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1 Angular Momentum

In Quantum Mechanics, the angular momentum operator L = rxp = L, 2+ L,y+L.2
satisfies

L? |jm) =1 j(j + 1) |jm) (1)
Lz |jm) = hm|jm) (2)
The demonstration can be found in any Quantum Mechanics book, and it follows
from the commutation relation [r, p| = ihl
It is useful to define the rising and lowering operators Ly = L, £7L,,, which have
the following property
Ly |jm) = h\/j(j +1) —m(m £ 1) |jm £ 1) (3)
And L, and L, are obtained from
L,=(Ly+L.)/2
L,=(L,—L_)/2i (4)
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1.1 Spin 1/2

If j = 1/2, the spin-space is spanned by two states: {|1/21/2),]1/2-1/2)}. The

properties Eq.(2) and Eq.(3) for this particular case are
L.|1/2 £1/2) = £h/2|1/2 £1/2)

(5)

Lo ]1/21/2) =0 (6)
Ly[1/2-1/2) = h|1/21/2) (7)
(8)



If we use the matrix representation (1 0)” = [1/21/2) and (0 1)T = |1/2-1/2),
the operators are

Ch(1 0 (01 o
Lz_§<0 _1) L+_h(0 0) L_=1L} (9)

hio 1 h(0 —i
Lf‘:§<—1 0) Ly:?(z‘ 0) (10)

and L = h/2 (0,2 + 0,4 + 0,2), where o; are the Pauli matrices. L? and L, are both
diagonal in this basis set, as expected from Eq.(1) and Eq.(2)
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and from Eqs.(4)

1.2 Spin 3/2

In this case, the spin-space is spanned by four states: {|3/2 +3/2),(3/2 £1/2)}.
If we choose the following matrix representation

(1 0 0 0F=13/23/2) (12)
O 1 0 0=13/21/2) (13)
0O 0 1 0)F=13/2-1/2) (14)
O 0 0 1)'=13/2-1/2) (15)

and following the same procedure as before gives

30 0 0 0 v3 0 0
_Rl0O 1 0 0 .o 0o V4 o ot
LZ—§ 00 -1 0 L,=h 00 0 V3 L =1\ (16)
00 0 -3 0 0 0 0
0 vV3 0 0 0 -v/3 0 0
;o bV 0o vE 0| VB 0 VI 0 an
79210 VvV4 0 V3 Vo210 V4 0 -3
0 0 3 0 0 0 3 0

and the total angular momentum satisfies L? = 15h2/4 - 1
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