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This article presents a novel design framework for topology and component sizing optimi-
zation of multi-domain dynamic systems described by conservation laws. Multidisciplinary
design optimization (MDO) is a powerful tool for minimizing metrics such as inefficiency
and cost for these systems-of-systems (SoS). However, quality of the designs identified
from the optimization procedure depends on model accuracy and ability to capture inter-
system interactions. This work utilizes a conservation-based, graphical modeling approach
to capture physical system dynamics and interactions, and expands it to be used in MDO
techniques. This yields three contributions to the literature. First, an augmented graph-
based model is provided, expressing continuous and discrete design variable values as
changes to vertex size, edge size, and edge connections of the dynamic system graph.
Second, a sizing and topology optimization framework is developed using the augmented
graph-based model as a basis. Third, analytical and numerical sensitivity functions are
derived for a cooling system design problem, stemming from application of the design
framework. The design framework is applied to two case studies for cooling subsystem
design and electric vehicle (EV) powertrain design, with the goal of optimizing thermal
and electrical component sizes, as well as discrete choices in the topology of the system
being designed. These case studies provide examples for how the design framework
enables analysis of alternatives (AoA) during early design stages.
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1 Introduction
This article presents a novel framework for the design optimiza-

tion of conservation-based, multi-domain, dynamic systems-of-
systems (SoS). Conservation laws (e.g., mass, energy) define the
dynamics of a number of modern systems, including mobile
power systems [1], water distribution networks [2], and chemical
process networks [3]. Many of these application areas seek to opti-
mize these systems to improve energy efficiency [4], minimize cost
[2,5], or reduce weight [6,7]. However, the complexity, size, and
multi-domain nature of these SoS require multidisciplinary design
optimization (MDO) to identify optimal architectures [8].
To develop the framework for MDO as applied to conservation-

based SoS, this article builds upon two distinct bodies of literature:
MDO of dynamic systems and physics-based modeling of dynamic
systems.
MDO of dynamic systems: The concept of MDO as applied to

dynamic systems is well established in certain application areas,
including flexible structures [9], submarine hulls [10], and electric
aircraft characteristics [11,12]. Furthermore, generalized MDO
frameworks that provide the ability to express preference directly
over traditional weight-based methods have been developed [13].
Applied properly, MDO is a powerful tool capable of producing
superior plant designs. However, there are several recognized
open challenges for MDO of dynamic systems [8]. (i) Black box

and static models often used in MDO underemphasize system
dynamic behavior. (ii) Incomplete representation of system-to-
system interactions leads to suboptimal results or failures requiring
redesign [8,14]. (iii) MDO operates best with accurate models that
capture multi-domain dynamics, retain computational efficiency,
and permit modular changes in the design of the system [8].
Physics-based modeling of dynamic systems: Dynamic systems

can be classified into two broad categories. Non-conservative
systems include economic models [15,16] and wireless sensor net-
works [17], whose properties do not obey physical laws of conser-
vation. Conservative systems, the focus of this work, describe
dynamic systems such as drug–cell interactions [18], water net-
works [2], and insect flight systems [19] that follow physical laws
such as conservation of energy or mass. Approaches for modeling
the dynamics of these physical systems include state space
models [20], partial differential equations [21–23], bond graphs
[24], and block diagram modeling techniques [25]. These modeling
approaches vary in modular capabilities, computational complexity,
and the ability to describe interactions between subsystems. Imped-
ing the use of a subset of physics-based models in optimization is
the barrier of integration. Models of different disciplines and
domains do not always pass information through the same
signals, making communication and simultaneous simulation of
the models difficult [8].
These two bodies of literature complement one another, with the

gaps of one potentially addressable through techniques and insights
from the other. In particular, MDO of dynamic systems can be
improved by modular physics-based models that explicitly account
for system behavior, system-to-system interactions, and multiple
domain signals. A physics-based model that is inclusive to different
domains reduces communication challenges, making the model
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more easily utilizable inMDO. Some studies begin to bridge the gap
between these bodies of literature for certain classes of SoS. This
includes bond graphs, which capture flow-effort dynamics, for
design generation and optimization of electromechanical systems
[26,27], and a standardized method to unify separate system
models for MDO of aircraft [28]. However, for a variety of system
classes, there is still room to address MDO challenges, which can
be done by exploiting different tools. For example, computational
challenges of MDO can be potentially mitigated by using graph
theory to perform agglomerative model reduction [29].
This article is centered around MDO for a class of dynamic SoS

described by conservation laws. Using the insights from the litera-
ture on MDO of dynamic systems, as well as a conservation-based
modeling approach previously developed by the authors [30–33], a
design optimization framework is developed. The models from this
approach (i) are physics-based, (ii) capture dynamic interactions
between multi-domain elements, and (iii) are modular [34]. Further-
more, the graphical nature of the modeling approach permits the use
of established graph theory techniques to perform agglomerative
model reduction [32] and system decomposition [33]. All of these
features are useful in the context of MDO.
While these graph-based models have been used for ranking enu-

merated architectures with optimized control [35], the models were
not capable of being used in MDO for continuous and discrete var-
iable design optimization. This article establishes this capability
through the introduction of design matrices representative of the
impact of design choices on the SoS. These matrices describe
how continuous and discrete (e.g., sizing and topology) design var-
iable changes impact a graph’s vertex/edge sizes and edge addition/
removal, and translate these changes into the mathematical repre-
sentation of the graph’s dynamics. From this, the article introduces
two contributions to the literature:

• The augmented graph-based model, expressed by augmenting
the design matrices to the original graph-based model’s matrix
representation.

• A design optimization framework for multi-domain SoS with
dynamics based on conservation laws. This framework
permits simultaneous topology and sizing optimization.

Within the scope of using a graphical representation of
conservation-based models, the proposed framework provides
an effective solution technique. Application of the framework
to a case study problem yields a third contribution:

• Derivations of analytical and numerical sensitivity formula-
tions for a cooling system design problem.

In this work, monolithic approaches [36] for a full-order,
dynamic SoS model with open-loop control is the focus, leaving
model reduction, system decomposition, and optimal control
within the context of design optimization for future studies. The
framework does not demand use of a specific optimization algo-
rithm, but rather utilizes the design engineer’s experience to guide
objective function formulation, constraints, and solver choice.
This permits expert knowledge, which is often privy to unmodeled

factors (for example, consumer preference or serviceability in
mobile power systems), to be utilized in the design optimization
process.
The rest of this paper is outlined as follows: Sec. 2 reviews the

class of conservation-based systems considered and the basics of
the graphical modeling technique. Section 3 presents the design
optimization framework, starting from the graphical model and
ending with the optimization problem formulation. This framework
is applied to two case studies of interest. Section 4 applies the
framework to the case study of cooling system design. Section 5
applies the framework to the second case study of electric
vehicle (EV) powertrain design with multi-domain power flows.
The paper ends with a summary of the contributions and future
work.

2 Graph-Based Modeling
This section presents the basics of the graph-based modeling

technique, with the full description provided in Refs. [30,31,33].
The class of conservation-based dynamic systems that are the
focus in this article is stated. The concept of design optimization
in the context of these graphical models is outlined. In this study,
the size of system elements is represented by vertex and edge
sizes in the graph, and topology selection is achieved by edge addi-
tion and removal.

2.1 Graph-Based Modeling Basics. The graph-based model-
ing technique is structured for modular modeling of systems
through conservation-based principles. These graphs are capable
of capturing dynamics for mass conservation-based systems [32]
or energy conservation-based systems containing different power
flow domains [30,31,33]. Figure 1(a) presents an example graph-
based model that contains the four main features of the graph.
Each vertex vi (i= 1, …, Nv) is analogous to a control volume,
and describes a storage capacitance Ci and a state xi. Each edge ej
(j= 1, …, Ne) relates to a transfer rate yj (e.g., mass flow rate,
power flow) that is a function of the edge’s head vertex (xheadj ),
the edge’s tail vertex (xtailj ), input uj, and switching input sj. Equa-
tion (1) shows that this transfer rate can relate to these variables
through a nonlinear function fj.

yj = fj(x
head
j , xtailj , uj, sj) (1)

Each sink vertex vsl (l= 1,…Nt) is associated with state xsl , and is
considered a disturbance to the system through the edges connect-
ing the sink vertex to the graph. Similarly, each source edge esn (n=
1, …, Ns) is also considered a disturbance to the system. For both
sink vertices and source edges, reversal of the connecting edge’s
sign convention can make any sink look like a source (and vice
versa). For simplicity, any sink or source vertex is referred to as a
sink vertex, and any sink or source edge is referred to as a source
edge.

Fig. 1 (a) A graph-based model with the four main features: vertices (solid circles), edges (solid lines),
sink vertices (dashed circles), and source edges (gray lines). (b) Graphical representation of component
sizing through vertex/edge sizing.

091701-2 / Vol. 142, SEPTEMBER 2020 Transactions of the ASME

D
ow

nloaded from
 https://asm

edigitalcollection.asm
e.org/m

echanicaldesign/article-pdf/142/9/091701/6493476/m
d_142_9_091701.pdf by U

niversity of Illinois U
rbana-C

ham
paign user on 30 M

ay 2020



The incidence matrix M ∈ R(Nv+Nt )×Ne describes the relationship
between edge transfer rates and vertex dynamics in the system.
An entry Mi,j is +1 if vi is the tail of ej, −1 if vi is the head of ej,
and 0 in all other cases. This matrix can be partitioned as:

M =
�M
M

[ ]
(2)

In Eq. (2), �M ∈ RNv×Ne is the mapping of transfer rates to state
vector x ∈ RNv and M ∈ RNt×Ne is the mapping of transfer rates to
sink state vector xs ∈ RNt . Similarly, the matrix D ∈ RNv×Ns

describes the relationship between source transfer rates and vertex
dynamics in the system. An entry Di,n is +1 if vi is the head of
source esn and 0 in all other cases. With storage capacitance matrix
C = diag(C1, . . . , CNv ) ∈ RNv×Nv , the dynamics of the graph are
described by:

Cẋ = − �My + Dys (3)

In Eq. (3), y = [y1, . . . , yNe ]
T ∈ RNe and ys = [ys1, . . . , y

s
Ns
]T ∈ RNs .

Equation (3) is the matrix representation of the graph-based model,
and describes the class of conservation-based systems that is the
focus on this work.

2.2 Vertex and Edge Design. The graph-based modeling
technique enables easy understanding of the connection between
design variables and the model. This paper focuses on (i) compo-
nent size optimization and (ii) topology optimization. Component
(or element) size optimization is translated into vertex and edge
size optimization, as represented in Fig. 1(b). Vertex size relates
to capacitance of the vertex. For example, an increase in voltage
bus capacitor size is represented by a larger vertex and larger capac-
itance Cbus. Edge size relates to transfer rate. For example, consider
a motor with current I and resistance R. A smaller value of R indi-
cates the motor is more efficient, producing less heat RI2. This is
represented by a smaller or thinner edge.
Topology (or architecture) optimization is translated to edge

addition or removal, as represented in Fig. 2. The variable z is the
architecture selection parameter, where z= 1 is the topology that
includes element v2 (Fig. 2(a)) and z= 0 is the topology that
excludes element v2 (Fig. 2(b)). This approach of relating design
variables to the graph-based model is used as a basis to the
design optimization framework.

3 Framework for Design Optimization of
Conservation-Based Systems
This section presents the four step design optimization frame-

work. Starting from the graph-based model described in Sec. 2,
the framework augments the model through the use of design matri-
ces, relating sizing, and topology options to the model. After defin-
ing constraints and objective functions, the design optimization
problem is formulated.

3.1 Overview of the Framework. The four main steps of the
framework are as follows:

(1) Augment the matrix representation of the graph-based model
with design matrices. Sizing and topology design options,
represented by node/edge sizing and edge addition/
removal, are related to the mathematical representation of
the graph’s dynamics by augmenting Eq. (3) with design
matrices.

(2) Define the objective function. The objective function is
defined to represent desired dynamic characteristics of the
system. The objective function may capture a variety of fea-
tures, such as performance or the maximum temperature of a
component.

(3) Define design constraints. Nonlinear constraints and bounds
on the sizing and topology design variables are defined.
Design variable bounds are determined based on
problem-specific limitations such as cost, weight, and size
(e.g., a battery pack for an EV is bounded in size based on
weight limitations).

(4) Formulate and solve the optimization problem. Using the
first three steps, the optimization problem is set up, allowing
the solution to be determined via the algorithm most appro-
priate to solve the problem as determined by the user.

Section 3.2 goes over each step in detail.

3.2 The Design Optimization Framework. The design opti-
mization framework starts with a graph-based model mathemati-
cally described by Eq. (3). This graph-based model can either
represent the full system or a subsystem determined through decom-
position of the graphical model [33].
Step 1: Augment the matrix representation of the graph-based

model to include design matrices. The first step takes the matrix rep-
resentation of a graph-based model of the form of Eq. (3) and aug-
ments it to include the impact of design choices on the system
dynamics. For σ= 1, …, Nc, let θc,σ∈ℝ be a continuous sizing
design variable that impacts vertex/edge sizes, θ*c =
{θc,1, . . . , θc,Nc} as the set of continuous design variables, and θc ∈
RNc as the vector of continuous design variables. Similarly, for q=
1, …, Nz, let zq∈ℤ be a discrete topology design variable that
describes edge addition/removal, z* = {z1, . . . , zNz} as the set of
discrete design variables, and z ∈ ZNz as the vector of discrete
design variables. The total set of design variables is described by
θ= [θc, z], making the total number of design variables Nc+Nz.
The graph-based model mathematically described by Eq. (3) is

not suitable for design optimization as it is, and requires six
factors to be included in its representation for optimization. These
six factors are the mathematical representation of the impact of
sizing on (i) vertex size, (ii) edge size, and (iii) source edge size,
and the impact of different topologies on (iv) vertex size, (v) edge
addition or removal, and (vi) source edge addition or removal.
This is accomplished by augmenting the matrix representation
from Eq. (3) with six design matrices. Equation (4) presents the
matrix representation of the augmented graph-based model:

ΨcΦcCẋ = − �MΨΦy + DΨsΦsys (4)

The six design matrices of Eq. (4) areΨc,Φc, Ψ,Φ, Ψs, andΦs.
These matrices translate the scaling of component sizes and alterna-
tive architectures to the mathematical representation of the model.
The first two design matrices, Ψc and Φc, translate the impact of

Fig. 2 Graph-based representation of topology selection through edge removal from (a)–(b)
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sizing and topology choices to vertex size. The second two matri-
ces, Ψ and Φ, translate sizing and topology choices to edge size
and removal. The last two matrices, Ψs and Φs, do the same for
the source edges of the graph-based model. The six design matrices
of Eq. (4) are defined as follows:

• The diagonal matrix Ψc ∈ RNv×Nv describes the relationship
between sizing design variables and vertex size. The capaci-
tance matrix C is augmented by Ψc, reflecting how sizing
design variables impact capacitance sizes. The design matrix
Ψc is defined as:

Ψc(θc) =

fψc,1
(θc) 0

. .
.

0 fψc,Nv
(θc)

⎡
⎢⎣

⎤
⎥⎦ (5)

In Eq. (5), each fψc,i
is a function that describes the impact of θc

on the capacitance of vi. Note that fψc,i
may not explicitly

depend on each θc,σ.

• The diagonal matrix Ψ ∈ RNe×Ne describes the relationship
between sizing design variables and edge size. The vector of
transfer rates, y, is augmented by Ψ, capturing how sizing
design variables impact the sizes of edges. The design
matrix Ψ is defined as:

Ψ(θc) =

fψ1
(θc) 0

. .
.

0 fψNe
(θc)

⎡
⎢⎣

⎤
⎥⎦ (6)

In Eq. (6), each fψ j
is a function that describes the impact of θc

on the transfer rate of edge ej. Again, fψ j
may not explicitly

depend on each θc,σ.

• The diagonal matrix Ψs ∈ RNs×Ns describes the relationship
between sizing design variables and source edge size. The
vector of source transfer rates, ys, is augmented by Ψs, captur-
ing the impact of sizing design variables on the size of source
edges. Equation (7) defines the design matrix Ψs.

Ψs(θc) =

fψ s
1
(θc) 0

. .
.

0 fψ s
Ns
(θc)

⎡
⎢⎢⎣

⎤
⎥⎥⎦ (7)

In Eq. (7), each fψ s
n
is a function that describes the impact of θc

on the transfer rate of source edge esn. Again, fψ s
n
may not

explicitly depend on each θc,σ.

• The diagonal matrix Φc ∈ RNv×Nv describes the relationship
between topology design variables and vertex size. The capac-
itance matrix C is augmented by Φc, reflecting how topology
design variables impact capacitance sizes. The design matrix
Φc is defined as:

Φc(z) =

fϕc,1
(z) 0

. .
.

0 fϕc,Nv
(z)

⎡
⎢⎣

⎤
⎥⎦ (8)

In Eq. (8), each fϕc,i
is a function that describes the impact of z

on the capacitance of vi. Note that fϕc,i
may not explicitly

depend on each zq.

• The diagonal matrix Φ ∈ RNe×Ne describes the relationship
between topology design variables and edge addition/
removal. The transfer rate vector y is augmented by Φ, trans-
lating how topology design variables impact edge sizes.

Equation (9) defines Φ.

Φ(z) =

fϕ1
(z) 0

. .
.

0 fϕNe
(z)

⎡
⎢⎣

⎤
⎥⎦ (9)

To define fϕj
in Eq. (9), let z**⊆ z* of size nz≤Nz and z′ ∈ Rnz .

Then:

fϕj
(z) = f̂ϕj

(z′) = f̂ϕj
(z′1, . . . , z

′
nz
) =

∏nz
l=1

z′l (10)

Note that each z′l belongs to the subset z**. To provide an
example, consider Nz= 3, with z1 and z3 impacting edge e5
of a graph (nz= 2). The function fϕ5

is defined as follows,
with z′1 = z1 and z′2 = z3:

fϕ5
(z1, z3) = f̂ϕ5

(z′1, . . . , z
′
nz
) =

∏2
l=1

z′l = z1z3 (11)

In the case of z3= 0 representing edge addition, it is permissi-
ble to define z′2 = 1 − z3.

• The diagonal matrix Φs ∈ RNs×Ns describes the relationship
between sizing design variables and source edge size. The
transfer rate vector ys is augmented by Φs, reflecting how
topology design variables impact source edge sizes. The
matrix Φs is defined as:

Φs(z) =

fϕs
1
(z) 0

. .
.

0 fϕs
Ns
(z)

⎡
⎢⎢⎣

⎤
⎥⎥⎦ (12)

The function fϕs
n
in Eq. (12) is defined using the same process

used to define fϕj
previously in Eq. (10).

The addition of these design matrices allows the design engineer
to quickly and intuitively relate the design variables to the dynamics
of the graph. By starting with a baseline graphical model that can
be represented by Eq. (3), the design engineer can identify which
components should be sized and which topologies should be
explored. This is translated to vertex/edge sizing and edge addi-
tion/removal, and thus modifies the dynamics of the system repre-
sented through Eq. (4).
Step 2: Define the objective function. The framework gives the

design engineer freedom in terms of defining objective functions.
Using the expertise of the design engineer allows for consideration
of unmodeled factors, such as consumer product preference or ser-
viceability of a component, to be factored into the decision-making
process. Unique types of objective functions can be defined that
relate the conservation basis of the graph to desired system capabil-
ities and features. A transfer rate-based objective function relates
transfer rates along the edges to desired system characteristics.
Equation (13) defines a potential transfer rate-based objective func-
tion Jtr over a test period from times t0 to tf.

Jtr =
∑Ne

j=1

wtf ,j

∫tf
t0

yj(t, θ)dt (13)

In Eq. (13), each wtr,j is a weighting term internal to Jtr which
allows one to tune the importance of different edges for the objec-
tive calculation. This type of objective function can be used to deter-
mine total energy losses within the system during the test period.
A storage-based objective function correlates the importance of

changes in quantity stored in the system to desired system charac-
teristics. Equation (14) defines a typical storage-based objective
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function Jst over a test period from times t0 to tf.

Jst =
∑Nv

i=1

wst,i

∫xi(tf )
xi(t0)

Ci(x, θ)dx (14)

The weights wst,i are internal to Jst, and allows one to tune the
importance of different vertices’ storage levels. This type of objec-
tive function can be used to quantify the total change in energy
stored in all energy storage components in the system over the
test period.
The objective functions are not limited to these forms in the

framework, and can encompass other performance metrices as
well. The objective function can be augmented with a penalty
term, Jpen, to implicitly enforce design constraints, thereby ensuring
that the system satisfies necessary requirements. Other desired
objectives, such as system performance (e.g., 0–60 mph time for
a car), desired state limits, and state tracking, are all permitted in
the framework. Note that problems with multiple objectives can
be defined using an aggregate objective function Jtotal. Within the
framework, this aggregate objective function can be defined using
a linear, weighted combination of individual objectives, or using
a definition suitable for techniques such as compromise program-
ming [37].
Step 3: Define design constraints. Equation (15a) defines the

design variable bounds, which limit the variables between
minimum θ and maximum �θ values. These represent any
problem-specific limitations design variables may have. For
example, a heat exchanger for an aircraft may be limited in size
due to limited space, or a motor may be limited in maximum
power due to excessive cost. Equation (15b) presents the set of non-
linear constraints with nonlinear function g for the design problem.

θ ≤ θ ≤ �θ (15a)

g(θ) ≤ 0 (15b)

Step 4: Formulate and solve the optimization problem. Using the
previous three steps of the framework, the optimization problem can
be set up:

min Jtotal(θ)
θ

(16a)

subj. to: θ ≤ θ ≤ �θ
g(θ) ≤ 0

(16b)

In this article, the shooting method is used, by which the graph-
based model is simulated for the current set of design variables and
the objective function is calculated from those trajectories. This is
one option, and direct transcription or other methods can also be
used to formulate the optimization problem. Note that the solver
is purposefully left as a choice for the design engineer to make.
This leverages the design engineer’s experience and knowledge
of the design problem to yield results for their needs.
The Secs. 4 and 5 apply the design framework to two different

case studies. The first explores the design of a cooling system,
and shows how gradient-based solution methods with analytical
and numerical sensitivity functions can be used in the framework.
The second explores the electrical, thermal, and mechanical
design of an EV powertrain using a genetic algorithm (GA). This
shows the applicability of the framework for design problems con-
taining different dynamic domains and different objectives.

4 Case Study 1: Cooling System Design
This section applies the design optimization framework to the

case study of configuration and sizing of a cooling system. The
baseline configuration with design options is outlined and translated
into a graph-based model. By relaxing the discrete topology design

problem, analytical and numerical sensitivity functions are deter-
mined that relate the objective function to the design variables.
Using a gradient-based solution algorithm, the optimal design of
the cooling system is identified.

4.1 Problem Statement. The first case study explores the
design of a liquid cooling system. The system, a pipe with water
being pumped through it, absorbs heat from a resistive load and a
second thermal load, represented by a battery pack in this case
study. There are two design parameters: size of the cross-sectional
area of the pipe, and placement of the battery pack with respect to
the pipe. The objective is to maximize the heat drawn from the
thermal loads to the pipe fluid for the purpose of maximizing
cooling capability. Figure 3 presents an illustration of the cooling
system setup.
Figure 4 presents the graph-based model of the cooling system,

determined through the conservation of energy. There are two ver-
tices that describe temperature of the pipe fluid (states x1 and x2),
with a capacitance matrix:

C =
mCp 0
0 mCp

[ ]
(17)

In Eq. (17), Cp= 4185 J/kg K is the specific heat of the fluid, and
the fluid mass in each control volume is m= ρLAnom, with ρ=
1000 kg/m3 as the fluid density, L= 2.86 m as the control volume
length, and Anom= 0.0034 m2 as the nominal cross-sectional area.
This area is to be scaled when applying the design optimization
framework. There are four sink vertices with constant temperatures,
one each for the battery (xs1 = 308.15 K), the resistive load
(xs2 = 308.15 K), the upstream fluid temperature (xs3 = 283.15 K),
and the downstream fluid temperature (xs4). Equation (18) defines

Fig. 3 Cooling system for case study 1, with potential locations
of the battery pack outlined

Fig. 4 Graph-basedmodel of the coolingsystem for casestudy1
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�M, developed from Fig. 4.

�M =
−1 1 −1 0 0 0
0 −1 0 −1 −1 1

[ ]
(18)

Edges e1, e2, and e6 describe thermal transport between the
control volumes of the pipe, and the power flows are defined as

y1 = ṁCpxs3
y2 = ṁCpx1
y6 = ṁCpx2

(19)

In Eq. (19), the mass flowrate is ṁ = ρvAnom, with fluid velocity
v = 0.15 m/s. Edges e3 and e4 describe heat conduction from the
battery to the fluid:

y3 =
1
Rc

(xs1 − x1)

y4 =
1
Rc

(xs1 − x2)
(20)

with Rc= 0.0358 K/W as the thermal resistance. Only one of these
edges is to be selected for the final design. Edge e5 describes heat
conduction from the resistive load to the fluid:

y5 =
1

Rc,load
(xs2 − x2) (21)

with Rc,load= 0.0717 K/W. For this system, ys= 0 and D= 0.

4.2 Application of the Framework. With a graph-based
model’s representation in the form of Eq. (3), the design framework
can be applied. There are two design variables: (i) a continuous
sizing option that scales pipe area, θc, and (ii) a topology option
that selects battery pack placement, z. Applying the first step of
the framework, the size design matrices are defined. Resizing of
the pipe area scales mass m in each control volume, and thus
scales the capacitances:

Ψc(θc) =
θc 0
0 θc

[ ]
(22)

This also scales ṁ, which impacts edges e1, e2, and e6:

Ψ(θc) = diag([θc, θc, 1, 1, 1, θc]) (23)

The battery can be placed in one of two locations: either it is con-
nected to the graph through e3 or it is connected through e4. Assign-
ing z= 0 for downstream placement and z= 1 for upstream
placement, the matrix Φ becomes:

Φ(z) = diag([1, 1, z, 1 − z, 1, 1]) (24)

The remaining design matrices are equal to the identity matrix.
Before applying the remaining steps, the topology design vari-

able is smoothed using a RAMP function [38]:

z =
θz

1 + Q(1 − θz)
(25)

with Q= 1000, and θz as the underlying, continuous design vari-
able. While smoothing of the topology design variable is not neces-
sary, it permits the use of gradient-based solvers to be applied to the
optimization problem. This is utilized in Sec. 4.3 to derive analyti-
cal sensitivity functions, which are then used in the gradient-based
optimization procedure. The vector of design variables is θ=
[θc, θz].
Step 2 of the framework is to define the objective function Jtotal.

The objective is to maximize the heat drawn from the loads at a final
time tf. This is equivalent to minimizing the negative of the power
flows along edges e3, e4, and e5 at:

Jtotal = −z(θz)y3(tf , θ) − (1 − z)y4(tf , θ) − y5(tf , θ) (26)

Step 3 of the framework requires the definition of the constraints
for the design variables θ. The design variable constraints are:

0.75
0

{ }
≤ θT ≤ 1.25

1

{ }
(27)

Note that in this case study, there are no nonlinear design con-
straints enforced.
The value of the objective is calculated using the shooting

method with the MATLAB variable step solver “ode15s.” With the
first three steps completed, the optimization problem is defined in
the form of Eq. (16) as stated in Step 4. The code is run on a
desktop computer with a 3.4 GHz Intel Core i7-6700 processor
and 16 GB RAM.

4.3 Optimization Strategy and Sensitivity Functions. A
Hessian-free, gradient-based algorithm is used to solve the optimi-
zation problem. The MATLAB library function “fmincon” is used
with sequential quadratic programming (SQP) as the solver, and
default tolerances. To provide the objective function gradients to
the algorithm, two methods to analyze sensitivities are used. The
first is derived from an analytical solution of the state and power
flow trajectories. Equation (28) presents the analytical solution of
the temperature trajectories, with α1 and α2 as the eigenvalues of
the system and β1 and β2 as the steady-state temperature values.

x1(tf ) = γ1e
−α1tf + β1

x2(tf ) =
v

L

γ1
α2 − α1

e−α1 tf + γ2e
−α2 tf + β2

(28a)

α1 =
v

L
+

z

ρLθcAnomCpRc

α2 =
v

L
+

1 − z

ρLθcAnomCpRc
+

1
ρLθcAnomCpRc,load

(28b)

β1 = α−11
v

L
xs3 +

z

ρLθcAnomCpRc
xs1

( )

β2 = α−12
v

L
β1 +

1 − z

ρLθcAnomCpRc
xs1 +

1
ρLθcAnomCpRc,load

xs2

( )

(28c)

γ1 = xs3 − β1

γ2 = xs3 −
v

L

γ1
α2 − α1

− β2
(28d)

Equation (29) differentiates the above solution to analytically
derive the design sensitivities.

∂Jtotal
∂θc

=
z

Rc

∂x1
∂θc

+
1 − z

Rc
+

1
Rc,load

( )
∂x2
∂θc

∂Jtotal
∂θz

=
1
Rc

(x1 − x2)
∂z
∂θz

+
z

Rc

∂x1
∂θz

+
1 − z

Rc
+

1
Rc,load

( )
∂x2
∂θz

(29a)

∂x1
∂θc

=
∂x1
∂α1

∂α1
∂θc

+
∂x1
∂β1

∂β1
∂θc

+
∂x1
∂γ1

∂γ1
∂β1

∂β1
∂θc

∂x1
∂θz

=
∂x1
∂α1

∂α1
∂θz

+
∂x1
∂β1

∂β1
∂θz

+
∂x1
∂γ1

∂γ1
∂β1

∂β1
∂θz

(29b)
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∂x2
∂θc

=
∂x2
∂α1

∂α1
∂θc

+
∂x2
∂α2

∂α2
∂θc

+
∂x2
∂β2

∂β2
∂θc

+
∂x2
∂γ1

∂γ1
∂β1

∂β1
∂θc

+
∂x2
∂γ2

∂γ2
∂α1

∂α1
∂θc

+
∂γ2
∂α2

∂α2
∂θc

+
∂γ2
∂γ1

∂γ1
∂β1

∂β1
∂θc

+
∂γ2
∂β2

∂β2
∂θc

( )

∂x2
∂θz

=
∂x2
∂α1

∂α1
∂θz

+
∂x2
∂α2

∂α2
∂θz

+
∂x2
∂β2

∂β2
∂θz

+
∂x2
∂γ1

∂γ1
∂β1

∂β1
∂θz

+
∂x2
∂γ2

∂γ2
∂α1

∂α1
∂θz

+
∂γ2
∂α2

∂α2
∂θz

+
∂γ2
∂γ1

∂γ1
∂β1

∂β1
∂θz

+
∂γ2
∂β2

∂β2
∂θz

( )

(29c)

The second sensitivity analysis approach is derived from an
approximate numerical solution of the trajectories, using fourth-
order Runge–Kutta integration. Equation (30) presents the numeri-
cal solution of the temperature trajectories, with Δt as the time-step.

g =
−α1x1 + α1β1

v
L x1 − α2x2 + α2β2 − v

L β1

{ }
(30a)

K1 = Δt · g(tn, xn)

K2 = Δt · g tn +
Δt
2
, xn +

K1

2

( )

K3 = Δt · g tn +
Δt
2
, xn +

K2

2

( )

K4 = Δt · g(tn + Δt, xn + K3)

(30b)

xn+1 = xn +
1
6
(K1 + K2 + K3 + K4) (30c)

We then use the adjoint method to derive the sensitivity formula-
tion corresponding to the Runge–Kutta solution. Equation (30c) is
rewritten in residual form as:

Rn+1 = xn − xn+1 +
1
6
(K1 + K2 + K3 + K4) (31)

The Lagrangian form of the objective function is defined based
on the residual, with Ntf representing the number of time-steps in
the numerical simulation, and ζTn representing the set of adjoint
vectors:

Π = Jtotal +
∑Ntf

n=1

ζTnRn (32)

The total sensitivity of the objective function with respect to
design variables θ is:

dJtotal
dθ

=
dΠ
dθ

=
∂Jtotal
∂θ

+
∑Ntf

n=1

∂Jtotal
∂xn

dxn
dθ

+
∑Ntf

n=1

ζTn
∂Rn

∂θ
+
∂Rn

∂xn

dxn
dθi

+
∂Rn

∂xn−1

dxn−1
dθ

( ) (33)

Equation (34) is determined by setting the sum of all implicit
terms to zero, which can be used to solve for the adjoint vectors
as shown in Eq. (35).

ζTn
∂Rn

∂xn
+ ζTn+1

∂Rn

∂xn

( )
dxn
dθ

= 0, n < Ntf

∂Jtotal
∂xn

+ ζTn
∂Rn

∂xn

( )
dxn
dθ

= 0, n = Ntf

(34)

ζn = −
∂Rn

∂xn

( )−T ∂Rn+1

∂xn

( )T

ζTn+1, n < Ntf

ζn = −
∂Rn

∂xn

( )−T ∂Jtotal
∂xn

( )
, n = Ntf

(35)

Using this adjoint solution, which causes all implicit terms to
vanish, Eq. (33) reduces to the final form shown in Eq. (36). This
provides an exact derivative of the numerically computed objective
function.

dJtotal
dθ

=
∂Jtotal
∂θ

+
∑Ntf

n=1

ζTn
∂Rn

∂θ
(36)

Both of these sensitivity functions are used to guide the gradient-
based optimizer in the Sec. 4.4.

4.4 Results. Table 1 provides the results of using SQP to opti-
mize the system with both the analytical and Runge–Kutta
approaches, and Fig. 5 presents the convergence plot for both func-
tions. Note that the true optimal set, determined by a grid search, is
θ= [1.25, 1]. This matches the intuition that the best cooling would
come from cooling the battery first with the largest pipe possible.
Comparing the results of Table 1 against this true set shows that
both solution methods converge to the optimal design. This
shows that the design optimization framework produces accurate
results for this case study.
Table 1 shows that the analytical method reaches the optimum an

order of magnitude faster than the Runge–Kutta approach, as
expected. However, the benefit of the numerical approach is its
applicability to more systems and the reduced number of function
evaluations as compared to the analytical method. For larger or
more dynamically nonlinear systems, analytically solving the
system response and its accompanying design sensitivities
becomes more challenging, which is addressed using the Runge–
Kutta approach.

Table 1 Results for the first case study

Initial Analytical Numerical

θc 1 1.25 1.25
θz 0 1 1
Number of function evaluations – 50 4
Convergence time (s) – 0.013 0.22

Fig. 5 Convergence plot for the first case study using analyti-
cally and numerically based sensitivity functions
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5 Case Study 2: Design of an Electric Vehicle
Powertrain
This section applies the design optimization framework to the

case study of EV powertrain configuration that considers electrical,
mechanical, and thermal power flows. The baseline configuration
with sizing and architecture options is outlined and translated into
a graph-based model. Configuration options are translated into an
optimization problem through the framework. Powertrain configu-
rations are determined for two different sets of optimization func-
tion weight values, highlighting the ability of the design
framework to identify different designs based on the design engi-
neer’s requirements.

5.1 Baseline Electric Vehicle Powertrain Configuration.
Mobile power systems such as aircraft and on- and off-highway
vehicles are becoming increasingly electrified to reduce fuel costs
[39], greenhouse gas emissions [40], and weight [7,39]. However,
electrification comes with the price of rising thermal management
challenges, leading to reduced component lifespans [41], limited
performance [42], and power electronic defects [43]. Design opti-
mization is a powerful tool to mitigate these thermal management
issues through improved early-stage architecture and component
selection. This case study uses the design framework to optimize
an EV powertrain, with consideration of the multi-domain interac-
tions found within such a system.
Figure 6 presents the baseline EV powertrain configuration, and

Figs. 7–9 show the graphical models of the three sections of the
powertrain. The powertrain consists of a battery as the main
power source, connected in parallel to a high-voltage direct
current (DC) bus. This voltage bus splits power into two bidirec-
tional inverters that power AC motors which drive the vehicle
inertia, and a bidirectional DC/DC converter. In addition, the
voltage bus connects to a dissipative resistor through a switch to
prevent overvoltage. The DC/DC converter steps voltage down to
a low voltage DC bus. This low voltage bus powers five DC/DC
converters. The first powers extraneous loads such as the radio
and power steering. The second powers the vapor compression
system (VCS), which cools the liquid cooling loop fluid and dissi-
pates heat into the environment. The third, fourth, and fifth convert-
ers power motors that run the fan for the cabin air cycle, the fan for
the air cooling path, and the pump for the liquid cooling loop,
respectively. Inputs to the system include each inverter and con-
verter duty cycle (eight total) plus the braking command. In this
article, the VCS converter’s duty cycle uses proportional control
to track a desired liquid loop temperature, while all other inputs

are held constant. Switch input commands include the directionality
command for the eight converters (buck or boost) plus the
command to connect the dissipative resistor to the high-voltage
bus. The switch commands are all held to buck mode for the case
study. Sink states (disturbances) include ambient air temperature,
current demanded by external loads, radiative and convective heat
into the cabin, and heat generated in the cabin. For clarity, the def-
initions of x, C, and y, as well as nominal parameter values, are pre-
sented in Appendix A. Note that these notional parameter values
and conditions permit the validation of the design framework
without focus on a specific powertrain. This system does not have
any source edges, and as such D= 0 and ys= 0.
This case study explores six sizing design options (Nc= 6) and

five discrete topology options (Nz= 5). The sizing design options
include size of the battery (θc,1), the pair of motor #1 and inverter
#1 (θc,2), the pair of motor #2 and inverter #2 (θc,3), the VCS
(θc,4), the air cooling path fan (θc,5), and the liquid cooling loop
pump (θc,6). The topology options include the decision to keep or
remove the pair of motor #2 and inverter #2 (z1), as well as to
choose air or liquid cooling for the battery (z2), the power electron-
ics (z3), and the motors (z4 and z5). Section 5.2 relates these design
options to the graph-based model through the framework.

5.2 Applying the Framework to the Electric Vehicle
Powertrain. The steps of the design optimization framework are
applied to the case study system. Step 1 requires definitions for
the design matrices described in Eq. (4), which are presented in
Appendix B.
In Step 2 of the framework, we define the objective function,

Jtotal, which is given by the following linear weighted combination:

Jtotal = w1Jperf + w2JmaxT + w3Jtr + w4Jst

JmaxT = waJmaxT ,batt + wbJmaxT ,m1 + wcJmaxT ,powElec
(37)

with the coefficientsw1,…,w4 determining the relative weighting of
each term. The performance time objective function, Jperf, is the
amount of time the vehicle takes to reach a desired velocity of
45 mph when starting from rest. The function JmaxT is a weighted
summation of the maximum temperatures of the battery (JmaxT,batt),
first motor (JmaxT,m1), and the first inverter and the six DC/DC
converters (JmaxT,powElec). The internal weights wa= 0.162, wb=
0.142, and wc= 0.0202 are selected to place equal importance on
each device relative to the component’s maximum operating
temperature.

Fig. 6 Electric vehicle baseline powertrain configuration
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The transfer rate function, Jtr, represents energy losses during the
performance period through the battery, motors, and power elec-
tronics. This function has the same form as Eq. (13). The internal
weights wtr,j are assigned a value of 1 for the following values of j:

j = 3, 5, 6, 16, 18, 20, 24, 26, 28, 33, 37, 40, 52, 58, 64, 70, 76

The internal weights are set to zero for all other values of j. The
storage objective function, Jst, represents the change in energy
stored in the battery during the performance period, and has the
same form as Eq. (14). The internal weights wst,i are set to 1 for
i = 1, 2, 3, and zero for all other values of i. The objective
function is defined in a manner to identify one or multiple potential

Fig. 7 Graph-based model of the battery and motors (Color version online.)

Fig. 8 Graph-based model of the low voltage bus and DC/DC converters (Color version online.)
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designs, based on the weights selected by the design engineer.
This can be useful for designing products for slightly different
markets, such as designing a sedan versus a minivan, without
searching the design space for all optimized designs for different
weights.
In Step 3, we set the design variable bounds. As mentioned in the

description of step 1 above, the design variables have been normal-

Table 2 Weights for the second case study

Weight Test #1 Test #2

w1 0.05 0.05
w2 0 1
w3 0.025 0
w4 −0.033 0

Fig. 9 Graph-based model of the cabin, air cooling path, and liquid cooling paths (Color version online.)

Table 3 Results for the second case study, test 1

Best initial set (global
optimum trial)

Final (global
optimum trial)

Final (median
trial)

Standard deviation
between trials

θc,1 0.063 2.7 × 10−5 9.5 × 10−5 2.6 × 10−5

θc,2 1.0 1.0 1.0 2.0 × 10−5

θc,3 0.88 0.50 0.51 9.1 × 10−3

θc,4 0.14 0.037 5.1 × 10−4 0.015
θc,5 0.72 0.94 0.81 0.18
θc,6 0.94 0.92 0.87 0.048
z1 1 1 1 0
z2 1 1 1 0
z3 0 1 1 0
z4 1 1 1 0
z5 1 1 1 0
Jtotal 5.49 × 104 5.11 × 104 5.11 × 104 0.83
Convergence time (s) – 4.6 × 104 4.6 × 104 1.3 × 103

Number of function
evaluations

– 6000 6000 179

Table 4 Results for the second case study, test 2

Best initial set (global
optimum trial)

Final (global
optimum trial)

Final (median
trial)

Standard deviation
between trials

θc,1 0.15 2.0 × 10−6 2.8 × 10−6 2.8 × 10−5

θc,2 0.94 1.0 1.0 3.1 × 10−5

θc,3 0.54 1.6 × 10−3 1.5 × 10−3 1.8 × 10−3

θc,4 0.77 0.069 0.011 0.37
θc,5 0.027 5.4 × 10−3 0.018 0.1
θc,6 0.90 2.0 × 10−3 0.016 7.7 × 10−3

z1 1 1 1 0
z2 1 1 1 0
z3 0 0 0 0
z4 1 1 1 0.45
z5 1 1 1 0
Jtotal 142.08 141.16 141.16 6.4 × 10−3

Convergence time (s) – 3.0 × 104 3.0 × 104 1.6 × 103

Number of function
evaluations

– 5300 5200 89
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ized for this case study. For θ= [θc,1, …, θc,6, z1, …, z5]= [θ1, …,
θ11], the bounds are:

0 ≤ θ ≤ 1 (38)

Again, for this case study, no nonlinear design constraints are
explicitly enforced.
Step 4 of the framework can now be applied, with the full

problem having the same form as Eq. (16). For the dynamic

simulation, the vehicle is considered initially at rest, with a
battery state of charge (SOC) of 80% and all temperatures equal
to the ambient temperature. The shooting method is used again,
with the dynamics simulated using MATLAB’s “ode15s” function.
The MATLAB genetic algorithm function “ga” is utilized to optimize
the system, with a population of 100 and default initial population
settings, and function convergence criteria of 10−4. The code is run
on a desktop computer with a 3.4 GHz Intel Core i7-6700 processor
and 16 GB RAM. Due to the stochastic nature of the algorithm, five
trials are run for each set of objective function weights to better
understand the convergence of the designs.

5.3 Results. For this second case study, the design framework
is evaluated using two different sets of objective function weights.
Test #1 emphasizes minimizing performance time (Jperf), energy
losses through the battery, motors, and power electronics (Jtr),
and the change in energy stored in the battery (Jst). Test #2 places
focus on minimizing performance time and minimizing the
maximum temperature of the battery, first motor, and power elec-
tronics (JmaxT). Table 2 presents the weights for each of these tests.
Tables 3 and 4 present the design parameter values, convergence

times, and function evaluations for the two tests. Figure 10 presents
the convergence plots for the trials with the global optimal cases
(referred to as the global optimum trials), showing that the GA con-
verges to a superior design as compared to the initial configurations.
The low standard deviation values of the parameters and objective

Fig. 10 Convergence plot for the two tests in the second case
study

Fig. 11 Case study 2 optimized powertrain designs from the global optimum trials of the (a) first and (b) second tests
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functions for each test show the similarity of the final designs of
each trial. This indicates that the trials for each test converge to a
similar final design. Relatively higher values of standard deviation
are found for variables sized to be near zero (e.g., θc,1 in both tests)
due to the variable value approaching zero.
Figure 11(a) presents the global optimum powertrain design con-

figuration for test 1. The battery is at the minimum allowable size,
the first motor and inverter are at the maximum allowable size, and
the second motor and inverter are at an intermediate size. The air
cooling path’s fan is at a large size, and air cooling is used to
cool all components. Figure 11(b) presents the global optimum
powertrain design configuration for test 2. In this case, the battery
and second motor are sized as small as allowable. The air cooling
path’s fan and liquid cooling loop’s pump, as well as the associated
converters, are also sized as small as possible. Air cooling is used
for all components except for the power electronics, which are
cooled by the liquid loop. The only discrete variable within a
nonzero standard deviation is z4 in test 2, due to the low impact
this motor cooling option has on the objective function.
Figure 12 plots the velocity of the vehicle for both global

optimum design configurations during the performance test
period, and the temperature of the first inverter during this test
period. The configuration from test 1 has a slightly slower perfor-
mance time (2.48 s) as compared to the configuration from test 2
(2.45 s). Furthermore, the first configuration has a much higher
inverter temperature as compared to the second configuration.
This matches the selection of liquid cooling by the optimizer in
the second configuration. The first configuration, however, has

Jtr = 2.58 × 105 J, as compared to Jtr= 2.74 × 105 J for the second
configuration. The first configuration is sized in such a manner to
minimize these energy losses. Summarizing these results for the
designed systems:

• The first configuration reduces energy losses during an accel-
eration phase of the vehicle as compared to the second
configuration.

• The second configuration provides a slightly better perfor-
mance time, as well as lower temperature power electronic
components, due to the liquid cooling for these components.

Beyond identifying specific designs, the steps of the framework
are also capable of identifying Pareto optimal solutions. As an
example, the weights w1 and w2 are varied to generate a 2D Pareto
front, with w3= 0 and w4= 0. Figure 13 presents the Pareto front
with the objective functions normalized, determined by the compro-
mise programming approach with n= 4 [37]. The GA is run itera-
tively with the same equipment and solver settings as used with the
earlier EV design tests. Note that due to discontinuities in the
design space caused by the presence of discrete variables, particu-
larly z3, there is a discontinuity in the Pareto front. This discontinuity
is characterized by a region within objective space (represented by a
vertical band) that is unpopulated due to the large discontinuous
jump in performance (Jperf) that occurs when transitioning from
air cooling (z3= 1) to liquid cooling (z3= 0) of the power electronics.
The arrow in Fig. 13 points to the placement of the global optimum
trial’s design for Test #2 using the linear weighted combination
method. This shows that the design identified by the global
optimum trial lies on the Pareto front.

6 Conclusions
This article presents a novel design framework to accomplish

MDO for dynamic, conservation-based SoS. The framework utilizes
a graphical modeling tool to capture the physical dynamics and inter-
actions found among these systems. By augmenting this representa-
tion of the system, design options, including component sizing and
topologies, are represented by the vertices and edges of the graph,
easing the formulation of the design problem. The design framework
allows the design engineer to select the solver, and permits simulta-
neous optimization of both component sizes and configurations. Two
case studies are explored to provide examples of the framework’s
performance for conservation-based systems. The first case study
explores the design of a cooling subsystem, which is optimized
using a gradient-based solver. In this case study, the system response
and design sensitivities are modeled using both numerical and ana-
lytical approaches. The second case study explores the design
space of an EV powertrain, sizing electrical, mechanical, and
thermal components, as well as making discrete architecture
choices. Future work will include the expansion of the design frame-
work to consider topology generation and improved solution speed
using derived sensitivity functions specific to the graphical nature
of the conservation-based modeling approach.
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Appendix A
This appendix summarizes the dynamics of the graph-based

model for the baseline powertrain configuration (Figs. 7–9), and
Table 5 presents the parameter values. There is a total of Nv= 79
vertices, Ne= 124 edges, and Nt= 13 sink vertices. In Figs. 7–9,
there are four vertex types which identify if a vertex’s state

Fig. 13 The Pareto front for Jperf versus JmaxT, normalized as
represented by the overbar

Fig. 12 Vehicle velocity and first inverter temperature for the
two optimized powertrain configurations
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describes (i) a voltage or charge, (ii) a current, (iii) a temperature, or
(iv) a velocity. The sink states represent ambient air temperature
(vs1, v

s
2, v

s
4, . . . , v

s
10, v

s
12, v

s
13), current demanded by external loads

(vs3), and radiative and convective heat into the cabin with heat gen-
erated in the cabin (vs11). The matrix �M is determined from Figs. 7–
9, and Ps= 0 and D= 0.
The battery, with capacity Q, is modeled using third-order elec-

trical circuit dynamics with second-order temperature dynamics
[44], described by vertices [v1, …, v5] and edges [e1, …, e8, e111]
[34]. Equation (A1) defines the capacitance matrix of the battery
(Cbatt), with C1 and C2 as the electrical capacitances of the first
and second relaxation terms, respectively. The variables ℂb,c and
ℂb,s are the thermal capacitances of the core and surface of the
battery, respectively. The nonlinear open-circuit voltage, Voc, is a
function of battery state of charge x1, as defined in Fig. 14.

Cbatt = diag([QVoc(x1), C1x2, C2x3, Cb,c, Cb,s]) (A1)

The electrical battery elements and the high-voltage bus (v7) all
share the same current, represented by the virtual vertex v6. The
expressions for these power flows are:

y1 = NserVoc(x1)x6
y2 = Nserx2x6
y4 = Nserx3x6

y9 = x7x6

(A2)

Note that all edges that connect to a virtual element that are not
defined take the form of yj = xheadj xtailj . Heat is dissipated to the
core of the battery due to inefficiencies represented by battery resis-
tances R1, R2, and Rs:

y3 =
1
R1

x22

y5 =
1
R2

x23

y6 = Rsx26

(A3)

Equation (A4) represents conduction from the battery core to the
battery surface, with thermal resistance Rb,c:

y7 =
1
Rb,c

(x4 − x5) (A4)

Power dissipated through air cooling (y8) and liquid cooling
(y111) is described by:

y8 = hbatt,air(ṁair)(x5 − x76)
y111 = hbatt,liq(ṁliq)(x5 − x65)

(A5)

In Eq. (A5), hbatt,air and hbatt,liq represent the effective convection
coefficient terms from air or liquid cooling. These are linearly
related to the mass flowrates of air (ṁair , related to fan speed x60)
or the liquid (ṁliq, related to pump speed x62), respectively. The
area of the battery, which also impacts these edge terms, is
defined through the design matrices in Appendix B.
The high-voltage bus has a storage capacitance of Cbusx7, and

connects to surrounding virtual vertices using an expression of
the same form as y9. The power flow through the dissipative resis-
tance Rbus is described by:

y13 =
s9
Rbus

x27 (A6)

where s9 is a discrete switching input that connects or disconnects
the resistor from the voltage bus.
The first inverter is represented as a converter, with dynamics

described by using the small ripple approximation [45,46].
There are three electrical vertices (v9, v10, v11) of zero storage
capacitance, and a thermal vertex with thermal capacitance ℂinv.
Power flowing into the converter, through it, and to the motor is
expressed as:

y14 = x9x8
y15 = (s1u1 + (1 − s1)(1 − u1))x10x9
y17 = x11x10
y19 = x13x11

(A7)

Table 5 Parameter values for case study 2

Symbol Value

Q Nser · 2.27 · 3600 C
C1 2500 ·Nser F
C2 7.5 × 104 ·Nser F
Cb,c 62.7 ·Nser J/K
Cb,s 4.5 ·Nser J/K
Nser 108
R1

0.01
Nser

Ω
R2

0.02
Nser

Ω
Rs 0.01 ·Nser Ω
Rb,c

1.94
Nser

K/W
Cbus 0.0272 F
Rbus 12 Ω
Cinv 2800 J/K
Rinv,C1 11 Ω
Rinv,C2 11 Ω
Rinv,L 0.03 Ω
Lm 0.0012 H
Rm 0.15 Ω
Cm 14400 J/K
km 0.45 N m/A
GR 10
Rw 0.5 m
Cc 2800 J/K
Rc 0.12 Ω
RVCS 0.61 Ω
ηVCS 0.85
COPnom 4.16
kp 0.25 N m/A
Rp 0.2 Ω
bp 0.0027 N m s
Ci (i = 63, …, 79) 123 J/K
Cp,liq 4186 J/kg K
Cp,air 1005 J/kg K
Ccab 3500.42 J/K
Rc,cab 12 K/W
Ainv 0.1 m2

Ac 0.1 m2

Am 0.1 m2

Fig. 14 Open-circuit voltage for the battery
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In Eq. (A7), s1 is a switching input that determines buck versus
boost mode, and u1 is the duty cycle for the inverter. Inefficiencies
in the first inverter are expressed using resistances Rinv,C1, Rinv,L,
and Rinv,C2:

y16 =
s1u1 + (1 − s1)(1 − u1)

Rinv,C1
x29

y18 = Rinv,Lx210

y20 =
s1u1 + (1 − s1)(1 − u1)

Rinv,C2
x211

(A8)

Power dissipated through air cooling (y21) and liquid cooling
(y112) is expressed in a manner similar to the battery’s cooling
terms, with Ainv as the inverter’s surface area for cooling:

y8 = hinv,1,air(ṁair)Ainv(x12 − x77)
y111 = hinv,1,liq(ṁliq)Ainv(x12 − x66)

(A9)

The first motor’s electrical dynamics are described by an electri-
cal storage capacitance of Lmx13 for v13, with Lm as the motor induc-
tance. Motor resistance Rm means that some power is transferred to
the thermal capacitance ℂm of the motor:

y37 = Rmx
2
13 (A10)

Power dissipated through air cooling (y38) and liquid cooling
(y115) is expressed in a manner similar to the battery’s cooling
terms, with Am as the inverter’s surface area for cooling:

y38 = hm,1,air(ṁair)Am(x14 − x78)
y115 = hm,1,liq(ṁliq)Am(x14 − x67)

(A11)

The motor transfers the remaining power to the vehicle’s mass
(v22, nominal capacitance of 1) to propel the linear velocity x22 of
the vehicle:

y36 = km
GR
Rw

x22x13 (A12)

In Eq. (A12), GR is the gear ratio of the transmission and final
drive, and Rw is the radius of the vehicle’s wheels. Edge e42’s
power flow is:

y42 = u9x22 (A13)

where u9 is an input that controls the braking force. The models for
inverter 2 and motor 2 follow the same procedure as with inverter 1
and motor 1, with inputs u2 and s2.
The model of the DC/DC converter from the high-to-low voltage

bus is very similar to the inverter model, only with the removal of
the resistances connected to the electrical capacitor terms. With
thermal capacitance ℂc (v27), the power flows of the converter are:

y30 = x24x23
y31 = (s3u3 + (1 − s3)(1 − u3))x25x24
y32 = x26x25

y34 = x28x26

(A14)

y33 = Rcx
2
25

y35 = hc,1,air(ṁair)Ac(x27 − x77)

y114 = hc,1,liq(ṁliq)Ac(x27 − x66)

(A15)

Again, s3 and u3 are the switching input and duty cycle for that
converter, and the cooling terms are defined in a similar manner
as that of the inverter. This same set of equations can be used to
define the other converters, with inputs u4/s4, …, u8/s8.
The VCS is described by two vertices of zero capacitance, v55 and

v56 [47]. Electrical power flowing from the converter output voltage

state (x38) into the VCS is represented by a resistive (RVCS) load:

y59 = x238/RVCS (A16)

An efficiency of ηVCS describes the power used for cooling (y79)
and power dissipated (y80):

y79 = ηVCSx55
y80 = (1 − ηVCS)x55

(A17)

Equation (A18) describes the thermal power removed from the
liquid loop’s fluid (y81) and the heat rejected to the environment
(y91). Note that these power flows are multiplied by functions relat-
ing to the coefficient of performance in Appendix B.

y81 = y91 = x56 (A18)

The dynamics of the pump within the liquid cooling path are
similar to a DC motor, with motor constant kp, resistance Rp,
and negligible inductance. Electrical power into the pump is
described by the converter’s output voltage (x53) and the pump’s
current (x61):

y77 = x53x61 (A19)

The majority of the electrical power goes into vertex v62, which
has a rotational velocity state (x62) and negligible storage capaci-
tance. This power relates to motor constant kp:

y88 = kpx62x61 (A20)

The remaining electrical power is dissipated through resistor Rp:

y89 = Rpx
2
61 (A21)

The pump faces friction slowing it down, with friction coefficient
bp:

y90 = bpx
2
62 (A22)

The pump’s velocity state ultimately relates to the mass flow-
rate through the liquid cooling loop, which impacts convection
coefficients as stated earlier. The cabin and air cooling fans
operate identically to the pump, and are represented by the same
model.
The liquid cooling loop is described by several vertices (v63, …,

vi, …, v69), each with thermal capacitance ℂi. Heat flowing
from vertex to vertex is described using the mass flowrate, the spe-
cific heat of the liquid (Cp,liq), and tail vertex state, and applies to
e92, …, e98. Equation (A23) provides an example for edge e92.

y92 = ṁliqCp,liqx63 (A23)

The same is true for the cabin cooling (v70, …, v74) and air
cooling (v75, …, v79) paths, with specific heat Cp,air. This applies
to edges e99, e100, e102,… e105, e124 and e106, …, e110, e123, respec-
tively. Equation (A24) provides an example for edge e100, with ṁcab

as the mass flowrate of air through the cabin, which relates to cabin
fan velocity. Note that the cabin has 50% air recirculation.

y92 = ṁcabCp,airx71 (A24)

The cabin (v73) has a thermal capacitance of ℂcab, with heating
coming into it described by:

y122 = Qrad + Qconv + Qgen (A25)

with Qrad as radiative heat in, Qconv as convective heat in, and Qgen

as heat generated in the cabin. The power flow y101 describes how
the cabin air is cooled by the liquid cooling loop, with Rc,cab as the
heat conduction resistance:

y101 =
1

Rc,cab
(x72 − x64) (A26)
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Appendix B
This appendix summarizes the terms of the design matrices’

entries for case study 2, with Table 6 defining parameter values.
Equation (B1) defines a linear relationship between a design vari-
able θc,σ and an output variable f, with μ representing the percentage
difference the minimum and maximum values of f have from the
nominal value of f.

f(θc,σ , μ) = 1 −
μ

100

( )
+ 2

μ

100
θc,σ (B1)

Sizing of the battery is considered analogous to adding
fractions of cells in parallel (Npar), which increases battery param-
eters such as capacity and mass, with θc,1∈ [0, 1] and
Npar = Npar,nom · f(θc,1, μNpar

). As an example, consider the
storage capacitance of the first vertex, QVoc(x1), with Q as the
nominal battery capacity, Voc as the nonlinear open-circuit
voltage, and x1 as the battery SOC. As the number of cells in a
battery pack increases, the capacity increases proportionally. To
reflect this, the first entry of Ψc is defined as:

fψc,1
(θc,1) = Npar(θc,1) (B2)

This same logic applies to the remaining electrical (v2, v3) and
thermal (v4, v5) storage capacitances of the battery:

fψc,2
(θc,1) = · · · = fψc,5

(θc,1) = Npar(θc,1) (B3)

Increasing the size of the battery also affects resistances and
surface area Abatt of the battery, impacting the following edges:

fψ3
(θc,1) = fψ5

(θc,1) = fψ7
(θc,1) = Npar(θc,1) (B4)

fψ6
(θc,1) =

1
Npar(θc,1)

(B5)

fψ8
(θc,1) = fψ111

= Abatt(θc,1) = 2hcelldcellNser + d2cellNserNpar(θc,1)

(B6)

In Eq. (B6), hcell and dcell are the height and diameter of a cell,
respectively, and Nser is the number of cell modules placed in series.
For sizing motor/inverter #1, a larger θc,2 indicates an increase in

resistances of the inverter (e16, e18, e20), the motor constant km (e36),
and the motor resistance Rm (e37). This can be used to define the

following design matrix terms:

fψ j
(θc,2) = 1/f(θc,2, μej ) for j = 16, 20 (B7)

fψ j
(θc,2) = f(θc,2, μej ) for j = 18, 36, 37 (B8)

Sizing of motor/inverter #2 relates to θc,3, and is defined using the
same process.
Sizing of the VCS and its converter is associated with θc,4.

Increasing θc,4 increases the resistance of the converter (e58) and
the coefficient of performance (e81, e91). The design matrix terms
are defined as:

fψ58
(θc,4) = f(θc,4, μe58 ) (B9)

fψ81
(θc,4) = 1 + COPnom · f(θc,4, μe81 ) (B10)

fψ91
(θc,4) = COPnom · f(θc,4, μe91 ) (B11)

where COPnom is the nominal coefficient of performance value.
The design variables θc,5 and θc,6 size the air cooling loop’s fan

and the liquid cooling loop’s pump, respectively. The impact to
these elements is similar to how the motors are sized:

fψ j
(θc,5) = f(θc,5, μej ) for j = 70, 85, 86 (B12)

fψ j
(θc,6) = f(θc,6, μej ) for j = 76, 88, 89 (B13)

The sizing design variables also impact the mass of the vehicle
(v22), represented by the design matrix term in Eq. (B14). In
Eq. (B14), m0 is the nominal mass of the vehicle, mcell is the
mass of a single battery cell, mm,nom is the nominal mass of a
motor, and mVCS,nom is the nominal mass of the VCS.

fψc,22
(θc,1, θc,2, θc,3, θc,4) = m0 + (NsermcellNpar(θc,1))

+ mm,nomf(θc,2, μm,v22 )

+ mm,nomf(θc,3, μm,v22 )

+ mVCS,nomf(θc,4, μVCS,v22 )

(B14)

The first discrete design variable, z1, determines whether motor/
inverter #2 is connected to the system, with z1= 1 indicating it is
included. Figure 7 shows that motor #2 connects to the rest of the
powertrain through four edges (e11, e39, e41, e116), and inverter #2
connects to the rest of the powertrain through two edges (e29,
e113). The choice of cooling for motor #2 also impacts edges e41
(air cooling, z5= 1) and e116 (liquid cooling, z5= 0). Using this
knowledge, the design matrix terms relating to motor #2’s topology
choices are defined as:

fϕ11
= fϕ39

= z1 (B15)

fϕ41
= z1z5 (B16)

fϕ116
= z1(1 − z5) (B17)

The choice of cooling for inverter #2 also impacts edges e29 (air
cooling, z3= 1) and e113 (liquid cooling, z3= 0), yielding:

fϕ29
= z1z3 (B18)

fϕ113
= z1(1 − z3) (B19)

Regarding discrete variable design choices, the battery cooling
design variable impacts edges e8 (air cooling, z2= 1) and e111
(liquid cooling, z2= 0):

fϕ8
= z2 (B20)

fϕ111
= 1 − z2 (B21)

Table 6 Design-related parameter values for case study 2

Parameter Value

Npar,nom 85
hcell 65.4 × 10−3 m
dcell 26.5 × 10−3 m
m0 1300 kg
mcell 0.076 kg
mm,nom 40 kg
mVCS,nom 20 kg
μNpar

0.47
μj ( j= 16, 20, 24, 28) −0.05
μj ( j= 18, 26, 37, 40) 0.05
μj ( j= 36, 40) 0.25
μj ( j= 58, 70, 76, 81, 85, 86, 88, 89, 91) 0.1
μm,v22 0.1
μVCS,v22 0.1
μz,mm

0.015
μbatt,cool −0.01
μpowElec,cool −0.01
μm1 ,cool, μ2,cool −0.01
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Motor #1’s cooling design variable impacts edges e38 (air
cooling, z4= 1) and e115 (liquid cooling, z4= 0):

fϕ38
= z4 (B22)

fϕ115
= 1 − z4 (B23)

The remaining terms relating to the power electronic cooling
option are:

fϕ21
= fϕ35

= fϕ54
= fϕ60

= fϕ66
= fϕ72

= fϕ78
= z3 (B24)

fϕ112
= fϕ114

= fϕ117
= · · · = fϕ121

= 1 − z3 (B25)

The mass of the vehicle is also scaled by each of the discrete
choices (e.g., excluding motor #2 reduces mass, liquid cooling is
heavier than air cooling):

fϕc,22
= (1.08) f(z1, μz,mm

) · f(z2, μbatt,cool)
(

· f(z3, μ powElec,cool) · f(z4, μm1,cool) · f(z5, μm2,cool)
) (B26)
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