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iiwhere Yi is the ordinal response of the ith individual, i = 1; : : : ; n, xi isa vector of explanatory variables, and H is a general cumulative distri-bution function. The inverse function H�1 of H is called a link function(McCullagh and Nelder, 1989). Common choices for the link function H�1are the inverse function of the standard normal distribution ��1, the logitfunction H�1(t) = logft=(1� t)g, and the complimentary log{log functionH�1(t) = logf� log(t)g. If the link function has the logit form, model (1)is referred to as a proportional odds ratio model (McCullagh, 1980).Our concern is with situations in which the assumed constancy of the linkfunction across heterogeneous observations is untenable. For example, in atoxicology risk assessment example, due to various reasons, the responsesmay be reported at the group (e.g., cage or chamber) level rather thanat the individual (animal) level. The number of individuals in each group(cage/chamber size) is known, but the information on individual incidencesis missing. With groups of unequal size, the assumption of a common scaleis suspect.We propose a scaled link method in this paper. The method is easy to im-plement. The scaling of the link function is equivalent to a rescaling of theregression explanatory variables (including S columns of binary variablescorresponding to the severity dependent intercepts). If the scale functioncontains unknown parameters, then the estimation of the regression pa-rameters is easily nested within the maximum likelihood optimization forthe scale parameters.Depending on the scaling formula selected, the observations sometimesmay supply only crude information about a scaling parameter. The esti-mation of the scaling parameter may not be precise. We provide sensitivitystudies on the use of scaling parameters. The question we try to answer ishow a simpler scaling with a wrong scale parameter would a�ect the esti-mation of the other parameters based on the data at hand. This analysistechnique is similar to the analysis that Hjort (1994) used to study the tmodel versus the normal model.An appealing feature of the scaled link function model for group levelresponses is that, although the observed elements are marginal responses,the parameters of the model are de�ned at the individual level and aretherefore comparable across groups of di�erent sizes. Moreover, we cancombine group and individual level data by treating an individual as agroup of size 1. Notice the observed individual level responses within thesame group are considered correlated. In addition, some high level corre-lated structure, for example, correlated batches which are built upon thebasic model, might also exist. We use a working likelihood as an estimat-ing criterion, and adopt generalized estimating equation (GEE) techniques(Zeger and Liang, 1986) to deal with the correlation structure.The rest of the paper is organized as follows. Section 2 provides somederivations of scaled link function models. Section 3 provides sensitivitystudies for the scaled link analysis of group level responses. Section 4 brie
y



iiireviews some results on generalized likelihood inference and generalizes oursensitivity analysis to correlated responses. In Section 5, an application ofthe methodology in toxicological risk assessment is discussed. Section 6provides some further remarks.2 Derivation and InterpretationTo model group level ordinal responses and other forms of heterogeneousdata we replace (1) by a model of the formPr(Yi � sjxi) = �Hfwi (�Txi � �s)g; if s = 1; 2; : : : ; S;1; if s = 0; (2)where the design weights wi are scaling factors and refer to the precision oflatent observations. E�ectively, we replace the inverse link functionH( � ) bythe scaled function H(wi � ). Section 2.1 provides a derivation of model (2)under a heterosdastic setting. Section 2.2 considers critical mass model indetail for group level response data. The critical mass model is a specialcase of Section 2.1.2.1 Heteroscedastic latent structure for ordinal data>From a standard quantal response analysis, Model (1) has an associatedlatent structure. For instance, one may assume that there exist a tolerancedistribution (latent underlying continuous random variable) Z and a seriesof ordered thresholds �1 = �0 < �1 < : : : < �S < �S+1 = +1, such thatobservation y = s occurs if and only if the unobserved latent variable Zlies in the interval of [�s; �s+1), that is, y =PSs=1 1fZ��sg, where 1fCg isthe indicator function which equals 1 if set C is true and equals 0 if set Cis false. Suppose Z � �Tx has cumulative distribution 1�H(�t), then wecan �nd that Pr(Y � sjx) has the same form as (1).We generalize this standard latent structure to a heterosdastic setting.Suppose that a latent variable Zi follows a heteroscedastic linear model,(Zi � �Txi)wi jxi � 1�H(�t) (3)but we observe only Yi =PSs=1 1fZi��sg rather than Zi. We then have thescaled link function model (2). The weights wi are interpreted as inversescale factors for the latent responses.One special case is the model (5.4) of McCullagh and Nelder (1989, p154),where (Zi � �Txi)= exp(�T xi) was assumed to follow the standard logisticdistribution. In their model, the scale wi has the form wi = exp(��Txi),and the linear regression �Txi plays the role of the linear predictor for theoverdispersion or variance. McCullagh and Nelder (1989) suggested this



ivmodel for testing the proportional odds ratio assumption against system-atically increasing or systemically decreasing in score s.Another interesting special case occurs under a hierarchical setup inwhich the latent variable follows a linear model with random coe�cients,that is, Zijxi; bi � N(�xTi bi; 1); bi � N(�;�): (4)The marginal distribution of Zi is then normal with mean ��Txi andvariance 1 + xTi �xi. For fully observed Zi this is a standard growth curvemodel; see, for instance, Johansen (1984). Such a model might also beuseful for observational data. If we observe only the Yi =PSs=1 1fZi���sg,then we obtain an ordinal regression model of the form (2) with wi =(1 + xTi �xi)�1=2. In the binary case, this is a special case of the generallatent model considered by Zeger et. al. (1988) and McCulloch (1994), whofocused on the latent structure for modeling correlated binary outcomes.Here the observable responses are independent, but heteroscedastic.In the preceding example the latent distribution for bi is a way of express-ing uncertainty about the linear model. The resulting link function modeltherefore controls the in
uence of extreme values of xi. Note, in particular,that kwixik � ��1=2min (�), where �min denotes the smallest eigenvalue. As aresult, the maximum likelihood estimator has a bounded in
uence functionin the sense of Hampel et. al. (1986).2.2 Critical-mass model for ordinal group level responsesLet yi denote the ordinal response of the ith group, i = 1; : : : ; n, and nibe the group size. Suppose that the group ordinal response yi = s occursif and only if the mean latent response of the individuals in the group fallsinto the threshold interval [�s; �s+1), that is Yi = PSs=1 1f �Zi���sg where�Zi � = n�1i Pnij=1 Zij and Zij is the latent response of the jth individual inthe ith group.Assume that the latent variables themselves follow a latent variablemodel for a given xi,Zij = �Txi + ai + eij ; ai � N(0; �); eij � N(0; 1� �) (5)where we have standardized the marginal variance to be 1 due to identi�ableconsideration, and random e�ects ai and error terms eij are independent.Then we have the model,P (Yi > sjxi) = �fwi (�Txi � �s)gwhere wi = � ni1 + (ni � 1)�� 12 (6)



vThe weight function w2i may be interpreted as an e�ective group size.If � = 0 then w2i = ni, whereas a positive correlation shrinks the weighttowards one. In the extreme, if � = 1, then the e�ective group size is 1.Identi�ability of the parameter � requires heterogeneity of the groupsizes. If the group sizes were all the same, then the weighting would sim-ply introduce a constant scale factor in the regression parameters. If thegroup sizes are heterogeneous, then the weights in (6) identify �, � and �at the individual level, ni = 1. In this way the scaled model avoids attenu-ation e�ects that would otherwise occur in the combined analysis of groupresponses with heterogeneous group sizes.The above derivation extends approximately to other link functions. Forinstance, the inverse logistic link function, 	(t) = f1+exp(�t)g�1, is nearto the standard normal distribution function in absolute terms, becausesupt j	(1:702 t)��(t)j < 0:01;see, e.g., Baker (1992, p16). Thus, the preceding analysis might be used asa heuristic to suggest a weight function for scaled logistic regression.3 Wide Model versus Narrow Model AsymptoticsIn the group level response model of Section 2.2, we found an e�ectivegroup size of n�i (�) = n1=2i f1 + �(ni � 1)g�1=2. If � = 1, then n�i = 1, andgroup level responses are indistinguishable from the responses of individu-als. From large sample theory, estimation of � is not a problem as long asthe group size ni varies across groups and the sample size n is large enough.But in practice, sample sizes are often not large enough to estimate � pre-cisely, since the threshold observations apply only crude information aboutscaling.In the example discussed in Section 5, the � estimate is 1 but its con�-dence interval (0:1; 1] covers most of the � parameter space; see Figure 1and Section 5 for more detail. A question that naturally arises is whetherwe can use ordinary regression to replace regression with scaled link func-tions if � is close to 1. Although the parameter estimates would be biased,the variances of the estimates would be decreased and the analysis sim-pli�ed. This dilemma is the familiar bias-variance tradeo�. In this section,we analyze the bias-variance tradeo� for the simpli�ed model versus themore general model. Using local asymptotics, we determine how far � maydeviate from 1 before it becomes necessary to include the extra parameterin the model.Write � = (�1; : : : ; �S ; �)T and let zi be its associated ith covariates. Fol-lowing Hjort's (1994) general prescription, let �(�; �) denote any parameterof interest, and let �̂wide = �(�̂; �̂) denote the estimate with � unconstrained(within its natural parameter interval [0; 1]), �̂narr = �(�̂narr; 1) denote the



viestimate with � �xed at 1. We ask when the asymptotic mean square errorof �̂narr is smaller than or comparable to that of �̂wide. Of course if � 6= 1is �xed regardless of the sample size then the answer is trivial, but such ananalysis would shed little light on moderate deviations from �, which maynot be detected with certainty in moderately sized samples. Therefore weconsider sequences of the form � = 1� �n�1=2, where n is the sample sizeand � is �xed and nonnegative. We derive the asymptotic mean square er-rors of the narrow and wide estimators of �, and examine the ratio betweenthem.Assuming independence, the log-likelihood for model (2) is given byl(�; �jy; z) = nXi=1 pifwi(�)�T zig (7)where pi = pifwi(�)�T zig = f(yij�; �; zi; ni), the log-likelihood term forthe ith observation. We write�U�j�=1 = fn�1 @@� l(�; �jy; z)gj�=1; �U�j�=1 = fn�1 @@� l(�; �jy; z)gj�=1and Jwide = limn!1 var0fn 12 � �U�j�=1�U�j�=1 �g = �J�� J��J�� J�� � ; (8)where the variance is taken under model (2) with � = 1, and some regu-larity conditions are needed to ensure the existence of the limit. Also, wedenote �̂narr to maximize l(�; 1jy; z), the loglikelihood function of the nar-row model, and (�̂T ; �̂)T to maximize l(�; �jy; z) with � = 1 � �n� 12 , thelikelihood function of the wide model. We have the following theorem:Theorem 1 Let �(�; �) be smooth with continuous derivatives throughoutthe inner parameter space (�; �) 2 (�1;1)� (0; 1). Assume its leftderivative exists at � = 1. Under model (2) with � = 1� �n� 12 , thennEf�(�̂narr; 1)� �(�; 1� �n� 12 )g2 = b2�2 + �2 + o(1) (9)nEf�(�̂wide; �̂)��(�; 1��n�12 )g2 = b2EfB21(B<�)+�21(B��)g+ �2+o(1)(10)where b = @@��� (J �1�� J��)T @@��, �2 = ( @@��)TJ �1�� @@��, andB � N(0;J ��) with J �� = (J�� �J T��J �1�� J��)�1.The basic idea of proof follows Xie (1996, Section 4.5-4.6 and Appendix 2).De�ne � as the ratio of the mean square errors between the narrow modeland the wide model,� = nEf�(�̂narr; 1)� �(�; 1� �n� 12 )g2nEf�(�̂wide; �̂)� �(�; 1� �n� 12 )g2 : (11)



viiBased on the data set at hand, we estimate how � varies as the true � or� deviates away from the value which corresponds to the narrow model.4 Batch Correlated ObservationsBatch correlated observations are common in many settings. For examplein the toxicology data set considered in the next section, two levels ofbatch correlated structures are detected. First, the observed individual levelresponses within the same group are correlated. Second, these individuallevel responses as well as group level responses are nested within 24 studies.To handle this type of batch correlation, we use below a marginal modelingapproach.Assume that each observation satis�es marginally model (2), where wi =1 for individual level observations. We construct a working likelihood func-tion l(�; �) by multiplying their marginal likelihoods. (we actually includeweights in the working log-likelihood function for individual level observa-tions; see Simpson et al., 1996, for detail).Write � = (�; �). We denote the score covariance matrix and negativeexpected Hessian matrix byJ = EfU(�)U(�)T g and H = �Ef @@�U(�)g;where U(�) = (@=@�)l(�) is the score function. In contrast to standardmaximum likelihood theory, H 6= J in the present context. Suppose thetrue parameters are in the interior of the parameter space. The parameterestimates obtained by maximizing l(�) or setting U(�) = 0 are consistentunder minor regularity conditions; see for example, Li (1996). Based onthe theories of Generalized Estimating Equations (GEE) (Zeger and Liang,1986), the variance is approximated by a sandwich formula H�1JH�1.In order to make inference on �, we consider the pro�le likelihood anal-ysis. The pro�le likelihood function l(�) = lf�̂(�); �g can be computedeasily, since by setting ~zi = wi(�)zi we can l(�) from maximizing a stan-dard ordinal regression likelihood l(�; 1jy; ~x). Computing �2l(�) over agrid of [0; 1] provides a deviance pro�le as illustrated in Figure 1. If theobservations are independent, a standard large sample theory ensures that2[l(�̂; �̂) � lf�̂(�0); �0g] has the standard �2 distribution where �0 is thetrue parameter. But if the observations are batch correlated, a generalizedpro�le likelihood theory should be used. We summarize the generalized pro-�le likelihood theory in a following theorem. This theorem is a special caseof the nonstandard asymptotic theorem of Simpson et al. (1994). For dis-cussions on the nonstandard asymptotics, see Huber (1967), Kent (1982),Rotnitzky and Jewell (1990), and Li and McCullagh (1994).



viiiTheorem 2 If � = �0, then as the batch number increases,2fl(�̂; �̂)� l(�̂(�0); �0)g converges in distribution to �W , where W isdistributed as �21 with 1 degree of freedom and � = H�1�� (H�1JH�1)��.The right corner index �� indicates the diagonal matrix element associatedwith �.We also ask whether the sensitivity analysis in last section also carriesthrough the correlated case. De�ne Jwide the same as (8) and de�neHwide = limn!1E0f 1n  @2`(�;�jy;z)@�@�T j�=1 @2`(�;�jy;z)@�@� j�=1@2`(�;�jy;z)@�@�T j�=1 @2`(�;�jy;z)@2� j�=1!g = �H�� H��H�� H�� �where the expectation is taken under model (2) with � = 1, and someregularity conditions are needed to ensure the existence of the limit. Noticethe n here denotes the number of independent batches instead of the totalnumber of observations.Parallel results of Theorem 1 can be obtained, but the right hand sidesof (9) and (10) are replaced byEf(b� + cB)2g+ �2 + o(1);Ef(bB+ cB)21(B<�) + (b� + cB)21(B��)g+ �2 + o(1)respectively, where b = �(H�1��H��)T (@=@�)�+ � (@=@�)�, c = (H�1��H���D�1�� D��)T (@=@�)�, �2 = f(@=@�)�gTD�1�� (@=@�)�, and B � N(0; D��)with D�1 = H�1wideJwideH�1wide.5 Example: Analysis of Toxicology DataThe data set analyzed here contains study results from multiple studieson the e�ects of acute inhalation exposure to tetrachloroethylene. The re-sponses are scored as No-e�ect, Adverse e�ect and Severe e�ect. Theseoutcomes were determined by a toxicologist during a thorough review ofthe literature. Some studies only provide partial response information andcensored responses are reported. We will not explore the issue of censoringin this paper; see Simpson et al. (1996b) for detailed discussions.The data set has total of 536 observations with 380 at individual levelsand 156 at group levels. They are from a total of 24 studies which rangein size from 1 group to 35 groups, with median of 4 per study. For grouplevel responses, the group size are ranging from 2 to 30 and the mediansize is 10. Usually the reason for group responses rather than individualincidences is that the published results are simply descriptions of lesionsand tissue damage typical of the group. This leads to data in which the



ixgroup size is known, and an overall group severity score can be assigned,but individual incidence information is missing.In addition to the response, cluster and size information, we have in-formation on the exposure concentration and duration, the species, andthe gender. We �t a scaled link function model for logistic regression onlog10(concentration) and log10(duration), and allow each species to havetheir own regression intercepts and concentration slope parameters. Ofparticular interest is the question of how much information group levelresponses provide as compared with individual outcomes. The latent cor-relation parameter, �, allows us to investigate this question.Figure 1 shows the deviance pro�le function for �, along with the pro-jected 95% generalized likelihood con�dence interval. The cuto� value wascomputed following the result of Theorem 2. We see that the estimate of �is 1, but the con�dence interval is rather wide. A naive con�dence intervalbased on the usual �2 approximation is a bit narrower but suspect becauseof the likely correlation within studies. One conclusion we can draw fromFigure 2 is that the within group correlation is signi�cantly di�erent from 0.
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FIGURE 1. Deviance pro�le of latent correlation parameter for tetrachloroethy-lene data. Cuto� values are shown for the likelihood ratio (chi{square) and gen-eralized likelihood (adjusted) tests.Figure 2 performs a sensitivity study on how a narrow model with � = 1behaves if the true � grids over the range of 0 to 1. The three parametersinvestigated are the 10% e�ective concentration level (EC10) at unit du-ration (1 hour) for human, rat and mice species, where the 10% e�ectiveconcentration level, EC10, is de�ned as the dose level which would leadsto 10% rate of adverse or severe e�ect at a given duration and for a givenspecies. Figure 2 plots the mean square error (MSE) ratio �, de�ned in (11),versus the latent group correlation coe�cient � for these three parameters.All three MSE ratios increase from below 1 to larger than 1 as � decreases



xfrom 1 to 0. The MSE ratio for human EC10 almost overlaps the ratio=1line. It implies that no matter where the true � is, the use of a narrowmodel (� = 1) would have little e�ect on the performance of the estimatedhuman one hour exposure EC10 in the sense of comparing MSEs. The MSEratio for rat unit exposure EC10 can strike as high as 1.3, and the MSEratio for mice unit exposure EC10 are mostly below 1. If we are willingto accept any MSE ratio less than 1:1, then from Figure 2 we see that �larger than 0:43 is su�cient to reduce to the narrow model. Observe that,according to this analysis, group level responses contain roughly the sameinformation as a single individual level response. It implies that individualdata should be obtained whenever possible.
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FIGURE 2. Sensitivity analysis on the one hour EC10's for humans (solid curve),mice (dotted curve), and rats (dashed curve). The x-axis is the assumed truevalue of � grid over [0,1]; the y-axis is the ratio of Mean Square Errors (MSE)as de�ned in (11). The three arrows on the ratio=1 line indicate the crossingpoints of the MSE ratios for estimated human, rat and mice EC10 parametersfrom right to left. The fourth arrow indicates the point where the MSE ratio forrat EC10 crosses 1:1.By adopting the assumption that � = 1, we �t the data set to model(1), and computed the EC10 conditional on the duration. The solid lines inFigure 3 are e�ective concentration levels estimated from the �tting. Theselines are called the EC10 lines. The dotted lines in Figures 3 (a) to (c) aretheir con�dence bands. The slopes of concentration parameters for humansand rats are parallel, and they are both di�erent from the mouse slopeparameter. Notice that the con�dence intervals for mice ED10 are quitelarge. Simpson et al. (1996a,b) reported the same or similar results. Theirrobust analysis (1996a) indicted that the problem was the lack of designpoints of mice at lower exposure level.
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xiiThe scaled models generalize the unscaled models just as weighted leastsquares regression generalizes ordinary least squares. The simple techniqueof weighting the regression variables may be useful in a variety of problems.In the group ordinal model, group size and within group correlation arenatural e�ects on which to model the scale of the link function. In othersettings it might be more natural to key on covariate information to modelheterogeneity of the scale.7 References[1] Baker, F.B. (1992). Item Response Theory. Marcel Dekkar, New York.[2] Hampel, F.R., Ronchetti, E.M., Rousseeuw, P.J., and Stahel, W.A.(1986). Robust Statistics: The Approach Based on In
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