Josephson junction is unconventional and containing a pair density 
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wave component, which corresponds to a sin (2𝜙) term in the CPR. We can express its CPR and 

the supercurrent of the junction in the following form:  

𝐶𝑃𝑅(𝜙) = 𝐼0 ∗ (sin(𝜙) + 𝛼 ∗ sin (2𝜙))                                               (45) 

𝐼𝑠(ϕ) = 𝑚𝑎𝑥 {∫ (𝐽𝑐1(𝑥) ∗ 𝐶𝑃𝑅1(𝜙, 2𝜙) + 𝐽𝑐2(𝑥) ∗ 𝐶𝑃𝑅2(𝜙, 2𝜙)) ∗ 𝑑𝑥

𝐿
2

−
𝐿
2

}           (46) 

α is used to describe the percentage of the supercurrent carried by the sin (2ϕ) component,  and 

 𝜙 =
2𝜋

𝛷0
𝐵𝑒𝑥𝑡𝑡𝑒𝑓𝑓𝑥 + 𝜙0, where 𝐵𝑒𝑥𝑡 is the external magnetic field, and 𝜙0 is an arbitrary phase 

across the junction, which will be set to maximized the total critical current across the junction in 

order to lower the energy of the system, 𝐽𝑐1 and 𝐶𝑃𝑅1 are the critical current density and CPR of 

either individual junction of the SQUID.  We can see from the above plot that near the top of the 

1st peak of critical current at zero field, other than the single junction modulation envelope, there 

is a fast period modulation inside the single junction envelope which corresponds to the SQUID 

loop modulation. The number of SQUID modulations inside the single junction envelope is equal 

to the area ratio of the SQUID to the single junction. In this case, we set the SQUID loop area ratio 

over the large single junction area ratio to be 20:1, which would create 20 SQUID oscillations 

within each one single junction period. We set the current asymmetric ratio to be 10:1.  If we zoom 

in to the flat region at the top, we can see that fast modulation deviates from the conventional 

sin (𝜙) current phase relation, which was highlighted in the red box of the Fig. 2.12 a). 3 different 

values of  𝛼 were chosen to simulate the case of 0%, 50%, and 100% of sin (2𝜙) component in the 

CPR. We can clearly see that for the period of 𝛼 = 1 is half of that of for the case 𝛼 = 0.5. This 

extra harmonic in the CPR, deviated from conventional sinusoidal CPR, corresponds to the 

sin (2𝜙) component.  
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 Similar numerical simulation and analysis process were also carried out for the TIJJ 

asymmetric SQUID, and we will discuss and compare it with the measured asymmetric SQUID 

CPR data in Chapter 5.  

 

Figure 2.12: Matlab simulation of asymmetric SQUID diffraction pattern with two different 

percentage of 𝑠𝑖𝑛(2𝜙) component in the critical current. a) Overview of SQUID diffraction 

pattern with single junction envelop. b) Zoom in view of the red boxed region to extract the CPR 

of the smaller junction at the top of the peak at zero field. c) Near zero field when the critical 

current of the larger junction is near maximum, the phase of the larger junction is fixed around  
𝜋

2
. d) The phase of the smaller junction in the asymmetric SQUID keeps winding as the external 

magnetic field is changing, and the phase of the junction now is effectively determined by the 

phase of the smaller junction.  
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2.3 Introduction to Topological Insulators 

A topological insulator is a new group of quantum materials with non-trivial topological 

order that have an insulating bulk and a conducting surface, or a conducting edge. Tremendous 

effort and progress have been achieved on the topic of topological insulators in the field of 

condensed matter physics. This great success can be attributed to breakthroughs in the theory of 

topological order as well as widely accessible materials candidates, which makes the theory 

testable and experimental implementation feasible [35]. The most important future applications 

include building a fault-tolerant topological quantum computer.  

  The concept of topological insulators can be understood by comparing the integer 

quantum hall system and quantum spin hall system, which are categorized by their topological 

order, to the conventional Landau order parameter symmetry breaking classification standard.  

 

Figure 2.13: The left column shows a simple picture of different types of insulating states, with 

the corresponding band structure on the right column. [36] 
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In Figure 2.13 shown above, the top-most picture is the case for a conventional band insulator 

with localized electrons orbiting around the atoms, due to a wide band gap separating the valence 

band and conduction band. The middle pictures show a 2D quantum hall state in a strong external 

magnetic field, which is quite similar to the band insulator with localized electrons doing cyclotron 

motion around the magnetic flux lines, which are equivalent to the atoms.  Thus, it has a bulk 

insulating gap but allows conduction of electrons along the edge of the sample. The bottom figures 

represent the quantum spin hall state in zero magnetic field, in which electrons can conduct along 

the edge of the sample boundary with spin-momentum locking, meaning that spin-up electrons 

only move in one direction, and spin-down electrons can only move in the opposite direction. The 

spin-momentum locking properties arise from the strong spin-orbit coupling interaction in the 

materials.  A quantum spin hall insulator is a 2D topological insulator with an insulating bulk, and 

a conducting edge 

 There are many types of topological insulators, such as CdTe or HgTe with a 2D 

topological insulator quantum well, and the 3D topological insulators Bi1-xSbx, Bi2Se3, Bi2Te3, and 

Sb2Te3. Among them, Bi2Se3 has the simplest Dirac cone surface structure revealed by ARPES 

and the largest bulk insulating gap, yet demonstrates all the key properties of topological states 

[7].  Thus, for all the experiments that are involved in this thesis, we will only be focusing on the 

3D topological insulator Bi2Se3, which has an insulating bulk and conducting 2-dimensional 

surface states.  These surface states arise from band inversion due to the strong spin-orbit coupling, 

as shown in the following schematic diagram.   
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Figure 2.14: Band structure schematic of how to turn a band insulator into a topological 

insulator with strong spin orbit coupling interaction. a) Trivial insulator band structure. b) Band 

inversion process, part of the initial valence band become the new conduction band, and part of 

the previous conduction band become the valence band, leading to degeneracy. c)  Due to the 

strong spin-orbit coupling, degeneracy is lifted, opening a gap. 

The surface state of a topological insulator is topologically protected by particle number 

conversation and time reversal symmetry [36,37]. When surface states are topological protected, 

this means that the topological surface state is very robust and cannot easily be removed without 

breaking time reversal symmetry, unless it is doped with magnetic impurities [38,39,40,41]. 

Furthermore, due to the spin-momentum locking caused by strong spin-orbit coupling, the material 

strongly suppresses spin flipped backscattering, which enables applications for high speed 

spintronic devices [42].  

Even though Bi2Se3 is called a 3D topological insulator, it is really a 2D layered material with 

a unit cell composed of 3 layers of Se and 2 layers of Bi in a repeated stacking structure. Thus, 

one-unit cell of Bi2Se3 is called a quintuple layer with a lattice constant of 1nm in c-axis direction. 
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In the a-b plane, it forms a hexagonal packing structure. Figure 2.15 shows a schematic 

crystallographic structure of Bi chalcogenides based 3D topological insulators. 

 

Figure 2.15: a) Schematic crystallographic structure of Bi2Se3[43] b) ARPES spectrum of 3D TI 

Bi2Se3[44] 

  Figure 2.15b shows an ARPES spectrum for the band structure of Bi2Se3. As we can see, 

that there is wide band gap separating the top conduction band and the bottom valence band, with 

two crossed single channels forming a Dirac cone right at the middle of the band gap. Although 

the concept of the edge states of a topological insulator is straightforward to understand, for most 

TI materials the fermi energy is not inside the band gap. Instead, it is in the bulk conduction band, 

which introduces non-negligible bulk contribution of charge carriers. This is mostly caused by 

defects, iso-valent substitution, and charge carrier doping. Field effect gating is often done to push 
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the fermi level back into the band gap, which eliminates bulk conduction to enhance the surface 

state contribution.  

The details about material quality on the influence of TIJJ will be discussed again later in 

Chapter 4. Now we will transition to the next topic, and discuss how the Majorana fermions emerge 

when we put a s-wave superconductor together with a 3D TI Bi2Se3 to form a hybrid S-TI-S 

Josephson junction.  

According to the ground-breaking proposal by Fu and Kane [18], one can combine a 

conventional s-wave superconductor and a 3D TI to form a hybrid TIJJ to simulate 2D spinless 

p+ip superconductivity, and one may find Majorana bound states (MBS) in the core of the 

Josephson vortices inside the TIJJ. The idea here is that when a non-superconducting 3D TI is 

sandwiched by two s-wave superconducting leads in close proximity in the lateral direction to form 

a 2D line junction along the x-direction, supercurrent will flow through the 3D TI across the 

junction along y direction. Fig 2.16 (a) shows a schematic cross-section view of such a lateral 

Josephson junction.  When the supercurrent density is homogenous across the junction, one can 

solve the excitation spectrum of the proximitized superconducting 1D line junction as shown: 
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Figure 2.16:  a) A schematic picture for a lateral S-TI-S Josephson junction system where S 

stands for s-wave superconductor, which is Nb for our system. TI stands for 3D topological 

insulator, which is Bi2Se3 in our case. b) Energy dispersion spectrum for the S-TI-S junction 

where 𝜇 = 0. The solid line crossing the origin shows the Andreev bound states for 𝜙 = 𝜋. c) A 

tri-junction between 3 superconducting hexagon islands d) Phase diagram for the tri-junction, 

where there is a Majorana fermion in the shaded phase space. 

 Considering the two pieces of superconductor are separated by a width of W with the 3D 

TI sandwiched in the middle, one can solve the BdG equations for the ABS in the TI surface state 

with Δ(𝑥, 𝑦) = Δ0𝑒𝑖𝜙  for y >
𝑊

2
 , and Δ0  for y >

𝑊

2
, with 𝜙  being the order parameter phase 

difference across the junction. Thus, the energy excitation spectrum can be written in the following 

form:  

𝐸𝑞 = ±√(±𝑣|𝑞| − 𝜇)2 + Δ0
2 cos2(

𝜙

2
)                                               (45) 
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Here q is the momentum in x direction, 𝜇 is the chemical potential, and Δ0 is the order parameter 

for the s-wave superconductor. We can clearly see that the TI surface state is fully gapped in the 

energy dispersion relationship.  For simplicity, we will let 𝜇 = 0 lie exactly at the Dirac point. We 

can see that when 𝜙 = 𝜋, which can be tuned by the external magnetic field, the spectrum is 

gapless. A zero-energy state emerges, which is referred to as the non-degenerate Majorana zero-

energy mode. According to Fu and Kane’s calculation for the BdG equations, we find the 

Hamiltonian for the low-energy Majorana Josephson energy to be [19]: 

𝐸𝑒𝑓𝑓 = −Δ cos (
𝜙

2
) (𝑛𝑖𝑗 −

1

2
)                                                            (46) 

In the above equation, 𝜙 = 𝜙𝑅 − 𝜙𝐿 is the Josephson gauge invariant phase difference across the 

junction, Δ  is the superconducting order parameter proportional to the magnitude of the 

superconducting energy gap, and 𝑛𝑖𝑗 = 0 𝑜𝑟 1 is the number operator of the hybridized Majorana 

fermion pair encoding the parity states. To get the magnitude of the Majorana’s contribution to the 

Josephson, we can simply take the derivative the Josephson energy respective to the phase: 

𝐼𝑀𝐹 = 𝐼𝑒 =
2𝑒Δ

ℏ

𝜕𝐸

𝜕𝜙
=

2eΔ

ℏ

𝜕 cos (
𝜙
2)

𝜕𝜙
(𝑛𝑖𝑗 − 1)                                                  (47) 

=
Δ

Φ0
sin (

𝜙

2
) (𝑛𝑖𝑗 − 1) 

If we evaluate  𝑛𝑖𝑗 = 0 𝑜𝑟 1, we would find the expression for the Majorana supercurrent takes 

the following form: 

𝐼𝑀𝐹 = ±
Δ

Φ0
sin (

𝜙

2
)                                                              (48) 
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The total supercurrent flowing across the junction would then be, 𝐼𝑡𝑜𝑡𝑎𝑙 = 𝐼2𝑒 sin(𝜙) +

𝐼𝑒 sin (
𝜙

2
). The first term, 𝐼2𝑒 , is the conventional Josephson supercurrent, which is 2𝜋 periodic 

due to the contribution of Cooper pairs tunneling across the junction. We would mainly focus on 

the second term, 𝐼𝑒 or 𝐼𝑀𝐹, as first shown by Kitaev to be coming from the fused Majorana fermion 

pair 𝛾1,2 .The change of 2e to e doubles the Josephson period from 2𝜋 to 4𝜋.  

From the above discussion, we can see that this fractional or 4𝜋 periodic Josephson effect 

is one of the key features of Majorana fermions in topological Josephson junction systems. 

Looking for this sin (
𝜙

2
) component in the Josephson supercurrent is quite crucial for identifying 

the existence of Majorana fermions. Thus, phase-sensitive Josephson interferometry is a powerful 

method to measure the current phase relationship of Josephson junctions, allowing observation of 

the sin (
𝜙

2
) component and determination of the MF parity, provided that it is carried out in a 

dynamic way that avoids suppression from parity transitions induced by the quasi-particle 

poisoning effect.   

The primary goal of this thesis is to test for a sin (
𝜙

2
) component in the CPR of Nb-Bi2Se3-

Nb Josephson junctions via 1) single junction diffraction pattern, and 2) direct electric transport 

measurement of CPR using an asymmetric Nb-Bi2Se3-Nb SQUID. The results and discussion will 

be presented in Chapter 4 and 5. 
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Chapter 3. Device Fabrication and Experimental Techniques. 

In this chapter, I will mainly talk about the technical details regarding device fabrication, 

measurement setup, and data analysis. First, we will discuss nano-fabrication techniques, and then 

we will describe the cryogenic setup and the working principle of a dilution refrigerator. At the 

end of the section, I will talk about measurement electronics, circuits, and data analysis tools. 

3.1 Device Fabrication 

There are two primary choices of materials when considering making S-TI-S Josephson 

junctions. The first requires exfoliating thin flakes of Bi2Se3 single crystal using the scotch tape 

method, which is adopted from the graphene exfoliation technique. This process is time 

consuming, since one needs to hunt for these flakes under AFM and SEM. Another problem with 

exfoliating is that the thickness and size of the flakes are not controllable. After exfoliation, the 

flake is fixed onto a silicon-oxide buffered silicon substrate by Van der Waals force, which is weak 

and may allow the flakes to wash off from the substrate during processing. In short, the yield is 

low. For instructional purposes, I will describe how such exfoliation technique works. It is widely 

used in device-fabrication for 2D materials such as graphene, and transition metal di-

chalcogenides, and Bi-based topological insulators. 

First, Scotch tape is used to cleave the crystals into flakes, which are scrubbed onto a 

silicon-oxide buffered substrate. This might introduce tape residue on the surface of the exfoliate 

flakes, which can be cleaned off with solvents. Next, the exfoliated flakes are found and 

photographed under an optical microscope. After this, alignment marks are placed onto the 

substrate using a combination of electron beam lithography, Au metallization, and lift-off, which 

gives the exfoliated flakes a traceable coordinate according to their relative distance to the 
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alignment marks. Once alignment marks have been placed, electron beam lithography is used again 

to define device electrodes. Electrical connections are made to the sample through wire bonding 

using an Al wedge bonder. However, the wedge bonder is likely to punch through the 200nm SiO2 

layer, causing shorting of the bottom gates and device electrodes. 

With careful execution of each step and well-tuned processing parameters, one can achieve 

a high-quality S-TI-S Josephson junction. Many papers have been published on topological 

insulator Josephson junctions using exfoliated flakes. [48-58] 

3.1.1 Thin film device fabrication   

To avoid many of the failure modes mentioned above, we choose to work with epitaxial Bi2Se3 

thin films grown on c-plane sapphire substrate. The high quality Bi2Se3 thin films were grown by 

Prof. Seongshik Oh at Rutgers University using MBE. In the next section, we will explain how 

our TIJJ is made with MBE grown Bi2Se3 thin films. 

For thin film processing, we started with a 10*10mm c-plane sapphire substrate, where Bi2Se3 

films are grown on and the typical thickness is 40nm. We started the first step by putting down 

alignment marks. The purpose of alignment marks is to put down some relative reference 

coordinates from the alignment marks to the device on the film. Next, we will go through the 

detailed steps of the fabrication process. 

First, we clean the sample surface with acetone and IPA (isopropyl alcohol) to get rid of any 

contamination due to grease or dust. Then, the wafer is placed on a spinner with 2 drops of e-beam 

resist polymer, PMMA 950 A4 in this case, and spun at 3000 rpm for 1 minute. Then, it is placed 

on a hotplate at 180C for 3 minutes. We then repeat the spinning and baking process one more 

time, except this time we bake it for 5 minutes. The last layer we put down is a thin conducting 
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layer, which is called Aqua Save. This is necessary because we are processing a c-sapphire 

substrate, which would cause serious charging issues and prevent us from adjusting the focus of 

the SEM. Usually, Aqua Save is not needed if we were processing samples grown on Si substrates. 

The detailed steps are as follows: 

1. Squirt Acetone and IPA to clean the grease and dust off the sample 

2. Spin on the first layer of PMMA 950 A4 at 3000 rpm for 1 minute 

3. Bake the 1st layer of PMMA for 3 minutes 

4. Spin on the 2nd layer of PMMA 950 A4 at 3000 rpm for 1 minute 

5. Bake the 2nd layer of PMMA for 3 minutes 

6. Spin on 1 layer of Aqua Save at 3000 rpm for 1 minute 

7. Bake the Aqua Save at 90C for 1 minute 

8. Conduct the e-beam exposure  

9. Wash off the Aqua Save layer with DI (deionized) water  

10. Develop the exposed PMMA 950 A4 region with a mixed solution of MIBK and IPA at a 

volume ratio of MIBK:IPA=1:3  

11. Evaporate 40nm of Au uniformly across the film 

12. Lift off the Au by soaking it in Acetone at 65C for 1 hour 

13. Inspect the pattern under an optical microscope 

Step 1-13 is a complete cycle for finishing one subsection of the device fabrication process. Here 

is a schematic flow chart for putting down the Nb leads.  
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Figure 3.1:  An annotated schematic flow chart showing different steps of completing one 

processing cycle. We then repeated this cycle to finish other major cycles. 

 

As we can see from Fig. 3.1, we started with pristine, unprocessed Bi2Se3 MBE grown thin films, 

and spinn PMMA and Aqua save on top as a protective mask for the film. As before, we spin and 

bake PMMA then expose it to electron beam lithography, though before deposition we ion mill to 
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isolate these devices, and use magnetron sputtering of Nb for the superconducting leads. Then, the 

top gate electrodes are defined. 

 

Figure 3.2:  A top down view SEM picture of a Josephson junction 

With careful excution of each step, Figure 3.2 shows a SEM picture of a finished Josephson 

junction device having 2 long, thin Nb leads to minimize junction self-screening effects. Using 

such nano fabrication techniques, we have made several different design of S-TI-S Josephson 

junctions to study exotic physics due to superconducting proximity effect. Inspired by Kane and 

Fu’s trijunction model. we have fabricated hexagonal Nb island arrays on top of Bi2Se3 thin films 

for imaging Josephson vortices at the center of the trijunction point shown in Fig. 3.3, where MBS 

are located. This is an ongoing collaboration project with Tessmer group at Michigan State 

University.  
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Figure 3.3:  A top down view AFM image of a Nb Hexagon island arrays on top of Bi2Se3 for 

vortex imaging experiment collaboration with Tesser group from Michigan State University 
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3.2 Cryogenics and Measurement setup 

All the S-TI-S Josephson junction data was taken using an Oxford Triton-200 Cryogen 

Free Dilution Refrigerator. In order to achieve supercurrent in the TI Josephson system, all 

measurements were conducted well below the Tc of Nb (~9K) in dilution refrigerators. Next, I will 

describe the working principle of a cryogen-free dilution refrigerator.   

To cool the fridge from room temperature down to 20mK, the first thing we do is to pump 

out all the air in the OVC (outer vacuum chamber) to 3E-3 mbar with an oil free turbo-molecular 

pump station. After a careful leak check of the all vacuum joints, we can start cooling down the 

fridge. Figure 3.5 shows a schematic diagram of the circulation route for the mixture gas. This 

system consists of a closed circuit which connects a large tank, where the gaseous mixture of He3 

and He4 is stored, to a small enclosed pot called the mixing chamber, where the mixture of He3 

and He4 is condensed in mixed liquid form. This is labeled as DU (dilution unit) on the diagram. 

First, a small amount of He3 and He4 mixture is drawn out of the tank and injected into 

the PC (precool circuit).  The precool circuit is now pressurized and cools down the fridge from 

room temperature to 10K using a pulse tube and a compressor.  
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Figure 3.4: Schematic gas flow diagram for a refrigerator [45] 

The working principle of this step is just like household refrigerators, where a fixed amount 

of gas flowing from a small diameter capillary tube to a wider diameter tube is pressurized by an 

external compressor. This causes a sudden drop in the gas pressure, and converts hot gas into a 

cooler liquid form. This liquid then flows through an absorber coil to extract heat from the metal 

walls, which evaporates the gas before it is fed back into the compressor, completing the cycle. 

This continuous closed cycle of volume expansion, condensation and evaporation is what cools 

down the fridge down to 10K from room temperature.  
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c  

Figure 3.5: Computer screen shot of cryogen-free dilution refrigerator gas circulation diagram 

In the next cooling stage, all the gas mixture in the precool circuit is collected back into the 

tank, and it condenses in liquid vapor form into the dilution unit (DU). This step will bring the 

fridge from 10K down to 20mK. This is achieved by pumping on the He3 and He4 mixture in 

liquid vapor from. The liquid mixture has 2 layers: a top layer composed of a He3 rich phase due 

to small density of He3, and a bottom layer containing mixed He3 and H4.  
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Figure 3.6: Phase diagram of He3 and He4 liquid mixture [46] 

At equilibrium, 6% of He3 would be dissolved in the He4 due to the intermolecular van 

der Waals force between He3 and He4 atoms. Figure 3.7 shows the principle of operation behind 

our DR (dilution refrigerator).  When we pump mixture from the He4 rich phase, mostly He3 

would be removed from the mixture, reducing the He3 percentage due to its lower boiling point 

compared to He4. In order to remain at equilibrium, more He3 would be drawn to from the He3 

rich phase to the He4 rich region due to osmosis pressure. Energy is required to make this process 

happen, since entropy would increase when moving He3 from He3 rich phase to the He4 rich 

phase. This energy is provided by the mixing chamber wall and whatever we are trying to cool 

down in the form of heat. Meanwhile, the evaporated He3 would be pumped back to join the He3 

rich liquid vapor and replenish the lost He3 across the phase boundary. By doing this, it forms a 

constantly circulating flow of He3. 
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Figure 3.7: He3 and He4 mixture circulation diagram in dilution cooling stage [47] 

The advantage of a cryogen free dry dilution refrigerator system is that the sample is in 

vacuum with no need to purchase liquid He4 to cool the system, which allows for indefinitely long 

hold times at base temperature (20mK).  

In Figure 3.8, we will see the interior of the fridge. We can see that it is composed of 

stainless steel tubes and copper plates coated with gold on the surface.  The gas handling and 

cooling of the fridge is fully automated, and our samples are mounted to custom cold fingers. 
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Figure 3.8: Inside look of a dilution refrigerator with different cooling stages and gas circulation 

pipes from Oxford website [48] 

Our cryogen-free dilution refrigerator, has 4 D-sub 25 connectors, adding up to total of 96 

direct-current (DC) electrical leads for conducting electrical quantum transport measurements. It 

has a large mixing chamber plate, which can accommodate multiple samples for each cool down. 

Samples are glued to 24-pin PCB chip carrier with silver paste, and the devices were wire bonded 

using an Al wire wedge bonder. The fridge also has co-axial cables, which enables measurement 

involves radio-frequency (RF) or microwave signals. 
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Figure 3.9: a) Custom-designed 24-pin PCB chip carrier mounted onto the cold finger of our 

cryogen-free dilution refrigerator, with one sample mounted vertically and another sample 

mounted parallel to the horizontal direction. b) Close-up of device chip glued onto the copper 

plate of the chip carrier with Al wire bonded onto the devices. c)  Microscope image of Al wires 

bonded to the contact pads of an asymmetric SQUID TIJJ device d) Zoomed-in view of the 

asymmetric SQUID in c) with two superconducting Nb SQUID arms in the horizontal direction, 

and two Au leads as the top gate electrodes separated from the SQUID layer with 40nm of Al2O3 

dielectric layer.   
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Because we use Nb as the contact pads, we can connect the I+, and V+ leads to the same 

pads, as they would not experience contact resistance when Nb is superconducting at 20mK. Thus, 

all the devices are equivalently measured in a 4-terminal measurement configuration. Each current 

or voltage lead is intentionally doubly bonded to avoid accidental broken bonds during the sample 

loading and cooling process. All the current and voltage leads are connected through an RC filter 

board, which is well thermally sunk to the cold finger to minimize electrical and thermal noise. 

We have two cryogen-free dilution refrigerators. One dilution fridge is nicknamed “Mr. Freeze”, 

and it can cool a sample from room temperature to 24mK within 24 hours. 

Customized superconducting NbTi wires were wound into Helmholtz coils to generate a 

uniform external magnetic field. A µ-metal shield is used to enclose the sample, screening out the 

earth’s magnetic field and other sources of external background field noise. The other dilution 

fridge is nicknamed “Magneto”, which has a 3-axis vector magnet. Due to the large mass of the 

magnet, it takes 48 hours to reach 20mK.  
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 3.3 Data Acquisition and Data Analysis 

We used a 4-terminal measurement setup to measure I, V, dI, and dV, each individually, and then 

we plot IV curves or dV /dI vs V curves.  A schematic circuit diagram is showing in figure 3.10 to 

help illustrate the setup.  

 

Figure 3.10: Schematic circuit diagram for measuring Nb-Bi2Se3-Nb Josephson Junctions. This 

figure shows the setup used in the measurement of single junction experiment and asymmetric 

SQUID CPR measurement [46]. 
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We will now explain the measurement setup in the order from left to right, top to bottom, and then 

back to the top left. First, a stepping voltage and a small AC voltage excitation are added together 

via a A+B/100 sum box, with A being the DC stepping voltage coming from the National 

Instrument DAQ, and B is an AC excitation voltage supplied by the lock-in amplifier.

 

Figure 3.11: The Schematic waveform of a composite voltage input signal composed of a DC 

stepping voltage with a small sine wave AC excitation [47] 

A 100kΩ or 1MΩ bias resistor, which will set the sweeping range of the bias current 

depending on the magnitude of critical current for each device, is connected in series with the 

circuit converting the voltage signal into current, working effectively as a current supply. Next, 

two Ithaco brand voltage amplifiers are used to measure the DC voltage and bias current flowing 

across the JJ individually. The outputs of the two preamps are connected to a BNC tee adapter on 

the lock-in amplifier for monitoring the dV and dI signal of the junction. The bias current is 

acquired indirectly by measuring the voltage across a 1k resistor, which is in series with the device 

and should therefore have equal current to the device. All output I, dI, V, dV come out of the lock-

ins and then feed back into the DAQ.  A custom-wound Helmholtz coil was used as the magnet 

for providing external magnetic field to Mr. Freeze, and magneto has a 3-axis vector magnet made 
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by Oxford Instruments. A low noise SRS voltage-controlled current source was used as the current 

supply to drive the magnet to the desired magnetic field. Noise filtering was done passively through 

the use of low-pass RC filters tuned to 1 kHz on the current input lines and through the integrated 

low-pass filters tuned at 300 Hz on the preamplifier stages. During the data acquisition, averaging 

was also used to reduce noise in the recorded signal. Measurements in this experiment were carried 

out using LabView routines to control the data acquisition, the output control signals and the signal 

averaging/data output.  

All data acquisition and management, as well as output control, was done through 

programming in LabVIEW, using National Instrument DAQ communication libraries written by 

previous student in DVH lab. Plotting and further analysis of data sets was done using OriginLab 

and Python. 
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Chapter 4. Single Junction Experiment Results and Discussion 

In this chapter, we report our results and analysis on transport properties of Nb-Bi2Se3-Nb 

lateral Josephson junctions. We observed even-odd node-lifting effects in many of our single TIJJ 

devices, which we interpret as strong evidence for a 4π-periodic sin (
𝜙

2
)  component in the 

Josephson current-phase relation (CPR). We carried out further experiments and analysis of our 

results to test that such even-odd node-lifting effect is solely due to the intrinsic TI proximity effect 

of S-TI-S lateral Josephson junction. This analysis includes the choice of high quality TI thin films, 

fabricating and measuring TIJJ effect of geometry, inspecting our devices under SEM, and 

simulating our Josephson junctions’ diffraction patterns to determine the possibility of node-lifting 

effects originating from critical current disorder and flux focusing effects.   

4.1 Introduction 

 A topological insulator is a new class of material that is categorized by its 

topological order instead of conventional Landau order parameter symmetry breaking 

classification standards. Among the rich materials family of topological insulators, Bi2Se3 is a 

strong 3D topological insulator with a wide bulk insulating gap and a conducting edge state, and 

it has received the most attention in both theoretical modeling and experimental testing. The 

topologically protected surface state arises from strong spin-orbit coupling, and it is protected by 

time-reversal-symmetry. It has attracted much research interest in the field of condensed matter 

physics not only due to its exotic materials properties, but also because it is a potential candidate 

for hosting Majorana bound states (MBS) which are expected obey non-Abelian statistics leading 

to possible an application in building a fault-tolerant topological quantum computer [19]. Fu and 

Kane had come up with the groundbreaking proposal [18] of putting two conventional s-wave 
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superconducting electrodes into contact with a topological insulator, forming an in-plane lateral 

topological insulator Josephson junction. In this system, a low-energy ABS would emerge as 

quasi-particle excitation states, leading to an unconventional CPR.  

 One of the key characteristics of MBS in a topological Josephson junction system 

is that the MBS enable Majorana fermions to fuse and carry supercurrent across the junction 

through tunneling of quasi-particle electrons [69]. This doubles the Josephson period from 2𝜋 to 

4𝜋, which is drastically different from conventional s-wave superconducting Josephson junctions 

where supercurrent is solely carried by Cooper pairs with charge unit of 2e. Indeed, many groups 

have studied the Josephson effect in TIJJ systems, and their results have implicitly hinted at the 

existence of a 4𝜋 periodic Josephson effect. However, few of them have discussed this 4𝜋 periodic 

Josephson effect in detail. Most of these previous works focused on the I-V characteristics of 

critical current in response to temperature [49], electric field gating [50,51], an external magnetic 

field [52], or using different superconductors [53,54]. Some used different forms of topological 

insulators, such as thin films or exfoliated flakes from a bulk single crystal, as the Josephson 

junction’s weak link barrier [55,56,57,58,59,60]. Next, we present our results focusing on 4𝜋 

periodic Josephson effect of lateral Nb-Bi2Se3-Nb single Josephson junctions by employing a 

phase-sensitive Josephson interferometry technique. 

4.2 Choice of Materials 

Although the theoretical concept of a topological insulator is straightforward to understand, 

experimentally it is challenging to have a perfect topological insulator with an insulting bulk due 

to material defect issues. Selenium (Se) vacancies [61] and Se, Bi anti-site defects [62] are often 

to blame for introducing bulk conduction channels. Figure 4.1 is a schematic picture that depicts 
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such defects. Se has relatively high vapor pressure, making it thermally volatile. This tends to 

create Se vacancies in the lattice. With Se being the anion atom in the compound, Se vacancy 

usually pushes the Fermi level up to the conduction band, introducing bulk conduction channels 

in the topological insulator. Sb was often used to compensate such n-doping effects to bring the 

Fermi level down towards the band gap [63]. 

 

Figure 4.1: a) a defect-free stoichiometric Bi2Se3 unit cell b) a Bi2Se3 unit cell with a Se vacancy 

c) a Bi2Se3 unit cell with a Bi-Se anti-site defect. [64] 

The 2nd type of defect, Bi-Se anti-site defects, were often caused by a small energy 

difference for switching Bi-Se positions in the lattice, due to the small electronegativity of Se [65]. 

Although this type of defect is charge neutral, it can still introduce bulk carriers of both signs.     

Isovalence substitution, or anion or cation charge carrier doping, are often done to reduce the bulk 

contribution. Indeed, these methods have helped bring down the bulk conduction, however it is 

done at the cost of degrading the surface state mobility [66,67]. Thus, the real solution to this 

materials quality challenge is to both reduce bulk contribution and improve surface state mobility. 

Low bulk carrier density and high surface state mobility are the two most important metrics to 

evaluate the quality of a topological insulator crystal. The most recent record for highest mobility 

and lowest carrier density Bi2Se3 thin films grown by MBE were reported by the Oh group at 

Rutgers with an In2Se3 buffered layer on top of c-plane sapphire substrates [68].  
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Figure 4.2: a) shows the order of the growth from substrate to buffer layer to the final Bi2Se3 thin 

films with corresponding RHEED images and sheet resistance under each stage.  b), c) are the 

cross-sectional TEM images for the BIS-BL Bi2Se3 thin films with a crystalline sharp defect-free 

interface at the boundary. d) and e) are the cross-sectional TEM images for Bi2Se3 thin film grown 

directly on top of a c-plane sapphire substrate and a Si substrate with no buffered layer on a 

substrate with a blurred interface between the Bi2Se3 thin film and the substrate.  

The idea here is that the In2Se3-Bi1-xInxSe3 buffered layer on top of c-plane sapphire acts 

as a well lattice-matched virtual substrate for the final growth of Bi2Se3, which yields a highly 

crystalline defect-free interface at the boundary. In contrast with the case of the Bi2Se3 that was 

directly grown on top of c-plane sapphire and silicon substrate with no buffered layer, where the 

interface is blurred under TEM due to disorder. These interfacial disorder defects were believed to 

be the reason for the bulk carrier contribution in the Bi2Se3 thin films. This postulate was then 

supported by ARPES (Angle resolved photo-emission spectroscopy) data, which maps out the 

energy band structure of Bi2Se3 respective to different growth modes.  Transport measurements 

were also carried out to calibrate the 2D carrier density and mobility, showing consistent results.  
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Figure 4.3:  Comparison of (a) sheet carrier density and (b) Hall mobility of Bi2Se3 films grown 

on BIS-BL (Bi1-xInxSe3 -Buffered Layer), Al2O3(0001), and Si (111) for various film thickness. 

ARPES of Bi2Se3 grown on (c) BIS-BL and (d) Al2O3(0001) [67] 

From the above figure, we can clearly see that with a BIS-BL buffered layer, the Fermi 

level of Bi2Se3 was shifted into the gap, which significantly decreases the carrier density due to 

the contribution of the bulk conduction band. Furthermore, the mobility of the BIS-BL film was 

about 4 times higher than the non-buffered films, due to less back-scattering with bulk carrier 

electrons.  
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4.3 Device Fabrication 

A series of in-plane lateral Josephson junctions were fabricated by e-beam lithography. 

Niobium superconducting leads were deposited by magnetron sputtering following by a 1-2 sec 

Ar ion-milling cleaning process to ensure a clean interface between the Nb and TI surface. All 

three types of TI films we were studying are around 40nm in thickness. The separation between 

the two superconducting leads ranges from 90nm to 400nm. The length of the leads ranges from 

2um to 3um with a constant width of 300nm for the width of the leads, and all these junctions are 

in the small junction limit.  

One typical design for Josephson junction is a head to head style with wide lead width and 

narrow separation. Such junction has well defined junction width and length geometry, easing 

device fabrication and diffraction pattern simulations. However, it is easy to run into the long 

junction limit once the width is too big and the critical current density is large, meaning that 

supercurrent screening effects would make the critical current density distribution along the 

junction edge complicated. Indeed, it was reported by the Goldhaber-Gordon group that such wide 

junction leads lead to flux-focusing effects [ 69 ]. What is more, we are likely to encounter 

fabrication artifacts due to local heating effects from e-beam exposure. These lead to overdose 

effects in the central part of the junction and an under-dose on the two-outer edges of the junction, 

as we can see from Figure 4.4. The junction width is 2um with a 100nm gap separation, and the 

junction has a curvy edge instead of a straight, parallel geometry.  
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Figure 4.4: SEM picture of 2𝜇m wide junction with 100nm gap separation showing rounded 

corners at the edge of the leads due to fabrication artifacts 

To avoid distortion in critical current distribution along the edge of the junction due to both 

flux focusing effects and geometric disorder, we design our junction to be a long, thin bar type, 

which is shown in the following figure. The benefit of such a design is that we can have a large 

aspect ratio of the junction length vs junction gap separation. This would be beneficial for our 

future work in generating multiple vortices in the junction and creation, detection, and braiding 

operations involving multiple MFs in the junction without getting into the long junction regime. 

Another benefit we gain from this type of design is that our TIJJ has well defined, straight, parallel 

edges along the junction edge, as we can see from Figure 4.5, which would help create uniform 

the critical current density across the junction.  
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Figure 4.5: SEM picture of 2𝜇m long junction with long thin bar design style showing well 

defined junction edges  
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4.4 Effect of Junction Geometry  

In this section, we present our measured TIJJ IV characteristic and critical current vs 

external magnetic field data. We have made a series of junctions with the same length but different 

gap separations to see how the critical current decays as a function of junction lead separation, and 

we present the data as follows. 

Gap(nm) Ic (𝜇A) Rn(Ohm) IcRn(𝜇V) 

130 33.14 6 198.84 

180 14.65 8 117.2 

230 8.38 11.5 96.37 

280 5.75 14 80.5 

330 3.8 16 60.8 

380 2.49 20 49.8 

430 0.68 22 14.96 

Table 4.1 Critical current dependence of gap separation between the two Nb superconducting 

leads with fixed width of 3𝜇m 

Fig.4.6. shows the geometric dependence of our TIJJ characteristics. We can see that the 

junction normal state resistance increases linearly as a function of increasing gap separation, and 

it follows a linearly trace extended to zero. We also have calculated the IcRn product dependence 

on the geometry, which is usually proportional to the strength of the proximity induced 

superconducting energy gap.  
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Figure 4.6: Color encoded 3-y axis plot of Nb-Bi2Se3-Nb later Josephson junction geometric 

effect study. The colored dots are the data points with dashed lines with help guide the view of 

the trend.  

The normal metal coherence length is a characteristic length for SNS JJ, which is related 

to the transparency of the Josephson junction barrier.  We used an exponential decay function, 

𝐼(𝑥) = 𝐼0𝑒
−

𝑥

𝜉𝑁 [70], to extrapolate the normal metal coherence length and Fermi velocity using 

𝜉𝑁~
ℏ𝑉𝑁𝐹

𝑘𝐵𝑇
 [70]. As we can see from the Fig. 4.7, the critical current decays exponentially as the gap 

of the junction increases, and curve was automatically fitted with a two linearly combined 

exponential decay functions by using OriginLab. Two different values of normal metal coherence 

length were obtained, with one being 𝜉𝑁
1 = 22.18 ± 13.54 𝑛𝑚 and another one being  

𝜉𝑁
2 = 112.72 ± 17.22 𝑛𝑚, hinting that the supercurrent was composed of two types of superfluid. 

This observation is consistent with previous published literature [58,59], where the critical current 
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decay differently as a function of temperature at different gate voltage. The story behind is that the 

supercurrent is carried by two different surface states in Bi2Se3, where one is the trivial surface 

state due to a 2-dimensional electron gas(2DEG) due to conduction band bending downward 

crossing with the chemical potential, and the other one is the topological protected surface state.  

Another conclusion we can draw from the above critical current vs gap separation test is that the 

critical current of our junction at the range of 250nm to 400nm decays very slow, this tells us that 

a small uncertainty in the gap separation would cause a small change in the magnitude of total 

supercurrent of the junction, indicating that critical current disorder effect is negligible at this 

distance regime.  

 

Figure 4.7: Critical current dependence of gap separation curve fitted with an exponential decay 

function in red trace, with the semi-log plot inset on the top center 
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 So far, we have discussed the important role of Bi2Se3 materials quality in detail, and we 

used high quality Bi2Se3 films to ensure that all our transport results are dominated by the surface 

state contribution. From the SEM pictures in Fig. 4.3, and Fig. 4.4, we can see that our long and 

thin bar type junction has well defined junction edge, indicating there is a minimal amount of 

geometric disorder in our junctions. The amount of uncertainty in the edge is around +/-2nm, which 

is negligible compared to our typical Josephson junction gap separation distance, 250nm. In the 

next section, we will analyze our single junction critical current vs magnetic field modulation data, 

and we extract a magnetic penetration length of 85nm. This indicates that all our junctions are 

within the short junction limit, which means flux focusing effect is negligible and the critical 

current density is uniform along the edge of the junction. From now on, we can assume that all the 

junction diffraction physics we are studying are due to the intrinsic superconducting proximity 

effect in the topological insulator, instead of flux focusing effects or disorder in critical current 

density.  

4.5 Single Junction Results and Analysis  

Next, we will look at the single TIJJ diffraction data. The I-V characteristic of one of our 

Nb-Bi2Se3-Nb JJs are shown in the Fig. 4.8 at different sample temperature. The value of critical 

current (Ic) was defined as when there is a finite voltage drop across the junction with a switch in 

the I-V curve. The Ic vs temperature dependence was extrapolated according to this definition.    
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Figure 4.8: a) left figure shows the IV characteristic for one of our TIJJ at different temperatures 

b) critical current vs temperature plot where critical current was extrapolated from IV curve.  

The single junction critical current vs magnetic field diffraction pattern is shown in Fig. 

4.8. In Fig 4.8 a), the black curve is our actual measured diffraction data, and red curve in Fig 4.8 

b) is our simulated diffraction pattern with only the conventional sin (𝜙)  component. As 

highlighted in the red square box of Fig. 4.8 a), there are three main striking features in our 

measured data. First, we noticed is that our single TIJJ is 4π  periodic, with the 1st node and 3rd  

node lifted, and 2nd  node and 4th  nodes pinned down to zero. Such even-odd node lifting effect is 

also symmetric about the y-axis in the negative field direction. To our knowledge, similar node-

lifting effect was shown or implicitly hinted in previous published literature [58,59], but many of 

them explained this effect with disorder [48], flux focusing effect [69] or simply ignored, and none 

of them showed such consistent even-odd effect symmetric about the peak to the 4th nodes. 
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Figure 4.9: a) measured TIJJ diffraction with entry feature and even-odd node-lifting feature. b) 

Simulated Fraunhofer diffraction pattern for conventional JJ with all nodes pin down to zero. 

From the measured Josephson period in magnetic field, we also calculated the effective 

area of the Josephson junction, and we found out that out junction has a magnetic penetration 

length of 𝜆 = 85𝑛𝑚 indicating that we are well within the short junction limit, where flux focusing 

effect can be ignored. This is calculated by using Φ0 = 𝐵𝑒𝑥𝑡 ∗ 𝐴, where Φ0 is one flux quantum 

and 𝐵𝑒𝑥𝑡 is the applied magnetic field, and 𝐴 = 𝐿 ∗ (𝑑 + 2𝜆) is the effective junction area. The 

correspondence of each of the dimension is depicted in Fig. 4.7 a). If we are in the long junction 

limit as shown in Fig. 4.7 b), the superconducting leads have such a large critical current density 

that it generates a self-screening field to push all the external field into the gap of the junction, 

making the effective junction area smaller, and this would make the critical current density 

distribution along the edge of the junction leads complicated leading to irregular critical current vs 

magnetic field modulation patterns.  
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Figure 4.10: a) Superconducting JJ in the short junction limit with external field penetrating into 

the superconducting leads b) Superconducting JJ in the long junction limit where the supercurrent 

density is so big that all the external magnetic field are screened in the superconducting leads and 

squeezed into a narrow junction between the leads.  

 Secondly, other than the even-odd node lifting effect, we also noticed there is a small glitch 

feature on the shoulder of the diffraction pattern as highlighted in the top red box of Fig. 4.8 a). 

To ensure this abrupt vortex entry feature was not a measurement artifact, we took trace and retrace 

of the single TIJJ diffraction pattern starting from zero and going to the positive maximum, and 

then reversing the field direction from positive maximum all the way to the negative maximum, 

and then reversing the field ramping direction again from negative maximum back to the starting 

point at zero field. The diffraction pattern was shifted slightly in the horizontal direction to help 

observe this vortex entry feature. This can be explained by employing the model of MBS localized 

at the core of the Josephson vortex, and the Josephson vortex can enter and leave the junction 

seamlessly as the phase is winded by the external magnetic field, which is supported by 

reproducible feature at the same location in the trace and retrace plot in Fig. 4.10.  We can see 

from figure 4.1.11 that all the characteristic features are reproducible and showed up at the same 
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position. reproducibility of each key feature on the diffraction curve including the even-odd node-

lifting effect. 

 

Figure 4.11: Trace and retrace of diffraction pattern for one of our TIJJ 

Now, we will attempt to explain how the origin of these characteristic features leads to 4π 

periodic Josephson effect in our TIJJ diffraction pattern. It is well-known that disorder in the 

critical current distribution causes incomplete cancellation of supercurrent, and can lead 

to lifting of the nodes and deviation from an ideal Fraunhofer diffraction pattern. 

Although it is hard to rule out this effect, we do not think this is the origin for the lifting 

of nodes in our junctions for the reason listed here:   

(1)  These features are consistent for many of our single TIJJ samples, ruling out anomalous 

device-specific origins. The feature of node-lifting is so robust that we saw it in many different 

forms of Bi2Se3 samples, including MBE thin films grown both with and without In2Se3 buffered 

layers as well as exfoliated flakes from Bi2Se3 bulk crystals. 
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Figure 4.12: a) left shows another TIJJ with BIS buffer layer showing in linear scale b) semi-log 

scale plot of the same device to show the even-odd node-lifting effect in the diffraction pattern.  

  

Figure 4.13: a) left shows contour plot diffraction pattern for another TIJJ with no BIS buffered 

layer with differential resistance of the device being the color scale b) extrapolated Ic vs B plot 

for the left figure with no contour color shows an obvious even-odd node-lifting effect.  
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Figure 4.14: (a) The IV characteristics of the TIJJ at different temperatures. Inset: a schematic 

representation of the junction cross-section. (b) The critical current vs magnetic field modulation 

with the first node lifted in both positive and negative field, and 2nd nodes pinned down to zero.  

[59] 

 (2) Inhomogeneity usually lifts all nodes and we see the first node is lifted but the second node is 

not, and third node is lifted, but the fourth node is not, and it is symmetric about the y-axis for the 

negative field direction. We then tried to add asin (
ϕ

2
)   term to the CPR and simulate the single 

junction diffraction pattern, as we can see from the following plot. We can see that 5% of the 

sin (
𝜙

2
) component easily lifts all the odd nodes, and pins all the even nodes to zero, which is in 

good agreement with our experimental data.  
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Figure 4.15: a) Matlab simulation of single TIJJ showing correction of node-lifting vs percentage 

of supercurrent carried by the 𝑠𝑖𝑛 (
𝜙

2
) component.  

 

Figure 4.15 b) zoom in view at the nodes of the diffraction pattern for different percentage of 

supercurrent carried by the 𝑠𝑖𝑛 (
𝜙

2
)  component.  
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(3) The node-lifting for our junctions is very large, typically ~5-15% of the maximum critical 

current, which would require unreasonably large amounts of disorder or systematic asymmetries 

in the junction properties. A numerical simulation was carried out in Matlab, and we introduce the 

disorder in the total critical current as a random fluctuation times a critical current scaling factor. 

We noticed that it takes up to 50%-60% of disorder to have a noticeable lifting of nodes in the 

single junction diffraction pattern.  From SEM picture of our single junctions, we knew that our 

junction has relative straight parallel edges with no significant fabrication artifacts, thus the even-

odd node-lifting effect is unlikely to be caused by the disorder. 

 

Figure 4.16 a) Matlab simulation for single junction diffraction pattern with different amounts of 

critical current disorder 
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Figure 4.16: b) Zoomed-in view of the nodes for inspecting node-lifting effects vs magnitude of 

critical current disorder. 

After carrying out systematic tests to rule out the origin of an even-odd node-lifting effect 

due to critical current disorder and flux focusing effects, we adopted Fu and Potter’s MBS model 

[70] to explain our diffraction data. If a Majorana zero energy bound state is present in the junction 

in the core of the vortices, it enables a single quasi-particle electron to tunnel through the Josephson 

barrier to carry the supercurrent. The transition of the supercurrent charge carrier from 2e to 1e 

doubles the Josephson period from 2π to 4π. Similar anomalous Josephson effects were also 

predicted to appear in cuprates’ pair-density wave Josephson junctions, in which a 4e charge 

carrier condensate state is present, introducing a sin (2𝜙) component into the CPR in addition to 

the conventional sin (𝜙)  component. Fig. 4.17 is a schematic picture describing the physical 

scenario of how supercurrent is carried by ABS.  
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Figure 4.17: a) A schematic picture describing the Andreev reflection process at a 

superconductor-normal metal (SN) junction [71], b) A schematic picture describing Josephson 

supercurrent carried by ABS in a SNS Josephson junction[ 72]. 

When we try passing current from a piece of normal metal into an s-wave superconductor, 

due to the fact that conduction band and valence band are gapped out in the superconductor and 

all electrons are paired up as Cooper pairs residing at the Fermi level, there is no available density 

of states for the incident electrons. In order to pass the current, the incident electron grabs another 

electron from the Fermi sea in the normal metal, and pairs up as a Cooper pair propagating through 

the superconductor, together with a reflection of a hole into the normal metal in the opposite 

direction of the incident electron to conserve the total charge and momentum. This process is called 

Andreev reflection. If we placed another superconductor on both sides of the normal metal, we 

would have Andreev reflection processes from both sides of the normal metal. The difference here 

is that when a hole reflected back to the left side, it would reflect another electron out to the right 

side, which forms a dynamic equilibium process. The reflected electron-hole pair resides above 
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and the below the fermi level, respectively, and such process is called an Andreev bound states, 

which can carry a lossless supercurrent.  

Fig. 4.18 shows a schematic picture of Fu and Potter’s MBS picture for a lateral S-TI-S 

Josephson junction [59]. A lateral S-wave superconductor at the top (blue layer labeled as SC) is 

in contact with the the bottom layer of topological insulator (grey layer labeled as TI).  

 

Figure 4.18: (a) S-TI-S Josephson junction device geometry. (b) Phase diagram of localized 

Josephson vortices generated in the junction when the phase along the junction is of odd-

multiples of 𝜋[59]. 

As the global phase between the two sides of the junction (θ0 = θR − θL) is adjusted by 

the external magnetic field, Josephson vortices are formed and localized at the junction when the 

total phase across the junction is equal to odd multiples of 𝜋. We would have an electron-hole pair 

residing right at the zero-energy level. Such a zero-energy ABS, also referred to as a MBS, can 

host Majorana fermions at the center of the Josephson vortices, which are predicted to exhibit non-

Abelian statistics. The superconducting order parameter is zero at the center of the vortex, thus it 



79 
 

can allow a quasi-particle single electron to carry current through it. It is worth to mention that it 

is well known that in nanowire systems Majorana  fermions are predicted to reside the two ends 

of the nanowire, though it is still a open question for whether there exist Majorana fermions in a 

3D TI JJ system.  

We then use the following equation to simulate the current-phase relation of our S-TI-S 

Josephson junction, where Is is the total supercurrent carried in the junction, 𝜙 is the phase of the 

junction, I2e is the magnitude of the conventional 2𝜋 periodic Josephson supercurrent, IMF is the 

magnitude of the supercurrent carried by the MBS, and 𝛼(𝜙) is a localized delta function about 

the localized Josephson vortices that we used a Gaussian distribution function to describe, which 

is related to the effective percentage of critical current contribution by the 𝑠𝑖𝑛 (
𝜙

2
) component. 

𝐼𝑠(𝜙) = 𝐼2𝑒 sin(𝜙) + 𝛼(𝜙) ∗ 𝐼𝑀𝐹 ∗ sin (
𝜙

2
)                                         (49) 

𝛼(𝜙) = {
1

√2𝜋𝜎2
𝑒

−
(𝜙−(2𝑛+1)∗𝜋)2

2𝜎2            𝑤ℎ𝑒𝑛 𝜙 ≈ (2𝑛 + 1) ∗ 𝜋      𝑛 𝑖𝑠 𝑎𝑛 𝑖𝑛𝑡𝑒𝑔𝑒𝑟           

0                                              𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                                                          

  (50) 

Numerical simulation was carried out using the above model, and results are displayed in 

Fig. 4.19. A periodic Gaussian function was used to describe the Josephson vortex shown in Fig. 

4.19 a). The standard deviation of the Gaussian distribution function 𝜎 describes the tunable 

width of the Josephson vortex, where the Josephson vortex is generated when 𝜙 equals to odd-

multiples of 𝜋. 
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Figure 4.19: a) Periodic Gaussian distribution with normalized peak of 1 at odd-multiples of 𝜋 

and zero elsewhere, b) Effective CPR of 𝑠𝑖𝑛 (
𝜙

2
) component multiplied by the localized gasussian 

function, c) conventional sinusoidal 2𝜋 periodic CPR, d) Effective combined CPR of both b) and 

c) with different percentage of 𝑠𝑖𝑛 (
𝜙

2
) contribution to the total critical current. 

Due to the 4𝜋 periodic nature of the MBS, we then multiply the Gaussian function by 

sin (
𝜙

2
), which would then yield  𝛼(𝜙) ∗ sin (

𝜙

2
) shown in Fig. 4.18 b). Fig. 4.18 c) shows the 2𝜋 

periodic Josephson junction CPR, and we combined the conventional 2𝜋 component with the 4𝜋 

component in equation 49, from we would get the total effective CPR which is shown in Fig. 4.18 

d) . As we can see from Fig. 4.18 d), the blue line describes the lower percentage of the sin (
𝜙

2
) 

component with 𝛼 = 0.2 and the red curve represent a higher percentage of sin (
𝜙

2
) component 

with 𝛼 = 0.4, which can correlate with the quality of the topological insulator and its mobility and 

carrier density. The smaller the bulk carrier density and higher the surface state mobilitiy, the 
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higher value of 𝛼 we should see. The combined effective CPR has a pronounced spike feature 

which is 4𝜋 periodic for 𝛼 = 0.4, and the spike feature is smeared out and almost not noticeable 

in the blue curve for 𝛼 = 0.2. In general, the total supercurrent flowing across the junction is a 

complex function that depends on the CPR with the following function form, shown in Fig 4.19, 

due to a wide range of physical effects including inhomogeneity in the critical current, order 

parameter symmetry, trapped vortices, magnetic domains, and localized MBS locating at the core 

of the Josephson vortex is of most relevance to this experiment.  

 

Figure 4.20: General expression for the critical current of a Josephson junction and CPR 

We then integrated the CPR with the critical current density along the junction, and we get 

the simulated critical current versus external magnetic field diffraction pattern as in Fig. 4.21.  As 

we can see from Fig. 4.21, it has a Fraunhofer-like pattern. Furthermore, it has an even-odd node 

lifting effect, which we interpret as the 4𝜋 periodic Josephson effect. It also has a shoulder glitch 

feature highlighted in the red box, corresponding to the entry of the first Josephson vortex, which 

is related with the first pair of MBS in the junction. This was confirmed by the phase dynamics in 
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the junction with an abrupt change of phase in the junction when a vortex enters the junction, 

which was shown in Fig. 4.21 b) highlighted with the yellow arrows.  

 

Fig. 4.21 a) Simulated single junction critical current versus magnetic field diffraction pattern 

using the postulated effective MBS CPR described in equation 49 with 𝛼 = 0, 0.2 and 0.5. b) Phase 

winding of the junction as a function of external magnetic field.  

The purple trace in Fig. 4.21 a) was obtained by subtracting the conventional diffraction 

pattern from the case of  𝛼 = 0.5. This is consistent with our model that localized Josephson vortex 

enters the junction at every odd multiple of 𝜙 = (2𝑛 + 1) ∗ 𝜋, corresponding with the appearance 

of one pair of MBS. The extra current would be carried by the 1st pair of MBS at 𝜙 = 𝜋, and the 

current would vanish to zero when the 2nd pair of MBS enters the junction at 𝜙 = 3𝜋 , and 

reappears at 𝜙 = 5𝜋. 
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Figure 4.22: trace and retrace of single junction diffraction pattern with even-odd node-lifting 

effect, and vortex entry feature highlighted in the red box.  

As we can see from the comparison of Fig. 4.21 a), and Fig. 4.22 , our measured single junction 

data is in good agreement with the simulated single junction diffraction pattern with a combined 

effective CPR composed of a localized 4𝜋 periodic component.   
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4.6 Conclusion 

We have made a series of TIJJ with long and thin bar geometries, and we have found the 

magnetic penetration length for our TIJJ to be 𝜆 = 85𝑛𝑚. The normal metal coherence length of 

high quality Bi2Se3 thin films with buffered BIS layer is  𝜉𝑁
1 = 22.18 ± 13.54 𝑛𝑚 and 

𝜉𝑁
2 = 112.72 ± 17.22 𝑛𝑚, indicating the supercurrent is carried by two types of superfluid with 

different decay length scale. Strong evidence of 4𝜋 periodic Josephson effect was observed in our 

TIJJ via even-odd node-lifting effects in our single junction diffraction pattern, together with an 

abrupt vortex entry feature, which we interpret as the entry of the first pair of MFs. We have tested 

the origin of an even-odd node lifting effect due to critical current density distortion or flux 

focusing effects from the geometric TIJJ testing results and numerical simulation. We extended 

Fu and Potter’s localized MBS model to simulate the TIJJ diffraction pattern and our measured 

results are in good agreement with theory. In short, we would like to conclude that we have 

observed 4𝜋 periodic Josephson effect in our TIJJ.  
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Chapter 5. Asymmetric SQUID Experiment Results and Discussion 

In this chapter, we will present our study of direct CPR measurements of Nb-Bi2Se3-Nb 

TIJJs using an asymmetric SQUID configuration. We will first explain the working mechanism of 

the asymmetric SQUID, and then we will present measured experimental CPR data from a TI 

asymmetric SQUID. We will compare this data to numerically simulated asymmetric SQUID data 

with a sin (
𝜙

2
) component in the CPR. Prior to these experiments, skewness in TIJJ CPR has been 

indirectly extracted from SQUID diffraction pattern by C. Kurter et al [73], and a skewed CPR in 

a TIJJ has only been directly observed using a scanning SQUID microscope pick-up loop 

technique [71]. In contrast, we use a direct electrical transport measurement technique to observe 

the skewness in the CPR of our TIJJ. The presence of skewness in this system is indicative of the 

high-transparency surface states of the 3D topological insulator Bi2Se3. We also observe this 

skewness decrease as we increase the sample temperature, until it disappears entirely. This is due 

to quasiparticle scattering effects from thermal electrons in bulk channels, which reduce the 

transparency of the Josephson weak link barrier and effectively reduce the skewness.  

5.1 Introduction  

The current-phase relation (CPR) of a Josephson junction (JJ) describes how the 

supercurrent changes as a function of the phase difference of the superconducting order parameter 

across the junction. The CPR of a JJ plays an essential role in understanding how the 

superconducting order parameter propagates through the weak link barrier, especially in the case 

of TIJJ and its exotic topological order phases. A conventional Josephson Junction has a sinusoidal 

CPR, 𝐼𝑠(𝜙) = Ic ∗ sin (𝜙). TIJJs are predicted to host MBS, which enable a supercurrent carried 

by a quasiparticle single electron instead of Cooper pairs, thus doubling the Josephson period from 
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2𝜋 to 4𝜋[9]. Probing the CPR of a TIJJ would be crucial for identifying this 4𝜋 periodic Josephson 

effect, which is one of the key characteristics of MBS. Previous scanning SQUID microscopy 

(SSM) measurements of Al-Bi2Se3-Al [74] and Nb-HgTe-Nb Josephson junctions [75] showed a 

forward skewness in the CPR, which was attributed to the high transmittance of topological surface 

states. However, they did not observe direct evidence of a 4𝜋 periodic Josephson effect. High 

frequency RF techniques have also been used to study the CPR of HgTe [76] and InAs [77] 

nanowire Josephson junction systems, where a 4𝜋 periodic Josephson effect was observed through 

measuring voltage-doubled Shapiro steps, however whether such 4𝜋 periodic Josephson effect 

originates from MBS is not yet confirmed. 

In the previous single junction results section, Chapter 4, we presented a comprehensive 

study of TIJJ single junctions, and deduced a 4𝜋 periodic Josephson effect via an even-odd node-

lifting effect in the magnetic diffraction pattern. Adapting the technique of the Goswami group 

[31], who used an asymmetric SQUID configuration to study the CPR of a high-quality graphene 

Josephson junction, here we have used an asymmetric SQUID technique to study the CPR of TIJJ 

to further testify the existence of sin (
𝜙

2
) component in the CPR of TIJJ. Recall that we have 

explained the working principle of the asymmetric SQUID technique with both an analytical 

approximation and a numerical simulation in Chapter 2.3, using the PDW example. From equation 

43 and 44 in Chapter 2, we demonstrated that we can directly extract the CPR of the smaller 

junction by looking at the top of the SQUID diffraction pattern near zero field. The phase of the 

bigger junction is fixed around 
𝜋

2
 and thus contributes nearly constant supercurrent, and the change 

of the phase in the SQUID pattern would be equal to the phase change in the smaller 

junction, 𝐼𝑠(Φ𝑒𝑥𝑡) ≈ 𝐼𝑐1 + 𝐼𝑐2(𝛷𝑒𝑥𝑡, 𝜙2).  
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We then conducted a similar numerical simulation for a TIJJ asymmetric SQUID. We 

postulate an extra sin (
𝜙

2
) component in the CPR, which well explains our TIJJ single junction 

data. Here, we applied the predicted CPR from Chapter 4, equation 49 and 50, and we simulate 

the diffraction pattern for the asymmetric SQUID. In Fig 5.1. a), we present an overview of the 

simulated asymmetric SQUID diffraction pattern composed of both a single junction decay 

envelope and the SQUID modulation. If we zoom in on the red boxed region in Fig. 5.1 a), we 

obtain the extracted CPR from the simulated asymmetric SQUID diffraction pattern, which is what 

we would expect to see from our experimental measured asymmetric SQUID data. There are three 

main features worth pointing out. First, we noticed that a smaller side peak feature, corresponding 

to the localized 4𝜋 periodic ABS that carries the extra current, is most visible near the zero-field 

region in the extracted CPR, where the single junction decay envelope has minimal effect. 

However, such a feature is hardly noticeable due to the single junction decay envelop smearing it 

out, highlighted by red and green arrows in Fig.5.1 b). This implied that we should make the 

SQUID loop large compared to the single junction, to keep us from losing the 4𝜋 periodic ABS 

feature in the CPR to single junction effects. For c) and d), we can see that while the phase of the 

bigger junction is fixed around 𝜙1 ≈
𝜋

2
 , the phase of the smaller junction 𝜙2 keeps winding as the 

external magnetic field keeps changing. This means that we are effectively measuring the CPR of 

the smaller junction when we are measuring the asymmetric SQUID diffraction pattern.   
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Figure 5.1: Matlab simulation of asymmetric SQUID diffraction pattern with two different 

percentage of 𝑠𝑖𝑛 (
𝜙

2
) component in the CPR. a) Overview of SQUID diffraction pattern with 

single junction envelop. b) Zoom in view of the red boxed region to extract the CPR of the smaller 

junction at the top of the peak at zero field. c) Near zero field when the critical current of the larger 

junction is near maximum, the phase of the larger junction is fixed around 
𝜋

2
. d) The phase of the 

smaller junction in the asymmetric SQUID keeps winding as the external magnetic field is 

changing, and the phase of the junction now is effectively determined by the phase of the smaller 

junction.  

To further test the validity of extracting the CPR by using the asymmetric SQUID 

technique, we compared our extracted CPR data from the simulated asymmetric SQUID 

diffraction pattern, shown in Fig. 5.1 a), to the postulated CPR containing a 4𝜋 periodic sin (
𝜙

2
) 

component from Chapter 4, equation 49, shown in Fig. 5.1 b). First, there is a small deviation in 

the CPR from conventional sinusoidal CPR that is 4𝜋 periodic for both figures, as highlighted by 

the black box and black arrows in both figures. Such consistency is amplified when a larger 𝛼 

value with a sharp spike feature is present in the CPR, where 𝛼 represents the percentage of the 
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sin (
𝜙

2
) component in the total CPR. Secondly, the extracted CPR from the asymmetric SQUID 

has a parabolic background due to the single junction decay effect.  Thus, we can see that when 

we used the postulated 4𝜋 periodic CPR due to the localized ABS to simulate the asymmetric 

SQUID diffraction pattern, we can retrieve the CPR information by zooming in the region near 

zero field where the phase and critical current magnitude of the larger junction are fixed.  

 

Figure 5.2: a) Simulated CPR extracted from the top of the asymmetric SQUID diffraction 

pattern near zero field with two different value of 𝛼(𝜙)  b) Postulated CPR from Chapter 4 

equation 49 with two different value of 𝛼(𝜙).  

 

In the next section, we will present our direct measurements of CPR data using the 

asymmetric SQUID technique that we have just explained.  
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5.2 Asymmetric SQUID Results and Analysis  

Our TIJJ asymmetric SQUIDs were made using the similar e-beam lithography techniques 

described in Chapter 4. The difference here is that the device geometry is an asymmetric SQUID 

shape rather than single junction devices. Fig. 5.4 shows a typical SEM picture of our asymmetric 

SQUID devices, where the two arms of the SQUID have different junction lengths leading to the 

two arms contributing different magnitude of supercurrent. All our electrical measurements are 

conducted in our cryogen-free dilution refrigerator in a 4-terminal configuration with current and 

voltage probes depicted in Fig 5.4. An external magnetic field is applied in the out of plane 

direction, threading flux through the SQUID loop.  

 

Figure 5.3: SEM picture of our asymmetric SQUID devices. 
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Figure 5.4: a) Measured asymmetric SQUID Ic vs magnetic field modulation pattern b) high-

resolution scan zoom-in at the top of the SQUID diffraction pattern near zero field.  

Fig 5.4. a) shows our measured asymmetric SQUID diffraction data composed of a fast 

SQUID modulation bounded within a Fraunhofer-like single junction envelope, over many SQUID 

periods. The SQUID modulation period depends on to the ratio of the SQUID loop area to the area 

of the larger single junction, which sets the single junction decay envelope. In order to extract the 

CPR information, we zoom in at the top of the SQUID modulation near zero field, where the 

critical current is nearly constant, and we will directly obtain the CPR for the smaller junction as 

shown in Fig. 5.5 b.  

 Fig. 5.5.a) shows the measured CPR for our asymmetric SQUID at different sample 

temperatures. In Fig. 5.5. b), we subtract the vertical offset, and then in Fig. 5.5 c) the magnitude 

of the critical current is normalized to 1 for all the CPR curves. Comparing Fig. 5.5 c) with our 

simulated asymmetric SQUID CPR in Fig. 5.1. and Fig. 5.2, we didn’t see a sharp 4𝜋 periodic 

spike feature in the measured CPR.  We added a repeating red vertical line intersecting with the 

zero-critical current point of each CPR, where the spacing between each vertical line equals to a 
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2𝜋 period of each CPR. The vertical scale is intentionally offset for better demonstration purposes. 

We subtracted the processed CPR in Fig. 5.5 c) with a conventional 2𝜋 periodic CPR sin(𝜙) , 

which would give us the extra unconventional component in the CPR shown in Fig 5.5 d). The 

remaining CPR does not show any 4𝜋 periodicity in Fig. 5.5 d).  

 

Figure 5.5: a) waterfall plot of CPR at different sample temperature with color encoded legend b) 

the vertical offset was subtracted to show the SQUID modulation amplitude at different sample 

temperature c) CPR was normalized to be 1 to calculate the skewness d) A 2𝜋 periodic CPR 

𝑠𝑖𝑛(𝜙) was subtracted from the measured CPR which would give us the unconventional CPR 

component 

Skewness was observed in our TIJJ CPR, and we explored the temperature dependence of 

the skewness. The skewness in our CPRs is parametrized by a variable 𝑆 = (
2𝜙𝑚𝑎𝑥

𝜋
− 1)[32], 

where 𝜙𝑚𝑎𝑥 is the horizontal value of the maximum of the CPR curve as depicted in Fig. 5.6.  The 

CPR would be a purely sinusoidal curve if S=0, and it would have a have a sharp transition from 

the positive maximum to the negative maximum at a phase of 𝜋 when S=1.  
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Figure 5.6: Evolution of CPR at different skewness with red vertical lines marking every 𝜙 =
𝜋

2
 

A skewed CPR has been previously reported in break junctions, point contact junctions, 

and graphene Josephson junctions being in the ballistic transport limit 𝐿𝑗 < 𝑙𝑚𝑓𝑝, where 𝐿𝑗 is the 

junction separation length and 𝑙𝑚𝑓𝑝 is the mean free path in the material. For this reason, forward 

skewness is usually not expected in the diffusive regime, where the junction gap size is larger than 

the mean free path 𝐿𝑗 > 𝑙𝑚𝑓𝑝. Our TIJJ asymmetric SQUID has junction gap size ranging from 

300nm to 400nm, which is in the diffusive Josephson junction regime. We think the skewness is 

related to the high transmittance ABS due to the symmetry protected topological surface states, 

which is known for robust against scattering defects. The origin of the surface states arises from 

strong spin-orbit coupling, which leads to spin-momentum locking suppressing any spin-flip back 

scattering with electrons in bulk channels. This is consistent with the conclusion from the Moler 

group previous report [75], where they observe skewness that persists for 𝑙 ranging from 200nm 

to 600nm, and their estimated mean free path  𝑙𝑚𝑓𝑝 ≈ 200𝑛𝑚 . We explored the temperature 

dependence of the skewness vs the sample temperature, and we found out that skewness decreases 

as we increase the sample temperature as shown in Fig. 5.7 b). The decrease of skewness in our 
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TIJJ can be understood as an increase amount of thermal-electrons scattering with spin-momentum 

locked surface state electrons reducing the transparency of the Josephson barrier. At lower 

temperature, the transport is dominated by high transparency surface state carriers, which has a 

fixed number of channels for given junction geometry. At higher temperature, the number of 

thermal excited quasiparticle electrons increases, and critical current of the small junction keeps 

decreasing due to weaker superconducting proximity effect. It is worth mentioning that a negative 

skewness is usually related with large junction inductance 𝛽𝐿, which is usually caused by large 

critical current in the junction. Here, we believed that the small negative skewness can be caused 

by noise rounding and inaccuracy in determining the location of  𝜙𝑚𝑎𝑥  when the junction is 

approaching sinusoidal CPR at higher sample temperatures.  

 

Figure 5.7: a) Zoom in view of one full period for the CPR of asymmetric SQUID at different 

temperatures. b) Calculated skewness dependence as a function of temperature with the 

asymmetric SQUID geometry in the inset.  

We have measured the CPR of several other asymmetric SQUID junctions, and we 

processed the CPR data using the same steps. Here are the results showing in Fig. 5.7, Fig. 5.8, 
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and Fig. 5.9 with the junction geometry information attached. The junction carries the smaller 

critical current is labeled with subscript of L1 and d1, where L is the length of the junction, and d 

is the gap separation between the two superconducting electrodes. 

 

Figure 5.8: a) waterfall plot of CPR at different sample temperature with color encoded legend b) 

the vertical offset was subtracted to show the SQUID modulation amplitude at different sample 

temperature c) CPR was normalized to be 1 to calculate the skewness d) A 2𝜋 periodic CPR 

𝑠𝑖𝑛(𝜙) was subtracted from the measured CPR which would give us the unconventional CPR 

component 

 

Figure 5.9: a) Zoom in view of one full period for the CPR of asymmetric SQUID at different 

temperatures. b) Calculated skewness dependence as a function of temperature with the 

asymmetric SQUID geometry in the inset.  



96 
 

 

Figure 5.10: a) waterfall plot of CPR at different sample temperature with color encoded legend 

b) the vertical offset was subtracted to show the SQUID modulation amplitude at different sample 

temperature c) CPR was normalized to be 1 to calculate the skewness d) A 2𝜋 periodic CPR 

𝑠𝑖𝑛(𝜙) was subtracted from the measured CPR which would give us the unconventional CPR 

component 

 

Figure 5.11: a) Zoom in view of one full period for the CPR of asymmetric SQUID at different 

temperatures. b) Calculated skewness dependence as a function of temperature with the 

asymmetric SQUID geometry in the inset.  
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However, we did not observe a sin (
𝜙

2
) component in the CPR of our asymmetric SQUIDs. 

This could be because our measurement frequency is slower than the parity transition frequency 

of MBS, making us unable to resolve the 4pi periodic component of the CPR. High-frequency 

CPR measurement techniques such as measuring Shapiro steps would be necessary to explore the 

existence of sin (
𝜙

2
) component in CPR of TIJJ. 

We now discuss the mechanism for parity transition which prevents us from observing the 

unconventional 4𝜋-periodic CPR in our TIJJ asymmetric SQUID. According to theorist Kitaev 

[19], the gapless ABS energy spectrum for a topological nontrivial Josephson junction 4𝜋 periodic 

if the system can preserve fermion parity. As we can see from Fig. 5.12 a), if one MF starts from 

the lower branch (0, −Δ𝑗) following the black arrow tracking along the blue line adiabatically, it 

will return to the same energy at ( 4𝜋, −Δ𝑗) by staying on a single branch. However, in practice 

our devices are always connected to external leads and measurement electronics, creating a 

reservoir of quasiparticle. Therefore, it is not a strictly closed system. Quasiparticle electrons are 

always present in the environment, causing parity transition scattering. This effect is shown in Fig. 

5.12 a) by a quasiparticle in a certain parity state, depicted by a red ball, transitions to another state 

when scattered by a quasiparticle electron, which changes the period from 4𝜋 to 2𝜋. Such parity 

flip error effects are often referred to as the quasiparticle poisoning effect [78,79,80,81].  If our 

measurement frequency is slower than the quasiparticle scattering frequency, we would not able 

to see the MF tracing along the full 4𝜋-periodic CPR. In order to see the full CPR, we would need 

to increase the frequency of the measurement such that the phase winding speed is much faster 

than the parity flip frequency, preserving fermion parity before parity switches. This would be the 

reason that we are able to observe high transmittance surface states in our TIJJ asymmetric SQUID 
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through observation of skewness, but we are unable to extract the exotic 4𝜋-periodic Josephson 

effect from our asymmetric SQUID experiment. 

  

Figure 5.12:  Energy dispersion spectrum of ABS as a function of Josephson phase difference and 

proximity induced gap energy 𝛥𝑗 in 3D TIJJ system.  The blue line depicts the gapless 4𝜋-periodic 

CPR containing a 𝑠𝑖𝑛 (
𝜙

2
) component, and the red line is the conventional gapped 2𝜋-periodic 

CPR. a) Parity flip error due to quasiparticle poisoning effect” b) False positive 4𝜋 periodic 

Josephson effect due to Zener tunneling. [73] 

Indeed, our results are consistent with direct CPR measurement on 3D TIJJ system using 

SSM pick-loop technique [71], where they only saw skewness in their TIJJ and not the sin (
𝜙

2
) 

component in the CPR. High-frequency radio frequency (RF) techniques were employed to 

successfully capture the fractional Josephson effect in both HgTe single Josephson junctions and 

InAs nanowire Josephson junctions. However, we should be careful when interpreting the 4𝜋-

periodic Josephson effect as the proof of MFs, since such 4𝜋-periodic Josephson effect can occur 

in conventional 2𝜋-periodic Josephson system when the measurement speed is so fast that the 

quasiparticle can gain a large momentum and Zener tunnel through the gapped ABS spectrum 

shown in Fig. b). This gives a false positive signal for the non-trivial 4𝜋-periodic Josephson effect, 
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since that quasiparticle does not obey non-Abelian statistics and cannot be used to build a fault-

tolerant topological quantum computer.  

Another possible explanation for being unable to resolve the sin (
𝜙

2
) component in the 

CPR is that the contribution of sin (
𝜙

2
) is too small be to visually observable in the CPR. Recall 

our simulated CPR data in Fig. a) when 𝛼 = 0.2. In hindsight, a dual-gate tunable asymmetric 

SQUID would be necessary to improve this experiment. As reported by previous literature, a top 

gate can shift the Fermi level of the topological non-trivial Josephson weak link barrier, thus tuning 

the contribution from the trivial surface states vs the topologically protected surface states. If we 

can deplete the carrier contribution from the trivial surface state, the transport behavior would then 

be dominated by the topologically protected surface state, which would potentially yield a large 

signal of the sin (
𝜙

2
) component from the extracted CPR data in the asymmetric SQUID. The 

cleanest experiment to probe the unconventional 4𝜋-periodic CPR remains an open question in 

the field of condensed matter physics.  
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5.3 Conclusion 

 We conducted direct CPR measurement of TIJJ by using an asymmetric SQUID technique. 

Numerical simulations were carried out to test the validity of this elegant, yet powerful technique. 

We observed skewness in all our TIJJ asymmetric SQUID junctions, which can be attributed to 

the high transparency surface states of the high-quality 3D topological insulator Bi2Se3. We found 

that skewness decreases as a function of increasing sample temperature, which is caused by 

thermal scattering effect between surface state electrons and bulk state electrons, thus effectively 

reducing the Josephson barrier transparency. A topologically non-trivial 4𝜋-periodic CPR was not 

observed, which shows a discrepancy from our single junction diffraction data, and this could be 

possibly due to quasiparticle poisoning effects. A more carefully designed experiment, such as a 

local CPR measurement free from contact leads and external quasiparticle reservoirs would 

potentially isolate the measurement system from quasiparticle poisoning effect. A faster 

measurement technique, for example, a high-frequency RF-technique, or switching current 

distribution experiment are also promising candidate experiments to probe such exotic 4𝜋-periodic 

CPR. 
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Chapter 6 Conclusions and Future Directions 

In this thesis, we have carried out a systematic study of Nb-Bi2Se3-Nb lateral Josephson 

junctions, and main effort of this thesis is trying to study the 4𝜋 periodic Josephson effect in TIJJ 

inspired by the Fu and Kane model. Two different experiments techniques were used to study the 

4𝜋 periodic Josephson effect in TIJJ.  

For project 1, we studied the TIJJ single junction diffraction pattern and observing a 

consistent even-odd node-lifting effect in our junctions, we have tested the origin of such 

phenomenon caused by critical current disorder with numerical simulations. First, it takes a 

significant amount of random disorder to have a noticeable amount of node-lifting in the 

diffraction patter based on our simulation. With the simple design of our long and thin bar type of 

junctions, we knew our junction have quite straight parallel edges to have a uniform critical current 

density distribution along the edge of the junction. Secondly, disorder would lift all the nodes and 

would not have even-odd node lifting effect, whereas a very small contribution of sin (
𝜙

2
) 

component in the critical current would show significant even-odd node-lifting effect. 

Furthermore, the even-odd node-lifting are consistent for many of our single TIJJ samples, ruling 

out anomalous device-specific origins. It is so robust that we observed it in many different forms 

of Bi2Se3 samples, including MBE grown thin films involved in this thesis, and exfoliated flakes 

from Bi2Se3 bulk crystals reported by previous literature. Furthermore, we observed a vortex entry 

feature in our single junction diffraction pattern, which we attributed to the localized zero-energy 

MBS carrying extra current. 

For project 2, we have used a direct electrical transport method to measure the CPR of our 

TIJJ using asymmetric SQUID technique. We have observed skewness in our TIJJ, which is 
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attributed to the high transparency surface state in TI. We also noticed that skewness decreases as 

we increase the sample temperature, which can be explained by thermal electrons interfering with 

surface state electrons as we increase the sample temperature. However, we did not observe a 

pronounced featured in our CPR data corresponding with sin (
𝜙

2
), and this is not consistent with 

our single junction diffraction data with even-odd node-lifting effect. This might have to do with 

quasiparticle poising effect induced parity transition, which hindering us from seeing the whole 

4𝜋 periodic CPR. To see such exotic 4𝜋 periodic CPR, we need to increase our measurement 

speed such that the MBS can stay on a single branch of the double-valued ABS spectrum. To do 

so, high-frequency RF-technique would be helpful to investigate this 4𝜋 periodic CPR. High speed 

switching current distribution experiment would be also useful to specifically probing such parity 

transition effect in TIJJ.  

In short, we would like to conclude that we observed 4𝜋 periodic Josephson effect in our 

Nb-Bi2Se3-Nb lateral single junctions, supported by even-odd node-lifting effect and abrupt vortex 

entry feature in our single junction diffraction patterns. To further confirm such 4𝜋  periodic 

Josephson effect, we conducted direct CPR measurement by employing asymmetric SQUID 

technique, however we didn’t detect the sin (
𝜙

2
) component in our measured CPR data, which 

might be caused by quasiparticle scattering induced parity transition.  
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