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Time dependent Schrödinger equation

H(t) |ψ(t)〉 = ih̄
∂

∂t
|ψ(t)〉 (1)

where H(t) ≡ H0 +W (t)

Let us assume that we know the solution of the time independent Hamiltonian,
i.e. H0 |n〉 = En |n〉. We can write |ψ(t)〉 in terms of this basis set {|n〉}

|ψ(t)〉 =
∑
n

bn(t)e−i
En
h̄
t |n〉 (2)

Substituting eq. (2) into (1)

H0

∑
n

bn(t)e−i
En
h̄
t |n〉+W (t)

∑
n

bn(t)e−i
En
h̄
t |n〉 = ih̄

∂

∂t

∑
n

bn(t)e−i
En
h̄
t |n〉

En
∑
n

bn(t)e−i
En
h̄
t |n〉+W (t)

∑
n

bn(t)e−i
En
h̄
t |n〉 = ih̄

∂

∂t

∑
n

bn(t)e−i
En
h̄
t |n〉

Projecting onto the state 〈k|

Ekbk(t)e
−iEk

h̄
t +
∑
n

bn(t)e−i
En
h̄
t 〈k|W (t) |n〉 = ih̄

∂

∂t

(
bk(t)e

−iEk
h̄
t
)

ih̄
∂

∂t
bk(t) =

∑
n

Wkn(t)bn(t)eiωknt (3)

where Wkn(t) ≡ 〈k|W (t) |n〉 and ωkn ≡ (Ek − En)/h̄
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We add a dimensionless parameter λ to keep track of the orders, and it is assumed
small compared to 1. We look for a first order solution1.

Wkn(t)→ λWkn(t)

bk(t) ≡ b
(0)
k (t) + λb

(1)
k (t) + λ2b

(2)
k (t) + ...

Order 0:

ih̄
∂

∂t
b

(0)
k (t) = 0

b
(0)
k (t) = const.

Order 1:

ih̄
∂

∂t
b

(1)
k (t) =

∑
n

Wkn(t)b(0)
n (t)eiωknt (4)

Order r:

ih̄
∂

∂t
b

(r)
k (t) =

∑
n

Wkn(t)b(r−1)
n (t)eiωknt (5)

Initial conditions: let us assume that |ψ(0)〉 = |i〉, i.e. bn(t = 0) = δni, which
implies

b(0)
n (t = 0) = b(0)

n (t) = δni

b(1)
n (t = 0) = 0

...

b(r)
n (t = 0) = 0

Replacing the initial conditions into (6)

ih̄
∂

∂t
b

(1)
k (t) =

∑
n

Wkn(t)δnie
iωknt

ih̄
∂

∂t
b

(1)
k (t) = Wki(t)e

iωkit

1According to [2], this approximation can’t be used for a narrow-band laser excitation, because
of the large excited-state population. However, it seems to be valid for optical atomic transitions,
as used in [?]
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b
(1)
k (t) =

1

ih̄

∫ t

0

dt′Wki(t
′)eiωkit

′
(6)

Therefore, the transition probability is

Pi→f (t) ≡ |b(1)
f (t)|2 =

1

h̄2

∣∣∣∣∫ t

0

dt′ 〈f |W (t′) |i〉 ei(Ef−Ei)t
′/h̄

∣∣∣∣2 (7)

This calculation remains valid when |b(r≥1)
k | � 1. In consequence, Pi→f (t)� 1

Transition to the continuum spectrum |f >= |E,α >

P(t) =

∫
dEdαPi→{E,α}ρ(E) (8)

Special Case

Wfi(t) = Wfie
−iωt, where Wkn ≡ 〈k|W |n〉 is time-independent

Pi→f (t) =
|Wfi|2

h̄2

∣∣∣∣∫ t

0

dt′e−iδt
′
∣∣∣∣2 , where δ ≡ ω − ωfi

=
|Wfi|2

h̄2

∣∣∣∣1− e−iδtδ

∣∣∣∣2
=

4|Wfi|2

h̄2

sin2 (δt/2)

δ2

A necessary condition[1] for Pi→f (t)� 1 is t� h̄/|Wfi|

P(t) =
4

h̄2

∫ ∞
−∞

dE |〈E|W |i〉|2 sin2 (δt/2)

δ2︸ ︷︷ ︸
≡F (δ)

ρ(E), where δ = (E − Ei)/h̄− ω

The width of F (δ) is inversely proportional to t. As t→∞, F (δ) looks like a Dirac’s
delta. Usually ρ(E) varies much slower.

P(t) =
4

h̄
|〈Ei + h̄ω|W |i〉|2 ρ(Ei + h̄ω)

∫ ∞
−∞

dδ
sin2 (δt/2)

δ2︸ ︷︷ ︸
πt/2

=
2πt

h̄
|〈Ei + h̄ω|W |i〉|2 ρ(Ei + h̄ω)

3



where the integral
∫∞
−∞ dα sin2(α)/α2 = π was used.

Γ ≡ dP(t)

dt
=

2π

h̄
|〈Ei + h̄ω|W |i〉|2 ρ(Ei + h̄ω) (9)
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