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1 Tight-binding Approximation

The hamiltonian of a 1D lattice is1

Ĥ =
p̂2

2m
+ V0

3∑
i=1

cos2 (πx̂i/d) +
1

2
mω2

3∑
i=1

x̂2i . (1)

Expansion in terms of localized Wannier functions. Bloch wavefunction φk(x) =

1Explain what the semi-classical approximation is, like in Pethick p.28. In the context of a BEC
in a harmonic trap, the semi-classical approximation is valid when kBT � ~ω or, equivalently,
when λT = h/

√
2πmkBT � aho =

√
~/(mω).
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1√
N

∑
n e

ikndw(x− nd) where k is related to the quasimomentum q by k = q
~

E(k, x) = 〈Ĥ〉

=

∫
dx′ φ∗(x′)H0(x

′)φ(x′) +
1

2
mω2x2

=
1

N

∑
n,n′

eik(n−n
′)d

∫
dx′w∗(x′ − nd)H0(x

′)w(x′ − n′d) +
1

2
mω2x2, (2)

where H0(x) ≡ − ~2
2m
∇2 + V0 cos2 (πx/d). In the tight-binding approximation, the

sum over n′ is truncated to the nearest-neighbor terms, n′ = n, n ± 1. Defining
ε0 ≡

∫
dx′w∗(x′)H0(x

′)w(x′) and t ≡ −
∫
dx′w∗(x′)H0(x

′)w(x′ − d), and using the
periodicity of the potential, we have

E(k, x) =
1

N

∑
n

[
ε0 − te−ikd − teikd

]
+

1

2
mω2x2

= ε0 − 2t cos (kd) +
1

2
mω2x2. (3)

It is convenient to set the minimum of the energy to zero. Therefore,

E(k, x) = 2t [1− cos (kd)] +
1

2
mω2x2. (4)

We can extend the results to a 3D potential

E(qx, qy, qz, x, y, z) = 2t
3∑
i=1

[1− cos (πqi/qB)] +
1

2
mω2

3∑
i=1

x2i , (5)

where qi ≡ ~k is the quasimomentum and qB ≡ ~π
d

. In the next section we will
integrate over qi and xi. Recall that there is a prefactor 1

h
associate with each

differential pair dxi dqi.

1.1 Quasimomentum distribution

nex(qx, qy, qz) =
1

h3

∫
d3r

1

z−1eβE(qx,qy ,qz ,x,y,z) ∓ 1

=
4π

h3

∫ ∞
0

dr r2
1

z−1e2βt
∑
i[1−cos (πqi/qB)]e

1
2
βmω2r2 ∓ 1

(6)
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where z ≡ eβµ is the fugacity and the ∓ sign corresponds to bosons/fermions.

Making the change of variables u ≡ βmω2r2

2
⇒ r =

√
2u

βmω2 and dr = du√
2βmω2u

leads to

nex(qx, qy, qz) =
2π

h3

(
2

βmω2

)3/2 ∫ ∞
0

du

√
u

z−1e2βt
∑
i[1−cos (πqi/qB)]eu ∓ 1

. (7)

The integral can be written as ±
√
π
2

Li3/2(±ze−2βt
∑
i[1−cos (πqi/qB)]), where Li is a poly-

logarithm function2. Therefore,

nex(qx, qy, qz) = ± 1

~3(2πβmω2)3/2
Li3/2(±ze−2βt

∑
i[1−cos (πqi/qB)])

= ±
(
a2ho
~λT

)3

Li3/2(±ze−2βt
∑
i[1−cos (πqi/qB)]) , (8)

where aho ≡
√

~
mω

is the characteristic length of the harmonic trap and λT ≡
√

2π~2
mkBT

is the de Broglie wavelength. Note that n(qx, qy, qz) has units of volume.

1.2 Non-condensed atom number

Integrating eq. (8) over the first Brillouin zone gives

Nex = ±
(
a2ho
~λT

)3 ∫
d3q Li3/2(±ze−2βt

∑
i[1−cos (πqi/qB)]). (9)

The polylogarithm function can be expressed as a series3, resulting in

Nex = ±
(
a2ho
~λT

)3 ∞∑
n=1

(±z)ne−6βtn

n3/2

(∫ qB

−qB
dq e2βtn cos (πq/qB)

)3

. (10)

Under the change of variables θ ≡ πq/qB, the integral becomes 2qB/π
∫ π
0
dθ e2βtn cos θ,

which can be expressed in terms of modified Bessel functions of the first kind4, we
find

Nex = ±8π3

(
a2ho
λT d

)3 ∞∑
n=1

(±z)ne−6βtnI30 (2βtn)

n3/2
. (11)

2Lis(±z) ≡ ± 1
Γ(s)

∫∞
0
du us−1

z−1eu∓1
3Lis(z) =

∑∞
n=1

zn

ns
4In(z) ≡ 1

π

∫ π
0
dθ ez cos θ cosnθ
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1.3 Potential energy

Ū =

〈
1

2
mω2r2

〉
=

2πmω2

h3

∫
d3q

∫ ∞
0

dr r4
1

z−1e2βt
∑
i[1−cos (πqi/qB)]eβmω2r2/2 ∓ 1

=
πmω2

h3

(
2

βmω2

)5/2 ∫
d3q

∫ ∞
0

du
u3/2

z−1e2βt
∑
i[1−cos (πqi/qB)]eu ∓ 1

= ±πmω
2

h3

(
2

βmω2

)5/2
3
√
π

4

∫
d3q Li5/2(±ze−2βt

∑
i[1−cos (πqi/qB)])

= ±6(2π)3/2mω2

4h3

(
1

βmω2

)5/2 ∫
d3q Li5/2(±ze−2βt

∑
i[1−cos (πqi/qB)])

= ± 12q3B
(2πβmω2)3/2β~3

∞∑
n=1

(±z)ne−6βtnI30 (2βtn)

n5/2

= ±12π3

β

(
a2ho
λT d

)3 ∞∑
n=1

(±z)ne−6βtnI30 (2βtn)

n5/2
. (12)

1.4 Kinetic energy

K̄ =

∫
d3q 2t

∑
i

[1− cos (πqi/qB)]n(qx, qy, qz)

= 6tNex − 6t

∫
dq3 cos (πqx/qB)n(qx, qy, qz). (13)

The last integral equals

= ± 1

(2πβmω2)3/2~3

∫
d3q cos (πqx/qB) Li3/2(±ze−2βt

∑
i[1−cos (πqi/qB)])

= ± 1

(2πβmω2)3/2~3
∞∑
n=1

(±z)ne−6βtn

n3/2

(∫
dq e2βtn cos (πqi/qB)

)2

·

·
∫
dq cos (πq/qB) e2βtn cos (πq/qB)

= ± 8q3B
(2πβmω)3/2~3

∞∑
n=1

(±z)ne−6βtnI1(2βtn)I20 (2βtn)

n3/2
. (14)
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Therefore,

KE = ± 6t · 8 q3B
(2πβmω)3/2~3

∞∑
n=1

(±z)ne−6βtnI20 (2βtn) [I0(2βtn)− I1(2βtn)]

n3/2

= ±48 t

(
a2ho
λT d

)3 ∞∑
n=1

(±z)ne−6βtnI20 (2βtn) [I0(2βtn)− I1(2βtn)]

n3/2
. (15)

1.5 Grand potential

The grand potential is 5

Ω = ± 1

βh3

∫
d3r

∫
d3q ln

(
1∓ ze−βE(qx,qy ,qz ,x,y,z)

)
= ± 4π

βh3

∫ ∞
0

dr r2
∫
d3q ln

(
1∓ ze−2βt

∑
i[1−cos (πqi/qB)]− 1

2
βmω2r2

)
. (16)

Expanding the natural logarithm6 leads to

Ω = ∓ 4π

βh3

∞∑
n=1

(±z)ne−6βtn

n

∫ ∞
0

dr r2e−
nβmω2r2

2

∫
d3q e2βtn

∑
i cos (πqi/qB). (17)

The first and second integrals are
√
2π

2(nβmω2)3/2
and 8q3BI

3
0 (2βtn) respectively, therefore,

Ω = ∓ 8q3B
(2πβmω2)3/2β~3

∞∑
n=1

(±z)ne−6βtnI30 (2βtn)

n5/2

= ∓8π3

β

(
a2ho
λT d

)3 ∞∑
n=1

(±z)ne−6βtnI30 (2βtn)

n5/2
. (18)

1.6 Entropy

The entropy is given by

S =
E − µN − Ω

T
, (19)

where N is the total atom number.
5 The grand canonical potential is given by the formula Ω = −β−1 ln

∏∞
λ=1 ξλ, with ξλ =∑∞

Nλ=0 e
−βNλ(ελ−µ). In the case of bosons ξ = (1−ze−βελ)−1; in the case of fermions ξ = 1+ze−βελ .

Hence, Ω = ±β−1
∑∞
λ=1 ln(1∓ ze−βελ) for bosons/fermions.

6ln(1 + x) =
∑∞
n=1

(−1)n+1xn

n for − 1 < x ≤ 1
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2 Numerical calculations

The following plots show the condensate fraction N0/N and the entropy per particle
S/N versus the temperature T . Total atom number N = 105, trap frequency ω =
(2π)40Hz, tunneling energy t = 0.086 ER (lattice depth = 4 ER).
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Figure 1: Condensate fraction N0/N (left) and entropy per particle S/N (right) vs tem-
perature T .

The next plots show the gas temperature T , the critical temperature Tc and the
condensate fraction N0/N as the lattice depth is increased in an isentropic process7.
The initial temperature is 50 nK and the total atom number is N = 105. Trap
frequency ω = (2π)40Hz.

7The second law of thermodynamics states dS ≥ dQ/T . The equality holds for a reversible
process. Hence, isentropic is the same as reversible adiabatic.
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Figure 2: Gas temperature T (left, blue), critical temperature Tc (left, red) and condensate
fraction N0/N(right) versus lattice depth s. Intuitively speaking, T drops as s increases
because of an effective-mass effect. On the left plot we observe that Tc (red) drops faster
than T (blue) and, therefore, the N0/N decreases. This is qualitatively consistent with the
behavior seen experimentally.

The gas temperature T as the trap frequency ω increases isentropically. Tunneling
energy t = 0.086 ER
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Figure 3: As expected, T rises as the gas gets compressed.

In our apparatus, there are two effects with the opposite sign as the lattice depth
increases. First, the trap frequency increases due to the gaussian nature of the red-
detuned lattice beams and, therefore, the gas temperature decreases. Second, the
gas temperature decreases because of an effective-mass effect.
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